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PREFACE 

The following account of my experiments has been given chronologically. 
Although many of the anomalous features, in which the interferences of 
superposed coordinated spectra first presented themselves, were largely 
removed in the later work, yet the methods used in the several papers, early 
and later, are throughout different. It therefore seemed justifiable to record 
them, together with the inferences they at first suggested. The pursuit of 
the subject as a whole was made both easier and more difficult by the un- 
avoidable tremors of the laboratory in which I am working; for it is possibly 
easier to detect an elusive phenomenon if it is in motion among other sinular 
stationary phenomena. But it is certainly difficult, thereafter, to describe 
it when fotmd. 

It will be convenient to refer to the cases in which one of the two coincident 
spectra from the same source is rotated i8o^ with reference to the other on 
a transverse axis (ue., an axis parallel to the Praunhofer lines), under the 
term reversed spectra; while the term inverted spectra is at hand for those cases 
in which one of the paired spectra is tmned i8o^ relative to the other on a 
longitudinal axis {i.e., an axis parallel to the r-v length of the spectnun). 
In this book the latter are merely touched upon, briefly, in Chapter I, but 
they are now being investigated in detail and give promise of many interest- 
ing results. The chapter contains a full account of what may be seen with 
a single grating — ^the linear phenomenon, as I have called it, and which, if 
it stood alone, would be difficult to interpret. 

In Chapter II, therefore, the interferences of reversed spectra are treated 
by the aid of two gratings, in virtue of which a multitude of variations are 
inevitably introduced. The phenomena are thus exhibited in a way leading 
much more smoothly to their identification. 

This endeavor is given greater promise in Chapter III, which contains a 
comparison of the interferences of reversed and non-reversed spectra, the 
latter produced in a way quite different from those in my earlier work. Nat- 
urally these in their entirety are even more bewilderingly varied, and become 
particularly so when, as in Chapter IV, an intermediate reflection of one 
spectrum is admitted. But with this I was on more familiar ground, as I 
have hitherto, in these publications, given such investigations particular 
attention. 

The flexibility of the new methods is well shown in Chapter V, where 
separated component beams can with equal facility be made to run in parallel, 
or across each other at any angle, and perhaps both, with the double result 
visible in the field of the telescope. In case of crossed rays a remarkable 
phenomenon is shown, in which very small differences in wave-length imply 
a remarkably large difference in rotational phase (virtually resolving power) 
of the two interesting groups of interference fringes due to each wave-length. 
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Spectra obtained with two, or at times even with one grating, are often 
anno3ringly furrowed with large transverse fringes. These are investigated in 
Chapter VI, and referred to diflEractions resulting from residual errors in the 
rulings. In Chapter VII, finally, several examples of new methods of investi- 
gation are given. They show the important bearing of the diffiturtion at 
the slit of the collimator on all these experiments. The cleavage ot a field 
of difEracted rays as an essential preliminary is here put in direct evidence. 

In Chapters VIII to XIII I have returned to my older experiments with 
the displacement interferometer. The subjects adduced, like the dispersion 
of air at low and high temperatures, the adiabatic expansion of air, etc., are 
pursued less with the object of reaching results of precision than of testing 
the limits of the displacement method and developing it. 

My thanks are due to Miss Abbie L. Caldwell for very efficient assistance 
in preparing the noanuscript and drawings for the press. 

Carl Barus. 
Brown University, Providence, Rhode Island. 
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THB mTBRFSRBNCaBS OF CROSSED SPBCIKA. 

!• Introductory. — If two component spectra from the same source coincide 
throughout their extent the elliptic interferences will be spread over the 
whole surface, provided, of course, the respective glass and air-path differences 
of the two component rays are not so great as to throw the phenomenon 
beyond the range of visibility. In the usual method of producing these 
interferences, where the corresponding reflections and transmissions of the 
two component rays take place at the same points of the same plane surface, 
the interference pattern is automatically centered, or nearly so. This is not 
the case when, as in the following experiments, the interfering beams are 
separated in some other way; and the problem of centering is often one of 
the diief difficulties involved; and if the beams are to be treated independ- 
ently, it is difficult to obviate this annoyance. 

Suppose, now, that one of the spectra is rotated around an axis normal to 
both, by a small angle. Will the interferences at once vanish, or is there a 
limiting angle below which this is not the case? In other words, how far 
can one trench with Eght-waves upon the case of musical beats, or of inter- 
ferences not quite of the same wave-length? 

Instead of approaching the question in this form, in which it would be 
exceedingly difficult, experimentally, I have divided it into two component 
parts. Let one of the spectra be rotated i8o^ around a longitudinal axis, 
parallel to the red-violet length of the spectrum and normal to the Praun- 
hofer lines. In such a case, interference should be possible only along the 
infinitely thin longitudinal axis of rotation to which both spectra are sym- 
metrical, one being the mirror image of the other. One would not expect 
these interferences to be visible. It is rather surprising, however, that this 
phenomenon (as I have found) may actually be observed, along a definite 
longitudinal band in the spectrum, about twice the angular width of the 
distance between the sodium lines and symmetrical with respect to the axis 
of rotation. It is independent of the width of the slit, provided this is narrow 
enough to show the Fraunhofer lines to best advantage. 

Again, let one spectnmi be rotated i8o® about a given Fraunhofer line 
(transverse axis), the nickel or mean D line, for instance. The two coplanar 
spectra are now mutually reversed, showing the succession red-violet and 
violet-red, respectively. Interference should take place only along the mean 
D line and be again inappreciable. Experimentally, I was not at first able 
to find any interferences for this case in the manner shown below, but this 
may have been due to inadequacies in the experimental means employed, 
for the dispersion was insufficient and the reflecting edge of the paired mirrors 
too rough. Improving the apparatus, I eventually found the phenomenon, 
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but appearing as a single line, vividly colored above the brightness of the 
spectrum; or, again, more jet-black than the Fraunhofer lines and located 
in the position of the coincident wave-lengths of the two superimposed spectxa. 

It is possible, however, as will be shown in § 4, to obtain two spectra in 
such a way that if their longitudinal axes coincide the Fraunhofer lines 
intersect at a small angle, and vic$ versa. In such a case, for coincident 
Fraunhofer lines, interference occurs in a band around these lines and is 
absent in the rest of the spectrum; whereas, if the longitudinal axes are 
coincident, the interferences are arranged with reference to these axes. These 
results seem to bear on the question, but it is difficult to clearly resolve them. 

The methods used in this paper consist chiefly in bringing the two first- 
order spectra of a grating, or the second-order spectra or their equivalents, 
to interfere. In this respect they contain an additional method of inter- 
ferometry which msLj be useful, if for any reason it is necessary that the two 
component beams are not to retrace their paths. 
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2. Coincident spectra with one reversed on a civen Fraunhofer line. — In 

figure I, L is a narrow vertical sheet (subsequently broadened by the dif- 
fraction of the slit) of white sunlight or arc light from a collimator, G the 
transparent grating ruled on the side g, from which the first or second order 
of spectra gM and gN originate. M and N are opaque mirrors moimted 
adjustably on a firm rail, RR, each of them with three adjustment screws 
relative to horizontal and vertical axes. Mis provided with a slide micrometer 
(not shown). From M and N the beams pass to the smaller paired mirrors, 
m and w, which should meet in a fine vertical line at a very obtuse angle. 
A silvered biprism would here be far preferable, but none having the required 
angle was available. From n, m, the beams pass into the telescope T. As 
the spectra are each divergent after issuing from g, they can be made to 
overlap on leaving n, m, by aid of the adjustment screws on M and N. More- 
over, as the spectra are mirror images of each other, as suggested in figure i, 
any spectrum lines (as, for instance, the D) may be put in coincidence on 
using one of the adjustment screws specified. It is necessary that the telescope 
T be sufiidently near M in order that the micrometer may be maniptilated. 
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The D lines placed in annddence are obviously opposites, each hne being 
paired with the mate of the other. A fine wire must be drawn across the slit 
of the oollimator, in order that the vertical coincidence may be tested. One 
should expect the interferences to appear between the D lines on gradually 
moving the mtcrometer mirror M, parallel to itself, into the required posi- 
tion. As stated above, I did not at first succeed in finding the interferences, 
but the experiment is a d^cate one. In a repetition with first-order spectra, 
it would be advisable to replace the plane mirrors m, n, by sli^tly concave 
mirrors, about 3 meters in focal distance, and to replace the telescope T by 
a strong eyepiece. This is the method used in the next paragraph, and it 
was more eaaly successful. 

Later I returned to the experiment with the same adjustment, except 
that the plane mirrors m, n, were placed beyond the 
grating, with the object of using the equivalent of 
second-order spectra to get more dispei^on. This plan 
did not fail, and, having once obtained the interferences, 
the reproduction seemed quite easy, as they remained 
visible while the micrometer M was moved over about I ,! 
5 mm. or more, a very important observation. Their ' 
appearance with a smaU telescope was that of a single 
fine line, alternately fiaming yellow (very bright on the 
yellow background of the surrounding part of the spec- < 
tnmi) and jet black as compared with the D lines, 
between which the interferential line was situated, and 
on an enhanced yellow ground. The flicker is referable 
to the tremor of the laboratory, which makes it im- 
possible to keep these interferences quiet. Shuttii^ off 
the l^ht from either mirror, MorN, naturally quenches i\ y ^^) 

the interferences, but leaves the yellow part of the 
q>ecbimi behind. 

Obviously, coincidence of the longitudinal axes of the 
spectra alone is needed. Therefore, upon moving the ' ' 

two double D lines apart, by aid of the adjustment screws on the mirror M 
and N, symmetrically to the ends of the yellow field in the telescope, the 
interferences were isolated and located midway between the D doublets of 
eadi spectrum, i.e., in the center of the field of the telescope. They could 
now be observed to better advantage. In the small telescope there is appar- 
ently but one dark line. If stationary, its ultimate character, when centered, 
would be surmised to be given by the intersection of a vertical diameter with 
a series d confocal ellipses, successively bright and dark, as indicated in 
figure 3. The Hght and dark parts alternate or flicker. On moving the 
micrometer, the vertical intersector A takes a more and more lateral position 
like B, so that the trembling interferences would soon be invisible, as they 
rafridly become finer and hair-like (not shown). 

On usii^ higher magnification (larger telescope), two blade lines bordering 
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a bright line, or a black line between two bright Hnes, seemed to be visible; 
but the interferences would have to be stationary to be definitively described, 
since the width of the pattern is not more than one-thiid to one-half ot the 
distance between the sodium lines.^ The interferences, moreover, did not 
now readily conform to the design B, figure 2, anticipated, but were more of 
the type C, with long, dark lines slightly oblique to the vertical, and vibrating 
within a vividly yellow band. Sometimes these were heavier, with two or 
three faint lines on one side. 

Further experiment showed that the phenomenon is not influenced by 
the width of the slit, except that it is clearest and sharpest with the narrowest 
slit possible and vanishes when the slit is made so wide that the Fraunhof er 
lines disappear. It n:iay easily be produced by the modified method following, 
in any wave-length red, yellow, green, etc., with no essential difference except 
in size. It is present, moreover, in all focal planes, i.e., the ocular of the 
telescope may be inserted or pulled out to any distance, yet the same phe- 
nomena persist on the vague, colored background. A number ot observations 
were made to detect the change 
of the pattern of the interference, 
between its entrance into the field 
and its eventual evanescence, in . 

case of the continuous displace- ,^ ^ 

ment of the mirror M over 5 mm. ^ 1 ^Vl/^ — > Y^ 

In figure 2 this would be equiva- * | -♦ iiViN. ^=^ ^ c/ 

lent to a passage of B into B' 
through A, and the fringes for a 

distant center should therefore ^ ^^^\/^ 

rotate, as they actually do in 
the experiments of the next para- 
graph. But in the present case the type C persists; the lines may become 
longer or all but coalesce and their inclination may change somewhat. 
They nevertheless remain fine and nearly vertical, until they vanish completely 
and there is no rotation. Nor could the phenomenon be found again within 
the length of the given micrometer screw. Hence it is improbable that these 
interferences conform at once to the ordinary elliptic type for which figure 2 
applies, even if the ellipse is considered exceptionally eccentric. The use of 
two slits, one following the other, does not change the pattern. 

The modified method of experiment was one of double diffraction. In 
figure 3, L is the blade of light from the collimator, which passing under the 
plane mirror, m, penetrates the grating G, whence the diffracted first-order 
beams reach the opaque mirrors M and N. These return the beams, nearly 
normally but with an upward slant, so that the color selected intersects the 

I The uae of the Di Dt distance of the sodium lines for the measurement of the breadth 
of the interference phenomenon is a mere matter of convenience in describing it. It will 
be shown in the next report that the breadth of the strip carrying; interference fringes is 
quite independent of the dispersion of the optic system. 
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grating at a higher level than L. A second difEraction takes place at about 
the same angle, $, to the direct ray t, and the coincident rays now impinge 
on the mirror w. They are thence reflected into the telescope at T. This 
method admits of easier adjustment, as ever3rthing is controlled by the adjust* 
ment screws on M and N. Plane mirrors M, N, and m only are needed, the 
latter being on a horizontal axis to accommodate T. The direct (white) 
beam is screened off after transmission through the grating, if necessary. 
But it rarely enters the telescope. 

3. The same. Further experiments. — In place of the plane mirror, m, a 
slightly concave mirror (2 meters in focal distance, say) may be used with 
advantage and the telescope T replaced by a strong eyepiece. In this way 
I obtained the best results. 

It is to be noticed that the apparatus (fig. 3) may serve as a spectrometer, 
provided the wave-length X of one line and the grating space D are known, 
and the mirror, Af , is measurably revolvable about a vertical axis. In this 
case any unknown wave-length, X', is obtained by rotating M until X' is in 
coincidence with X. Supposing the X's of the two spectra to have been origi* 
nally in coincidence and that is the angle of M which now puts X' in coin- 
cidence with X, it is easily shown that 

X'-X«X (2 sin* tf/2+\/l>VX'-isin 6) 

Angles must in such a case be accurately measurable, i.e., to about o.i minute 
of arc per Angstrom unit, if the grating space Z)»3SiXio-*, as above. 
Counter-rotation of the mirror N till the X's coincide would double the accu- 
racy. The tisual grating, however, has greater dispersion and would require 
less precision in 0. 

Finally, a still simpler and probably more efiicient device consists in com- 
bining the mirror m and the plane grating G, or of proceeding, in other words, 
on the plan of Rowland's method for concave reflecting gratings. In such 
a case the light would enter in the direction TG, figure 3, be reflected along 
GM, back along MG, and then return along GT at a slightly higher or lower 
level than on entering. The equation jtast given would still apply, and many 
interesting modifications are suggested. Experiments of this kind are to be 
tested. Moreover, in case of the plane-transmitting grating and plane 
mirror, as above shown, the same simplification is possible if the lens is 
replaced by the telescope at T. But in this case the spectra are intersected 
by strong, stationary interferences due to reflections from front and rear 
faces and consequently not conveniently available. A reflecting grating 
and telescope would not encounter this annoyance. In general, however, 
as in the disposition adopted in figure 3, the light enters opposite the observer, 
and, as the light directiy transmitted can be screened off, this is a practical 
convenience in favor of the transparent grating. The reflected spectra used 
may be placed at any level by rotating the mirror w on a horizontal axis. 

On further repeating the work by the use of the concave mirror m, a strong 
eyepiece at T, figure 3, and using a compensator, I eventually succeeded in 
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irecting the interferenoe design C, figure 2. It then took the form given at D, 
and this seems to furnish the final due to the subject. In other words, the 
design consists of a new type of ertremely eccentric elHpses, with their long 
axes parallel to the Praunhofer lines, each end having the outline of a needle- 
point, possibly even concave outwaid. Only one end of the long, closed 
curves is obtainable. These jet-black lines dance on the highly colored back- 
ground of less than half the width between the two sodium lines. The inter- 
ference design would, therefore, be the same (apart from color) as that which 
would be obtained if the spectrum containing ordinary elliptic interferences 
were to shrink longitudinally from red to violet, till it occupied less than half 
the space between the two D lines. In fact, I have at other times obtained 
just such patterns, with all the colors present, but not in the pure yellow, as in 
the present case. Vertically, the path-difference is always due to more or less 
obliquity of the rays passing through the plate of the grating. Horizontally, 
however, the equivalent path-difference is complicated, in the present case, by 
the fact that one wave-length of a pair has increased, whereas the other has 
diminished, while both may pass through the same thickness of glass and air. 

4. Coincident spectra with one reversed on a (iven loogitudioal axis. — ^For 
this experiment it is necessary to reflect the first-order spectra issuing at 
the grating G, figure 4, from the ruled face g (a narrow, preferably horizontal, 
blade of white light is here furnished by the collimator L with a horizontal 
slit, and the rulings of the grating are also horizontal and parallel to it), twice 
in succession and preferably from mirrors M and N and m and n, reflecting 
normally to each other and inclined at an angle of, roughly, 45^. Each of 
the mirrors M and N must be revolvable about a horizontal axis parallel to 
the slit and furnished with three adjustment screws relatively to axes normal 
to each other, one of which is horizontal. The mirrors m, n are the silvered 
faces of a prism right-angled at the edge. It is, moreover, to be placed on 
the slide of a Praunhofer micrometer so that the prism may be moved, grad- 
ually up and down, for the adjustment of distances. 

On leaving the mirror m, n, the two spectra are carried by nearly horizontal 
and parallel sheets of divergent rays, which pass outward from the diagram. 
But it will be seen that one of the two spectra reaching the observer is reversed 
on the longitudinal axis relatively to- the other; i.e,, if one is in the position 

red ^ ^y [ violet, the other will be red j [ violet. 

The subsequent passage of the rays is shown in figure 5, which is the side 
elevation and therefore at right angles to the preceding figure. The rays 
from m and w impinge on a distant, slightly concave mirror K (about 1.74 
meters in focal distance), placed somewhat obliquely, so that when the rays 
come to a focus at F near the micrometer they may just avoid it. The partially 
overlapping spectra at F are viewed by a strong eyepiece, E. The observer 
at E can then control the Praunhofer micrometer by which m, n is raised and 
lowered, and the three adjustment screws of M. 
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The adjustment consists in first roughly placing all parts in symmetry with 
sunlight, until the two ^jectra appear at E. The lens may be removed. 
There should be a bright, narrow spectrum band on each side of and near the 
edge of the prism mtt; for it is dear that after passing the lens E, correspond- 
ing rays from M and N must both enter the pupil of the eye to be seen together. 
To make the spectrum parallel, the mirror mn is rotated, as a whole, around 
a vertical axis. The three screws on the mirrors M and N then assist in 
completing the adjustment; the rotation around the horizontal axis brings 




the sodium lines in coincidence (both must be clearly seen and sharp and at 
an appredable distance apart) ; that around the oblique axis g^ves rise to 
more or less overlapping, as required. The need of a sharp coincidence of 
the sodium lines is very essential in all these experiments. 

After proper vertical position of mn has been found by slowly moving the 
nricrometer screw up and down, the fringes appear. They are usually very 
fine lines, possibly indicating distant centers of the ellipses to whidi they 
belong. Theappearanceisrougbly suggestedinfigurefi. They are thus totally 
diflEerent from the preceding set, S 3- They pass from the type a through b 



^m^ 



(contraction toward the violet end was not noticed) into the type c, when 
the mirrors mn move in a given direction. The center of the ellipses is in 
the vertical through the field of view for the adjustment 6, in which case the 
lines pass from end to end of the spectrum as a narrow band near the longi- 
tudinal axis o£ actual coincidence of spectra, symmetrically. 

The h«ght or breadth of the longitudinal interference band, d in figure 6, 
is not greater than 1.5 to 3 times the distance apart of the sodium lines at 
right angles to the band. Prom this the angular divergence of the breadth 
of the band may be found, since X=Z? sin tf, where X is the wave-length of 
light, D the grating space, and 9 the angle of diffraction- Hence for the two 
sodium lines 

Afl=AX/Dcostf 
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Since Z?*3SiXio-*, cos ^*.986, and AX"«6Xio-^; therefore A^« 1.7X10"^ 
radians. Since the width of the band is about twice this, it will be 68 seconds 
of arc, or, roughly, about a minute in breadth. Within the strip, when the 
fringes are horizontal, I counted about five of them, so that their distance 
apart would be about 14 seconds of arc. 

It appears, therefore, that ra3rs of a given color, say of the wave-length at 
D, which leave the grating at a given point and at an angle of about one 
minute in the plane of the D line, are still in a condition to interfere; whereas 
one would anticipate that only those rays which lie in the common longitudinal 
axis of rotation of the two coincident spectra, symmetrical to this, should be 
in this condition. Such interference should not be appreciable, since the 
white rays are independent and apparently come from two different points 
of the slit. If we consider the angular deviation of pencils of parallel rays 
crossing the grating to be equivalent to the divergence of their respective 
optical axes at the collimating lens (about 45 cm. in focal distance), the dis- 
tance apart of two points of the slit, the rays of which are still able to produce 
interference, is 

« = 4SXAd=45X 1.7X10-^= 7.6X10-* cm. 

or nearly o. i mm. Hence points of white light in the slit about o. i mm. apart 
along its length are included in the band of interferences in question, extending 
in colored light from red to violet. This seemingly anomalous result will be 
fidly interpreted at another opporttmity. 

5. Interference of the correspondiiit first-order spectra of the tratinct In 
the absence of rotation. — This apparatus seemed to be of special interest, 
since the rays used do not retrace their path and are thus available for experi- 





ments in which rays traveling in one direction only, are needed.* I have 
tried both the adjustments given in figures 7 and 8, the latter, since the rays 
are more nearly normally reflected at the mirrors M and N, having some 
advantages ; but the other succeeds nearly as well. The difficulty encountered 
is a curious one of adjustment, which was not anticipated. In other words, 
if the longitudinal axes of two identical spectra are in coincidence, the Fraun- 
hof er lines are likely to be at a small angle to each other and complete inter- 



* Qi. Am. Journal of Sci., xxxiv, p. loi, 1912, on the inteiferometry of an air column 
carrying electrical current. 
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ference is therefore impossible. Again, if the spectrum lines are in comcidence, 
the longitudinal axes usually diverge by a small angle. Furthermore, the 
interferences are almost always eccentric and the lines hair-like, indicating 
distant centers. I have not succeeded in making a perfect adjustment, 
systematically; but the discrepancies indicated are themselves interesting in 
their bearing on the subject of this paper. 

In figures 7 and 8, L is a vertical blade of white light from a collin:iator 
with fine slit, and G is the grating. The two first-order spectra leaving the 
ruled face at the line g strike the opaque mirrors M and AT, the former on a 
micrometer moving the mirror parallel to itself. From M and N the rays 
reach the half-silvered plate of glass HS, where one is transmitted and the 
other reflected into the telescope T. The coincident rays R are superfluous. 

After placing the parts and roughly adjusting them for symmetry with 
sunlight, the finer adjustment may be tmdertaken. It may be noticed that 
the two systems M and N, and G as well as HS, can be used for further 
adjustment separately. All are provided with adjustment screws relatively 
to rectangular axes. To put the mirrors M and N in parallel and in the 
vertical plane with the grating G, the half-silvered plate should be removed 



Q a' 





if 10 



V)' 



and replaced by a small white vertical screen of cardboard, placed at right 
ang^ to the direction of HS in figure 7 and receiving both spectra. A fine 
wire is drawn across the slit to locate the longitudinal axis, and an extra 
lens may be added to the collimator and properly spaced until the doublet 
insures sharp focussing. Both mirrors, M and N, are now rotated on hori- 
zontal axes, until the longitudinal black lines in their spectra cease to diverge 
and coincide accurately. G, M, N, may now be considered in adjustment. 
On returning the half-silvered plate, HS, it in turn is to be carefully rotated 
around horizontal and vertical axes, until the horizontal black line in the 
spectrum and the sodium line (always incidentally present in the arc lamp) 
both coincide. But, as a rule, it will be found that if the longitudinal axes, 
unv, figure 9, coincide, the D lines cross each other at a small angle, exagger- 
ated in the figure. The interferences, when found by moving the micrometer 
at ilf , are usually coarse, irregular lines, indicating a center not very distant 
and located on the level of a band where the D lines cross. 

On the other hand, if the D lines are brought to coincidence by moving 
the adjustment screws on M and N (which throws them out of parallel), the 
longitudinal axes tvw, w'u/, figure 10, diverge at a small angle and the inter- 
ferences are found in a vertical band where the lines ww and wW cross. This 
band is relatively wide, however, as compared with the cases in paragraphs 2 
and 3. Nevertheless, I have looked upon these results as additional proof 
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of the possibility of interferenoe; for in neither case ought they to occur if 
the spectra are not quite coincident horizontally and vertically. If they do 
occur, it would at first sight seem that a certain small latitude of wave4ength 
adjustment is permitted even with light-waves. 

I was at first inclined to refer the cause of this lack of simultaneous parallel- 
ism to the grating itself, as it occurred with an Ames grating ruled on glass, 
with a Michelson reflecting grating, and with a fibn grating, in about die 
same measure. But subsequently, on adopting the method of figure 8, the 
divergence was largely removed and the interferences were now visible 
throughout the whole of the spectrum. The discrepancy is probably due to 
insufficient normality of the plate of the grating to the incident white ray, 
since one of the ra3rs is twice reflected. In any case the adjustment of the 
coincident sodium lines must be very accurate if the fringes are to be sharp; 
certainly as little as half their distance apart wiU obscure the phenomenon. 

Though the spectra are bright, the interferences are not as good as with 
the usual method (paragraph i); t.e., the dark lines are not black. Neither 
have I found an available or systematic method for centering the fringes, so 
that the lines obtained are usually delicate. Again, the position of the colli- 
mator, both as regards slit and lens, is here of very serious importance. Any 
micrometeric horizontal motion of either, in its own plane, will throw the 
fringes out. Finally, the whole spectrum travels with the motion of the 
micrometer mirror M. The apparatus is thus too difficult to adjust for use, 
to be of practical interest when simpler methods are at hand. The effect of 
tremors acting prejudicially on so many parts is exaggerated. 

6. Coocluskm. — ^The phenomena of paragraphs 2,3, and 4, showing definite 
and characteristic interference in case of two coincident spectra crossed either 
on a longitudinal or transverse axis, represent the chief import of the present 
chapter. These results can not be directly due to the diffraction of a slit 
(regarding the line of coincidence as such), owing to their relatively small 
magnitudes and their independence of the breadth of the slit. Since there 
is in each case but a single line of points or axis, the disturbance of which 
comes from identical sources, we might r^;anl the image of this line in the 
telescope to be modified by the diffraction of its objective. But if the inter- 
ferences originated in this way, the Praunhofer lines of the spectrum should 
show similar characteristics and the diffraction pattern should differ from 
those observed. Thus the conclusion is apparently justified that distinct and 
independent points of the narrow slit whose distance apart on its length is 
not greater than o.i mm. contribute rays to the field of interference in each 
of the colors of the spectrum (longitudinal axes coinciding). 

The phenomenon of inversion is virtually one of homogeneous light, the 
same type of interference occurring in each color from red to violet. When 
the fringes are horizontal, homogeneous light and a correspondingly broad 
slit would replace the spectrum. They belong, moreover, to the elliptic 
category, being of the same nature, apart from their limitations, as those 
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used in displacement interferometry. With the exception of the points lying 
on the longitudinal axis of rotation or of coincidence, all the pairs of points 
of the two coincident spectra owe the major part of their light to different 
sources; i,e,, the points of the superposed spectra are not colored images of 
one and the same point in the slit. 

Again, in case of rotation of one of the coincident spectra around a trans- 
verse axis (Fraunhofer line), colors which differ in wave-length by about half 
the distance apart of the two sodium lines seem also to admit of interference. 
This permissible difference of wave-length is thtis relatively about 

AX^ .5X6Xio-> ^ .. . 
X 59X10* 

or less than o.i per cent. The character of these interferences is distinctive. 
They are not of the regular elliptic type, but arise and vanish in a succession 
of nearly vertical (parallel to slit), regularly broken lines. Later observation, 
however, revealed as their true form a succession of long spindles or needle- 
shaped designs. The chief peculiarity observed is their ahnost scintillating 
mobility, which in the above text has been referred to the inevitable tremors 
of the laboratory. It is, however, interesting to inquire into the conditions 
of the possibility of observable beating light-waves. For two waves, very 
close together, of frequency n and W and wave-lengths X and X', if V is the 
velocity of light, the number of beats per second would be 



n — « 



"(^-9-4' 



Therefore in case of the two sodium lines, for instance, 

n'-n=3XioWX6Xio-«/348oXio-"=sXio" 

i.e., about 5 X 10^^ beats per o.i second, the phjrsiological interval of flickering. 
Naturally this seems to be out of all question, even if one is confronting a 
source which is an approach to a mathematical line. The endeavor will have to 
be made to produce these interferences under absolutely quiet surroundings. 
Their appearance is altogether singular and not like the case of paragraph 4, 
where there is also perceptible tremor, or with the general case of trembling 
interference patches, with which I am, tmfortunately, all too familiar. 

In this place, however, it is my sole pmpose to present, at its face value, 
an observation which is spatial, independent of time consideration; and the 
laterally cramped character of the new interference, with its long, hair-like 
lines thrust into a strip less than half the distance apart of the soditun lines, 
is the only evidence submitted. If the coincident path of two rays of slightly 
different wave-lengths, X and X', which interfere, is x, then there are x/\ and 
x/Wt complete waves in the given path, and, in case of original identity in 
phase, instantaneous re^forcement will occur when 

X (i/X-iAO-ii 2. 3. » 

In other words, at the nth reenf orcement 

AX=nXV* 
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Hence, since X* is very small and x relatively very large, the small value of 
AX (f .e., the very thin strip of spectrum within which the phenomenon occors) 
is apparent. In the above experiments the estimates, in round numbers, 
were AX—2.4XIO-', X*— 36X10-". Hence if n*i, 

«— 36Xio-"/a.4Xio-*— .iscm. 

so that one reenforcement would have to occur about at each 1.5 mm. along 
the ra3rs. Nevertheless, the formidable difficulty remains to be investigated, I 

viz, why these nominally beating wave-trains, with an infinitesimal group ' 

period (io~^^ sec.), could be recognized at all. 

The characteristic feature of the new phenomenon is this, that apart from 
intensity it persists, without variation, through a paOirdiference of ooer 5 miUi^ 
meters; i.e,, through 15,000 or ao,ooo wave-lengths. It follows, since the 
optical paths grating-mirror-grating are alone significant, that two individual 
light-waves of the same ray over 15,000 wave-lengths apart are still appre- 
ciably identical. Beyond that the waves under consideration no longer 
correspond in orientation and can not interfere in a way to produce alterna- 
tions of accentuated brightness and darkness. 



CHAPTER II. 



STDDT OF THE INTEKFEBSNCE OF REVERSED SPECTRA. 

7. Apparatus with one gratiii{. — ^The different methods suggested in para- 
graph 3 were each tried in succession, but none of them were found equally 
convenient or efficient in comparison with the method finally used in the 
preceding paper. To begin with the annoyances encountered in the use of a 
reflecting grating, it was found that the impinging light from the collimator 
and the reflected doubly diffracted beam from the grating lie too dose together, 
even if all precautions are taken, to make this method of practical value. The 
use of Rowland's concave grating without a collimator is out of the question, 
since the spectra formed on the circular locus of condensation, if reflected 
back, will again converge into a white image of the slit, colored if part of the 
spectrum is reflected. The plane-reflecting grating, though not subject to 
this law, requires a collimator, and, since noarked obliquity of rays is excluded, 
it will hardly be probable that the elusive phenomena can be obtained in this 
way. A compromise method, in which both the reflecting and the transmitting 
grating are used, will be described in paragraph lo. Though apparently the 
best adapted of all the methods used, it has only after difficult and prolonged 
research led to results. These, however, proved very fruitful in their bearing 
on the phenomena. 

For first-order spectra, where there is abundance of light (it is often difficult 
to exclude all the whitish glare in the field of the telescope completely), the 
method of figure ii, which shows normal rays only, is still preferable. Here 
the impinging collimated beam L passes below the opaque mirror m and 
through the lower half of the grating G. The diffracted pencil is reflected 
nearly normally but slightly upward, by the mirrors Af and N (the former 
carried on a micrometer slide), to be again diffracted at the grating and there- 
fore to impinge as definitely colored light on the lower edge of the concave 
mirror m (about 1.5 to 2 meters in focal distance), whence it is brought to a 
focus at F and viewed by the strong eyepiece E. Considerable dispersion 
and magnification is obtained in this way; indeed, the two D lines stand far 
apart and the nickel line is distinctly visible between them. There must be 
a fine hair wire across the slit so that the longitudinal axes of the spectra may 
be accurately adjusted. The mirror m above the impinging beam must be 
capable of rotation about a vertical and a horizontal axis in order that the 
focus F may be appropriately placed between M and N, With G at i meter 
and m at 2 meters from F, the disposition is good. The micrometer M is 
easily at hand. Though the direct beam may be screened off, the glare 
reflected back from the grating and the glare from the objective of the colli- 
mator are not excluded, as stated. In fact, it was eventually found necessary 
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to carry this pencil in an opaque tube reaching from the objective of the 
collimator, as far as the grating. 

With first-order spectra this method always succeeded satisEactorily, and 
in case of a ruled grating the phenomenon is exhibited brilliantly, if the paths 
GM and GN are optically nearly equal. After some experience it is fairly 
easy to find it. I have not, however, been able to obtain it with a film grating, 
even after using a variety of excellent samples. This is not remarkable, for 
the film grating is hardly sufficiently plane to produce dear regular reflection, 
and the corresponding paths GM and GN would not, therefore, be definite. 

Second-order spectra are too faint and can not be seen, unless the glare is 
excluded in the manner stated. All modifications of the method seemed with- 
out avail, until finally the light was led from the collimator objective C, 
figure II, to the grating 6^, in a cylindrical tube, whereupon both the glare 
from the objective and the rearward reflection from the grating were effec- 
tively screened off. This tube mtist, of course, lie below the returning pencil, 
i.e., it must not (in section) cover more than the lower half of the grating. 
In this case the second-order spectra, though faint, were seen clearly; but 





the scintillating interferences could not be observed until the very weak 
eyepiece, E, was used with the concave mirror m; or a weak telescope with 
a plane mirror. It was then detected, but showed no essential difference from 
the case of first-order spectra. The larger dispersion, in other words, was 
unavailable. The phenomenon was seen most distinctly by drawing out the 
eyepiece of the telescope, as the light is thereby concentrated, although the 
Fraunhofer lines vanish. Second-<Mxier spectra are therefore not necessarily 
advantageous. The phenomenon is very hard to find, and the experiments 
were persisted in only to obtain the result tmder different conditions. 

The tube-like light conductor referred to above is, of course, advantageous 
in case of first-order spectra. If the concave mirror is used, the phenomenon 
may even be seen brilliantly with the naked eye. 

An alternative method of half-sUvering the ruled face of the grating and 
then using it as a reflector was tried with success. The beam of parallel 
rays from the collimator L, figure 12, is transmitted by the grating (ruled, 
half-sUvered face, g toward the mirrors M and AO and the two difbacted 
beams then returned by the opaque mirrors M and iV, to be in turn diflEracted 
by reflection into the telescope T. In fact, this method succeeds with the 
unsilvered grating; for the rays diffracted, by reflection, from the ruled face 
(toward the telescope), but not very well. The reflection from the rear face 
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of the gratmg is so cut up by the strong, stationary interferences that it is 
unavailable. The grating plate must, of course, be slightly wedge-shaped, 
otherwise all the spectra would be superposed. In case tibe ruled face is 
half-silvered, however, the stationary interferences are practically absent, 
while two strong spectra are reflected from the silvered side. The phenome- 
non may then be produced at all distances of G from M and N (2 meters and 
less), but best at distances within i meter. It is, however, frequently 
hard to find unless different distances apart of the mean D lines are tested. 
This may be due to the fact that the silver film is not quite equally thick. 

Besides the symmetrical position, gT, figure 12, the two corresponding 
unsymmetrical positions g^V were tested with success; and it appeared that 
while in the case gT the phenomenon is virtually linear, dark or bright, like 
a Praunhofer line, a succession of dark lines inclined to the vertical may 
appear for the unsymmetrical position g'^^ Dark lines are apt to be broadened. 

Questions relative to the effect of obHque incidence were also tested by 
aid of the concave-mirror method shown in figure 11, the white light from C 
to G being conducted in an inch tube of pasteboard, immediately under the 
concave mirror, m. Figure 13, a, shows the general disposition of apparatus. 




The angle of incidence i is gradually increased, until the return rays from N 
meet the grating at nearly grazing incidence. No essential difference in the 
phenomenon was observed, however, except that it was apt to be broader 
in the non-symmetrical positions and to suggest fine new lines in parallel 
with the old. In a return to the symmetrical position, sharp lines were 
especially distinct, usually showing one dark and two bright lines, while two 
dark and one bright occurred less frequently. It could be seen quite vividly 
with the naked eye. When the telescope was used and the ocular drawn 
far forward, the multilinear form was often suggested. On broadening the 
slit the black lines vanish first and a flickering band remains after the Fravin- 
hofer lines are gone. Finally, the phenomenon could be seen even when the 
longitudinal axes of the spectra were not quite coincident, but it rapidly 
became fainter in intensity. 

Figure 13, 6, suggests a method of using a reflecting grating, either plane 
or (possibly, if the incident Ught is parallel) concave, for the production of 
the phenomenon. G is the grating, receiving the coUimated white Ught, L, 
which is diffracted toward M and N, thence reflected (at a different elevation) 
back to G, to be again diffracted towards T, above or below the direct beam, 
where it is observed. I have not, however, been able to obtain results with 
these methods owing to subsidiary difficulties. 
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8. Observatioiis and experiments with a sin|^ grating. — On considering 
figure II, it will be seen that the doubly reflected, doubly diSEracted rays are 
also in a condition to interfere. Thus the rays GMGNG and GNGMG have 
identical path-length, or at least path-difference; but it is improbable that 
superimposed on the strong spectra this effect could be seen, for the reflec- 
tion from the ruled face of the grating is very slight and the divergent 
spectra have weakened seriously. The scintillating interferences, on the 
other hand, are much brighter than the superposed spectra. Such interfer- I 

ences, also, should be independent of the play of the micrometer M, since 
the path-difference of these beams is not changed thereby, each being identi- 
cally lengthened or shortened. Furthermore, the interposition of a thick 
plate-glass compensator in GM should have no effect. Neither of these infer- 
ences applies for the phenomenon in question, which persists for a definite 
displacement of M, only, and the introduction of a compensator requires the 
usual equivalent displacement of M , within the rai^e of the phenomenon. 
Finally, the interferences relatively to a phenomenon product by double 
diffraction would not be modified. 

Many experiments were made to ascertain the path-difference within which 
the phenomenon is visible. This can not be accurately determined, since it 
is a question of stating when an observation, which is becoming rapidly less 
distinct, has actually vanished. Moreover, any imperfection of the microm- 
eter throws out the coincidence of longitudinal spectrum axes, while a read- 
justment breaks the continuity of the micrometer displacement, or reading. 
Results were obtained as follows, for example, AiV being the displacement of 
the mirror M: 

With telescope AiV — a34, 0.45, 0.41 cm- 

With concave mirror and lens a45, a35, 0.41 cm. 

With concave minor and adjustment 0.50 to 0.60 cm. 

The low readings are due to the micrometric wabbling of the micrometer 
sUde. Since A^ is the double path-difference, the number of wave-lengths 
in question may be put 

gX.45 ^^ .w,^4 

%,€., the distances along the ray are 15,000 to 30,000 wave-lengths apart, 
about as estimated in the above paper. This is the characteristic feattire of 
the phenomenon. 

Between its extreme ranges of visibility the appearance of the phenomenon 
scarcely changes. It ceases to be visible rather suddenly; and this is to be 
expected, since we are dealing directly with two wave-trains displaced rela- 
tively to each other. It is visible for a wide slit even after the Fraunhofer 
lines vanish. It disappears by decreasing in width, when the sUt is closed. 
If the ocular of the telescope is drawn out, the phenomenon may even be 
observed after the Fraunhofer lines have vanished, in the dark, stringy spec- 
trum of an extremely fine slit. When the longitudinal axis of the spectrum 
is indicated by a fine wire across the slit, the adjustment consists in bringing 
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the black longitudmal lines of the two spectra together. The question thus 
arises how dose this coincidence is to be. When the phenomenon is sharp, 
it has been found possible to displace the two black lines so that a fine, 
bii^t strip of spectrum may just be seen between, without quite destroying 
the interferences. Naturally they are then much weaker. This result is in 
harmony with the observations made on rotating one spectrum, on a longi- 
tudinal axis, i8o^ with reference to the other. 

Since the phenomenon was originally produced with sunlight, it might be 
supposed that the edges of the Praunhofer line, under conditions of tremor, 
would interfeie with each other as indicated in figure 14, where A is one and 
B the other of the two superposed spectra. The change of wave-length is 
suggested by the slant of lines on the ^ / 

diagram. In such a case, whereas the ^ ^^— — - "^ ?• — ■ - ^ ^^ ^ 
conditions a and c would show bright A y^-j g *l*^^ 5*^ ^^ 
overlapping spectra, the dark line would 6r 

appear under condition b. But even 
in this case, tines of sightly different wave-length would have to interfere 
with each other. The crucial test was made by using an arc-lamp spectrum, 
and it was then found that the phenomenon appeared as well as with sunlight. 

A further question at issue is the breadth of spectrum needed to produce 
the phenomenon; for the observed breadth would be influenced by the quiver 
of the apparatus. With this end in view, different lines of the spectrum were 
placed in full coincidence, and it was found that for none of the secondary 
Unes in the orange^yellow spectrum was it extinguished or even modified. 
If, however, the corresponding D lines of the spectra {DiDi; Dt Dt) were 
superposed, the phenomenon in these experiments played like a wavy strip at 
their edges only. Sometimes a bright line flashed through the middle of the 
coincident lines. One would conclude, therefore, that the part of the spectrum 
used in producing these interferences is not much broader than either the 
Di or Dt lines, while the other marked lines in the orange-yellow are too 
narrow to appreciably influence it. These results will be greatly amplified 
in the work done with two gratings below. 

A corresponding experiment was now made with sodium light. To obtain 
a sufficiently intense source, soUd caustic soda was volatilized between the 
carbons of the electric arc, A and £, figure 12, or the corresponding case in 
figure II. On drawing the carbons apart, strong jD lines were seen, in the entire 
absence of an arc spectrum, at first so broad as to be self-reversing. Gradu- 
ally they became finer and eventually reached the normal appearance of the 
Pi, Di lines. In order to facilitate adjustment and with the object of obtain- 
ing cases correlative with the results for the dark-line spectrum, a beam of 
sunlight (as at L, figure 12) was introduced between the carbons and the phe- 
nomenon established faultlessly in the usual way. The pencil of sunlight was 
then screened off and the arc light substituted, or the two were used together. 

These observations seemed to show that when the normal Di or Dt lines 
were placed in coincidence, the thread-like phenomenon fails to appear with 
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all the characteristics visible in the case of sunlight. When the sUt is broad- 
ened an alternation of brightness, or flicker of light, may be detected vaguely. 
With a slit of proper width to show the Fraunhofer lines all this seemed to 
vanish. The actual phenomenon was therefore apparently not reproduced 
or improved either by homogeneous light or by widening the slit. Such exper- 
iments alternating with sunlight were made at considerable length, but the 
adaptation of methods for two gratings discussed in paragraph lo will never- 
theless throw out this conclusion. 

If the narrow sodium line is broadened by adding fresh sodium at the car- 
bon, so that the yeUow spectrum is again self-reversed, the phenomenon plays 
with extreme vividness around either of the reversed and coincident Di or 
Ps lines, or even within the black line in question, if narrow. But here the 
light is no longer homogeneous. Sometimes when the solar spectrum is used, 
a black line preponderates; in other adjustments a flashing bright line is in 
place; but the reason for this can not be detected by the present method. 

9. Inferences. — If the wave-length of the two spectra is laid ofE in terms 
of the angle of diffraction, 9, measured in the same direction in both cases, 
the graph will show two loci as in figure 15, a, intersecting in the single point 
of coincident wave-lengths Xo* It appears, however, as if the wave-lengths at 
tpi and ipt, ip% and ^4» are still in a condition to interfere. The phases ipi and 
^, ipt and tpA, differ because of path-difference introduced for instance at the 
micrometer, the phases 91 ^, tpt <p^ differ because of color differences, having 
passed through refracting media of glass and air. Probably the phase-differ- 
ence ^1— ^»^— ^4» these having the same color-difference; and ^1— ^s= 
^—^4) having the same path-difference. At Xo, %, the two phases ^ are 
due to path-difference only. 

To allude ^;ain to the question of beats: if ten beats per second are dis- 
cernible, the beating wave-trains in the case of the given gratii^ would be 
only 6X 10-^® second of arc apart in the spectrum. If the phenomenon has 
a breadth of 3X10"^ cm. in wave-length, as observed, then the number of 
beats in question will be 2.5X10^^ per second. AU this is out of the question, 
so far as the phenomenon appreciable to the eye is concerned. If beats were 
due to a difference of velocity resulting from the dispersion of air, and if T 

is the period of the beats, X the mean wave-length, 6- the difference of the 
reciprocal indices of refraction, we may write 

If, furthefmore, ii—A—B/\\ where 5 = 1.34X10-", 5X = 2.4Xio-*, 

^ _ X^ _ 1.3X10-^^ y ^ 

^' 2vBdK 2X3Xioi«Xi.34Xio-"X2.4Xio-« ''^^^ ^• 
^ A/^i = i.4Xio* beats per sec. 

which would also be inappreciable. 
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If both the difEerence of wave-length and wave-velocity are considered, 
we should have for the first spectrum v and n, and for the second spectrmn 
V and n\ The conditions would be left unchanged, if the second velocity is 
taken equal to the first and the frequency n'{v'/v) replaced by n^ From this 
it follows that the number of beats N is nearly 



^=''U-^)=-''(;^«+v') 
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If dX is considered negative, if ii^A-^B/yf and the multipliers ii and y? be 
neglected, 

which is the difference of the two cases above computed. As the first is very 
large compared with the second, the visibility of the phenomenon is not 
changed. 

The theory of group waves usually introduces a factor 2. Thus if Xi, vu «i, 
be the group wave-length, velocity, and frequency, 

Xi=2XV5X vi^v d(jjL\)/(jiH\) »i=z;5(mX)/(2mV) 

or, 

V6X/J 2B\ 

2 VmX« XV 

or with the above data 

ni=i(2.oXioii-i.4Xio«) 

results otherwise like the above and without bearing here. There is a possible 
question whether differences of wave-length due to velocity and not to period 
can be treated as dispersion. 

The occurrence of forced vibrcUions has also been looked to as an e3cplana- 
tion. Though here again, even if the spectra are almost always of unequal 
intensity, the reason for the preponderance of one would have to be stated. 
True, equal mean strength is not equivalent to equal instantaneous strength. 
In the case of forced vibrations, however, if the harmonic forces of one spec- 
trum are F=A cos pi (forced, T^2ir/p), of the other F=A'cosg<, (free, 
T—2T/q) and there is no friction, the resulting harmonic motion will be 
given by 

Now if we regard the case of figure 15, on one side of the line of coincidence 
Xo, (t>^\ on the other side, f^>(f. Hence, whenever a brilliant line flashes 
out due to coincident phases, there should also be a black line due to opposi- 
tion; and, in fact, when the phenomenon is produced under conditions of 
perfect symmetry of the component beams, this seems to be its character; 
i.e.f the enhanced line cuts vertically across the breadth of the spectrum. 
The case (f^f^t being of infinitely small breadth, would not be visible. It is 
not to be overlooked, however, that in certain adjustments, particularly in 



26 THE INTERFEROMETRY OF 

the non-symmetrical case of figure 13, more than two black lines frequently 
occur. (Cf. {15.) These accessory lines are ordinarily very thin and crowded 
on one side of the phenomenon only. It is thus merely the prevalent occur- 
rence of paired dark and bright lines that are here brought to mind. Again, 
the suggestion of many oblique lines has occurred in some of the observations. 
These would be quite imaccoimted for. 

Finally, many attempts were made to find whether the phenomenon would 
occur again beyond its normal range of about 2X0.5 cm. of displacement. 
But, though the micrometer screw actuating the mirror M was effectively 
2X3 cm. long, no recurrence could be found. At the ends of its range the 
phenomenon drops off rather abruptly. 

None of the inferences put forward adequately account for the phenome- 
non as seen with a single grating, as a whole. In this dilemma I even went 
so far as to suppose that a new property of light might be in evidence. One 
feature, it is true, has been left without comment, and that is the width of 
the sht-image. If 06, figure 15 6, is the angular width {dB) of this image, 
the case of figure 15 a should be additionally treated in terms of figure 15 b. 
But within the limits of the present method 
of experiment, with but one grating, this 
circumstance seems to offer no due. If, for 
instance, the spectra actually coincide in >||---'^ 
color throughout their extent, as in ordi- 
nary interferences, the interference patterns 
should be enormaus^ for the path-difference 
may be zero. The invariability of the present phenomena as to size within its 
long range of presence, the occurrence of intensely sharp and bright or dark 
single lines, with a distance {dB) much less than the distance apart of the £>i, Dt 
lines, is in no way suggested by the width of slit-image. Moreover, in spite 
of its persistence, the interference phenomenon of reversed spectra has the 
sensitiveness of aU interferences. Slight tapping on the massive table throws 
it out altogether. Clearly, therefore, a modification of method is essential if 
new light is to be thrown on the phenomenon, and from this viewpoint a 
separation of the two diffractions seems most promising. 



10. Apparatus with two gratings.— All the varied experiments described in 
the preceding paragraph failed to show any essential modification of the linear 
interference pattern obtained. In a measure this was to be anticipated, inas- 
much as both diffractions take place at the same grating. It therefore seemed 
promising to modify this limitation of the experiments, although the difficulty 
of finding the phenomena would obviously be greatly increased. The separa- 
tion of the two diffractions, however, seemed to be alone capable of resolving 
the phenomenon into intelligible parts. 

In the present method the glass grating G, figure 16, receives the white 
beam L from the collimator, which is then diffracted to the opaque mirror M 
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(on a micrometer slide) and N, thence to be reflected to the reflecting grating 
G\ plane or curved. Here the two beams of the identically colored light 
selected are again difEracted to the telescope or lens at T. Since the gratings 
G, G\ rarely have the same grating constant, their proper position must be 
found by computation and trial. In my work the distances to the line of 
mirrors NM were 165 cm. for G and 90 cm. for G. This method automati- 
cally excludes the direct beam a and all glare, and gives excellent spectra both 
in the first and second orders. The use of two gratings, however, introduces 
the difficulties of adjustment specified, as the two D doublets corresponding 
to N and M will not, as a rule, be parallel and normal to' the longitudinal 
axes of the spectrum, unless all cardinal features, like the rulings and their 
planes, are quite parallel. If the grating is not normal to the impinging 
beam, the axis of the corresponding spectrum is a curved line. The spectra 
are, moreover, likely to be uneqtially intense, a condition not infrequent 
even in the preceding method. It is possible that this may be due to the 
grating itself, but probably unequal parts of the corresponding beams are 
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used in the two cases, or the mirrors are unequally good. As a result, in my 
earUer work I was not able to produce the phenomena with two gratings, 
after many trials, in spite of the clearness of the overlapping spectra; but 
the same serious difficulties are encountered whenever interferences are 
produced from two independent surfaces. 

Later, having added a number of improvements to facilitate adjustments, 
I returned to tiie search again and eventually succeeded. There are essen- 
tially four operations here in question, supposing the grating G approximately 
in adjustment. By aid of the three adjustment screws on each of the mirrors 
M and N, figure 16, the fine wire drawn across the slit nmy be focussed on the 
grating, if an extra lens is added to the collimator and the black horizontal 
shadows of that wire, across the corresponding spectra, placed in coincidence. 
The grating G' is then to be moved slowly fore and aft, nonnal to itself, on 
the slide, so that the position in which the soditmi lines are nearly in coinci- 
dence to an eye placed at the telescope, T, may be found. The grating G' 
is next to be slowly rotated on a line (parallel to LT) normal to its surface, 
to the effect that the black axes of both spectra (t.e., the spectra as a whole) 
may coincide. This must be done accurately^ and the last small adjustments 
may be made at the screws controlling M and N. Finally, the naicrometer 
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slide carrying Af is to be moved fore and aft until the interferences appear. 
These operations are difficult even to an aq>erienced observer. The fringes 
are very susceptible to tremors, and only under quiet surrotmdings do they 
appear sharply. At other times they move, as a whole, up and down and 
intermittently vanish. 

The fringes so obtained, figure 17, were totally different from the preceding 
and consisted of short, black, equidistant, nearly horizontal lines across the 
active yellow strip of spectrum, at the axis of coincidence. The strip was 
about of the same width as above. Thus the pattern presented the general 
appearance of a barber's pole in black and yellow, the width being less than 
the sodium interval, Di, Dt, and the distance apart of fringes usually smaller. 
They were visually in motion up and down, rarely quiet, no doubt owing to 
tremor. Since the fringes were nearly horizontal or less than 30 d^rees in 
inclination, it was possible to enlarge the width of the slit without destroying 
them, as in case of the hair-like vertical fringes in paragraph 3 above. In 
this way a breadth of strip greater than the distance Di, Di, could be obtained 
with sunhght or arc light, though a moderately fine slit was still desirable. 

I 
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In general, the characteristics noted above were again observed. Thus on 
moving the micrometer screw controlling M, the interferences appeared rather 
abruptly. They vanished in a similar manner, after about 0.4 cm. or more 
of the micrometer screw had been passed over. In other words, the fringes 
remain identical for a path-diSerence of about 3X0.4 cm., or nearly 15,000 
wave-lengths. 

If we call the four D lines available in the two solar spectra Z?i, Dj, Z^i, Z)'., 
respectively, a number of curious results were obtained on pladi^ them 
variously in approximate coincidence. Thus figure 17 a, when eadi D line 
of one spectrum coincides with the mate of the other (Di, /)'»; D'\, Dt), equi- 
distant dots, surrounded apparently by yellow luminous circles, appeared 
between the two doublets. On widening the sUt the dots changed to a grating 
of nearly horizontal lines covering the strip Pi, Z>i, figure 17 b. The Unes in 
one part of the slit seemed to slope upward and in another to slope downward. 
With a large telescope the phen<nnenon was more dim and quiet, apparently. 
The fringes often he in more definite focal planes and cease to be visible when 
the ocular of the telescope is far outward, differing from the case above. 

The phenomenon of chief interest, however, was observed (figure 17 c) in 
placing two identical D lines in coincidence (Z>i,- Di D'l; D'l). The fringes 
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were then seen across the coincident lines, now no longer visible, quite inde- 
pendent of the absence of Ught. This would seem to mean that the otherwise 
quiet ether within the black line is stimtilated into vibration by the identical 
harmonic motions of the bright fields at and beyond the edges of the line 
(diflEraction). The question will presently be broached again in a different 
way. Here I may note that in the above cases of transverse lines (§ 8) it is 
often possible to observe a very fine parallel yellow line within the coincident 
Dty ly tf or Di, D\, doublets, excited, therefore, in the dark space and splitting 
the line. 

The experiments were now repeated with the sodium arc, and these also 
gave some striking results. Thus in the'case of figure 17 d the lines were 
separated, but the yellow striations seemed to show across the dark space 
between Dt and D\. When the yellow light was too weak, cross-hatchings 
were seen only across D't, as in figure ly e. Frequently the phenomenon 
figure 17/ occurred on broadening the slit, in which Dt and n't interfered, 
but only Z>'s was marked. Screening off Dt (left mirror) at once removed the 
fringes. I have interpreted this observation as the result of parallax, due to 
the fact that the lines and the interferences are seen in different focal planes. 

^ ^\^ lg %, \ %, 

On the basis of these results one might with some plausibility adduce the 
following remarks in explanation of the phenomenon: In figure 18 a, let Si 
and 5s be the overlapping reversed spectra and let the line of symmetry be 
at Xi, Xs. Then if identical ether vibrations can react on each other across a 
narrow ether gap, rays as far as XS, X^ and X'^i, X% being of identical source 
and wave-length, respectively, are still in a condition to interfere. There 
would then be three groups of interferences, Xi Xj, X'l X'l, X'l X'l. If, figure 
18 6, all are in phase, we should have a brilliant line; if aU are in opposite 
phases, a dark Une on the principle of figure 18 c. Naturally, if wave-trains 
react on each other across an ether gap, small as compared with the Du Dt 
interval, the assumption made above relative to interference of different 
wave-lengths is superfluous. My misgiving in the matter arises from the 
misfortune of having taken down the original apparatus, for modification, 
and having since been unable to reproduce them with anything like the 
decisiveness with which they were at first apparently observed. I can not 
now be certain whether what occurred was actually what I seemed to see, 
or whether the broad illumination of the sodium fiash (broad individual 
lines, Di to Dt, virtually a continuous spectrum) may not have misled me. 
The experiments were continued, as follows. 
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II. E:q>eriment8 continued. New Interferometer. — ^At the outset it was 
necessary to ascertain the reason for the difiEerence of the phenomena, as 
obtained with one grating in paragraph 8 and with two gratings in para- 
graph lo. As the probable cause is a lack of parallelism of the rulings in the 
latter case, it was necessary to remount the second grating G' in the manner 
shown in figure 19. Here AA is a baseboard, capable of sliding right or left 
and of rotating on a horizontal axis parallel to the grating. The latter (in a 
suitable frame) is held at the bottom by the axle, ^, nonnal to the grating 
and by the two set-screws a and h carried by the standards c and d. Thus 
the grating could be rotated around an axis nonnal to its plane. At first a 
Midielson plane-reflecting grating G' and a telescope were used, as in figure 
16; but it was found preferable (fig. 20) to use a Rowland concave reflecting 
grating G\ with the strong lens at T, the grating receiving a beam of parallel 
rays of light for each color from the collimator and first grating G, In this 
case, with sufficiently high dispersion, a large, strong field was obtained, in 
which even the very fine lines of the solar spectrum were quite sharp. Rotating 
grating G' around a parallel horizontal axis, like AA, figure 19, made little 
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difference, relatively speaking; but rotation aroimd the axis e, normal to its 
plane, carried out by actuating a and h in opposite directions, made funda- 
mental differences in the appearance of the phenomenon and eventually 
suggested a new interferometer for homogeneous light. 

The adjustments are the same as in case of figure 1 6 , (7 being the transparent 
grating, except that G' is now a concave grating and T a strong eyepiece. 
The distances G'T and GT were of the order of i and 2 meters. 

On rotating the grating 6^' on an axis normal to its face, from a position of 
slight inclination of the rulings toward the left, through the vertical position, 
to slight inclination to the right, the fringes passed through a great variety 
of forms, to be described in detail in § 13 below. Difference of focal planes 
between the Praunhofer lines and the interferences were common, so that 
effects of parallax were apt to occur. Thus when D% and D'% cotncide, the 
ladder-like phenomenon may lie between U% and U\ ; or the ladder may pass 
obliquely between the D\ D\ and Ux D\ doublets. The first experiment 
with the new and powerful apparatus (plane transparent grating G, grating 
space 351X10** cm., and the concave reflecting grating G', grating space 
173 X lo** cm., fig. 20) was made with the object of verifying, if possible, the 
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reaction of parallel ether wave-trains on each other across a very narrow 
ether gap. The soditim arc lamp was used as a source of light. The results 
as a whole were negative, or at least conflicting. Usually when strong inter- 
ferences were observed for coincident positions of jDs> D't, for instance, there 
was no passage of fringes across the dark space when Dt and D\ were slightiy 
separated. At the beginning of the work (possibly as the result of lines 
broadened by a flash of sodium light) the stretch of interference fringes across 
the dark space was certain; but such evidence is not quite trustworthy, for 
a continuous spectrum (i.^., lines broadened by the flash) would necessarily 
produce the striations. With a very fine slit the coincident Pi, D'\ or Dt, D'% 
was frequentiy much broadened by a sort of burr of fringed interferences. 
When the lines are self-reversed, superposition of Di, D'u etc., frequentiy 
showed vivid interferences across the intensely black middle line. This and 
the passage of the bright and dark lines across the superposed Du D\ lines 
of the solar spectrum are thus the only evidence of the reaction of separated 
fight-rays on each other across an ether gap observed in the new experiments, 
and the above results could not be repeated. 

On introducing a refined mechanism to establish the sharpest possible 
coincidence of the Z>i, D'\ or Dt, D't lines, it seemed as if these lines could 
at times be brought to overlap with precision, without the stmtdtaneous 
appearance of the interferences around then; but on drawing out the ocular 
of the telescope or the lens the cross-hatching invariably appears. If the 
coincidence is not quite sharp, the phenomenon is usually very strong in the 
isolated bright strip. Horizontal fringes are best for the test. 

An additional series of experiments was made some time later by screening 
off parts of the concave grating G\ in order to locate the seat of the phenom- 
moQ at the grating. Screening the transmitting grating G was without con- 
seqaence; but on reducing the area 6^' to all but the middle vertical strip 
about 5 nun. wide, a very marked intensification of the phenomenon followed. 
Although the spectrum as a whole was darker, the interferences stood out 
from it, relatively much sharper, stronger, and broader than before. The 
Piaunhofer lines were still quite clear. Thus the pattern, g, figure 17, was 
now very common, both with sunlight and with sodium light. For a given 
sEt the phenomenon b^an with a strong burr c, figure 17, completely oblit- 
erating and widening the superposed Dt, D't lines. When these lines were 
moved apart, the striations followed them, as in figure 17, h and i, to a limit 
depending on the width of the sHt. A still more interesting pattern is shown 
infigure 17 A?, in which the interferences proper are strong and marked between 
the two Di Wi doublets, but much fainter striations are also evident, reaching 
obliqtiely across and obviously with the same period. 

With this improvement I again tested the ether-gap phenomenon, using 
the sodium arc, and to my surprise again succeeded. Di D\ lines of half 
the bfeadth of the doublets apart induced strong fringes between them, and 
the experiments were continued with the same results for a long time. Several 
days after, however, with another adjustment, it in turn failed. Clearly 
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there is some variable element involved that escaped me, and it will hardly 
be worth while to pursue the question further with the given end in view, 
without a radical change of method. 

Screening middle parts of the grating (in relation to § 15) did not lead 
to noteworthy results here, but such experiments will become of critical 
importance below. 

A word may be added in relation to FresneUian interferences in the present 
work. These would be Uable to occur if the observations had been made (wtsiid^ 
of the principal focus, with the sodium lines blurred. In all the experiments 
on the excitation of a narrow ether gap, however, the D lines were clearly in 
sight and sharp, so that the phenomena of non-reversed spectra and homogene- 
ous light (in the next section) are not here in question. True, such interfer- 
ences may often be found in the case of reversed spectra, when the sodium lines 
are purposely blurred, by pushing the ocular toward the front or to the rear. 

12. Experiments continued. Homogeneous light — ^To turn to a second 
dass of experiments : very important results were obtained with homogeneous 
light (sodium arc) on placing the DiD'i or DJD't lines in coincidence and then 
broadening the slit indefinitely or even removing it altogether. A new type 
of interferences was discovered, linear and parallel in character and inter* 
secting the whole yellow field. These lines could (as above) be made to pass 
from a grid of very fine, hair-like, nearly horizontal lines to relatively broad, 
vertical lines, on changing the orientation of the grating G\ figure 16. Small 
changes of position of the grating produced a relatively large rotation and 
enlargement of the lines of the interference pattern. The fringes, when verti- 
cal and large, are specially interesting. The distances between successive 
fringes obtained were about the same (accidentally) as the DiDt distance of 
the sodium Unes. They are quiet in the absence of tremor. If DiD'i or Z?fD'j 
were only present, the field would be an alternation of yellow and black 
striations; but as both doublets are present, the interferences overlap the 
flat (non-interfering) yellow field of the lines not in coincidence. The fringes 
are nevertheless quite distinct. A single homogeneous line (like the green 
mercury line) would give better results. It is necessary that the line selected 
(say DiD'i) should coincide horizontally and vertically before the slit is 
broadened. Otherwise no fringes appear in the yellow ground, or at least 
not in the principal focal plane. On using a thin mica compensator, it is 
easy to make these fringes move while the mica film is rotated ; and they pass 
from right to left and then back again from left to right, as the mica vane 
passes through the normal position of minimum efiEective thickness. Thus 
this is a new form of interferometer with homogeneous light. The fringes 
remain identical in size, from their inception till they vanish, while the microm- 
eter M, figure 16, passes (as above) over about 15,000 wave-lengths. In this 
respect the new interferometer differs from all other t3rpes, the two air-paths, 
GMG' and GNG\ alone being in question. The condition of occurrence will 
be investigated in paragraph 13. 
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13. Experiments coatimied. Contrast of methods.— As these fnnges were 
produced with a concave reflecting grating, the question may be put whether 
they would also appear in case of the plane reflecting grating, G\ in the adjust- 
ment of figure i6. The experiment was therefore repeated with a wide slit, 
or with no slit at all, and there was no essential difference in the two classes 
of results. 

On the contrary, when the method of but one gratii^ and sodium light 
was used (fig. ii), the interferometer fringes, in case of a very wide slit or 
the absence of a slit, could not be produced over the yellow field, as a whole. 
There appeared, however, an obviously pulsating flicker in parts of the field, 
on reducing the width of the slit tQl the sodium lines were each about the 
width of a D\D\ space, with either Djy\ or DJ)'t superposed. The sharply 
outlined sUt showed an irregular, rhythmic brightening and darkening over 
certain parts of its length. These broad pulsations were very violent, very 
much in character with the Unear phenomenon above. This behavior is very 
peculiar, recalling the appearance of a bright yellow ribbon undulating, or 
flapping fore and aft, so as to darken parts of its length rhythmically. The 
pulsations, moreover, were quite as active if seen at night, when the tremors 
of the laboratory were certainly reduced to minimum. Nevertheless, I am 
now convinced that such tremor only is in question. 

Regarding the phenomenon as a whole, one may argue that in case of the 
wide sUt and single grating, in which the lines for both di£Eractions are there- 
fore rigorously parallel, the interference fringes are on so large a scale as to 
cover the whole field of view and thus to escape detection; i,e.y that a single 
vague, quivering shadow of a flickering field is all that may be looked for, 
in the limited field of view of the eyepiece. 

Returning to the case of two gratings and the wide vertical interference 
fringes and, in turn, all but dosing the slit (vertical interferences and sodium 
arc light), the pulsating phenomenon simply narrowed in width. The two 
or three sharp vibrating lines, alternating in black and yellow of the original 
phenomenon (Chapter I), did not appear. The cause of this is now to be 
invest^ted. 

14. Experiments continued. Rotation, etc, of srating. — ^The method of 
two gratings (fig. i6 or 20, plane transmitting and concave reflecting) was 
first further improved by perfecting the fore-and-aft motion of the grating G' 
{C movable in the direction G'T on a slide), as well as the precision of the 
independent rotation of G' normal to its face ; i,e. , around G' T, These adjust* 
ments led to further elucidation of the phenomenon. To begin with the fore- 
and-aft motion of the concave grating G^ {ue,, displacements in the directions 
G'T^ fig. 20), it was found that the fringes, figure 21, a, fr, c, d, e, in any good 
adjustment, pass from extremely fine, sharp, vertical striations, which gradu* 
ally thicken and incline to rekttively coarse, horizontal lines, finally with 
further inclination in the same direction into fine vertical lines again, while 
G' continually moves (through about 5 cm.) on the slide normal to the face 
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of the grating. It was not at all difficult to follow the continuous tilt of these 
lines through the horizontal, occurring on careful and oontinuoos front-and* 
rear motions of the grating G' through the limiting positions. The fringes 
usually vanish vertically merely because of their smallness. 

Again, on rotating the grating G^ aitnmd an axis normal to its face, the 
fringes merely vary in size, without changing their indination. Thus if the 
horizontal fringes (which were here always doser than the inclined set) are 
in view, these will pass from extremdy small-sized, fine, hair-like striations, 
through a maximum (which is a mere shadow, as a single fringe probably 
fills the fidd) back into the fine lines again. Only a few d^rees of rotation 
of the grating suffice for the complete transformation. The maximum is 
frequentiy discernible only in consequence of a flickering fidd. An oblique 
set of fringes is equally available, remaining oblique as they grow continually 
coarser and in turn finer with the continuous rotation of the grating. 

When the very large horizontal fringes are produced by this method, the 
change into vertical fringes by fore-and-aft motion of G' is very rapid, so 
that rdativdy wide, nearly vertical forms may be obtained. All these effects 
may be produced by solar or by arc light, around 
the line of symmetry of the overlapping spectra ; 
or with sodium light when dther DiD\ or DJD't 2 1 
coindde. 

The fine vertical or inclined lines appear as Q, 6 C Of C 

such when the slit is widened, dther in case of 
white or of sodium light. These are the inter- 7 ? ^ 
ferometer fringes seen above ft 6), coarse or 8 ^ 

fine. With sodium light any width of slit, or -=. ^ 

no slit at all, is equally admissible. The same is true for the narrow maxima. 
Lines nearly horizontal were sometimes obtained, pointing, as a whole, toward 
a center. 

Finally (and this is the important result) the extremdy large horizontal 
maxima, when a single fringe fills the fidd, can not be seen apart from pulsa- 
tions, in the case of a wide slit. With a very narrow slit, sudi as is suited for 
the Fraunhofer lines, these horizontal fringes appear as intensely bright or 
very dark images of the slit. In other words, the normal phenomenon of 
overlapping symmetrical spectra as described in Chapter I is merdy the 
vertical strip of an enormous horizontal interference fringe, made sharp and 
differentiated by its narrowness. This case occurs at once when the rulings 
of the two gratings G and G' are all but paralld, and hence it is the r^[ular 
phenomenon when but a single grating is used for the two diffractions, as in 
figures II and 12. 

In later experiments on the effect of the rotation of the grating, G\ around 
a normal axis, the above results were found to be incomplete. If the rotation 
is suffident in amount (a few degrees, always very smaU), it appears that, 
after enlarging, the fringes also rotate. But the rotation in this case corre- 
sponds to a vertical maximum, as indicated in figure 22, the vertical set being 
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the coarsest possible for a given fore-and-aft position of the grating G', Ii). 
the figure, the sequence a, h, c, d, e is obtained for a continuous rotation of 
the grating (in one direction around a normal axis). 

It now became interesting to ascertain how the vertical set c, figure 22, 
would behave with the fore-and-aft motion. The experiments showed that 
there was no further rotation, but that, while G' passes normally to itself 
over about 1.5 cm. on the sUde, the vertical fringes pass from extreme fine- 
ness at the limit of visibility, through an infinite vertical maximum (a single 
vague shadow pulsating in the field), back to extreme fineness again, without 
any rotation. If the edges of the corresponding yellow strips (superposed 
Du D\ lines) did not quite coincide, the fringes were seen outside of the prin- 
cipal focal plane, as usual. Probably the vertical and horizontal maxima axe 
identical in occurrence and appear in case of parallelism in the rulings of the 
two gratings G and (r^ and the absence of path-difference. Hence if a single 
grating is used, as in the original method, the interferometer fringes are not 
obtainable. This is an important and apparently final result, remembering 
that fore-and-aft motion is probably equivalent to a rotation around a vertical 
axis, parallel to the grating. 

With r^ard to the rotation in case of fore-and-aft motion of G\ it is well 
to remark that in approaching the position c, figure 24, it is apt to be very 
rapid as compared with the displacement, precisely as in the case of the picket- 
fence analogy. 

Hence the original phenomenon, consisting of single lines, can not be mani- 
folded by increasing the width of slit. It vanishes for a wide slit into an 
indiscernible shadow. The phenomenon is a strip cut across an enormous 
black or bright horizontal fringe, by the occurrence of a narrow slit. More- 
over, the sdntiUations variously interpreted above are now seen to be due to 
tremors, however different from such an effect they at first appear; i.e., the 
enormously broad, horizontal fringe changes from dark to bright, as a whole ^ 
by any half wave-length displacement of any part of the apparatus. It is 
thus peculiarly sensitive to tremors. On the other hand, obUque or fine 
vertical fringes are always recognizable for any size of slit. The inquiry is 
finally pertinent as to why the phenomenon is so remarkably sharpened by 
a narrow slit; but this must be left to the following experiments. 

To be quite sure that the concave grating G' had no fundamental bearing 
on the phenomenon, I again replaced it by the Michelson plane reflecting 
grating (fig. 16, C transmitting, G' reflecting). In the same way I was able 
to rotate the fringes, continuously, through a horizontal maximum of size 
by fore-and-aft motion of G\ Rotation of G' in its own plane increased or 
decreased the breadth and distance apart of the fringes through a maximum, 
coinciding with the parallelism of the rulings of the two gratings. Here I 
also showed decisively that as the rungs of the interference ladder (fig. 21 c) 
thickened and receded from each other, the design passed, in the transitional 
case, through the original phenomenon of the single vertical Une dark or 
brilliant yellow, for a slit showing the Fraunhofer lines clearly. The phenome- 
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non vanishes with the spectrum lines as the slit is widened, but, on the other 
hand, persists as far as the interference of Ught for a narrow slit. Finally, 
the apparent occurrence of more than one line is referable to the presence of 
more than one nearly horizontal wide band in the field of the telescope. Thus, 
for instance , cases between b and c near c and between c and d near c, figure 2 4 , 
are the ones most liable to occur when both diffractions take place at a single 
grating. This result will be used in paragraph 15. 

15. Tentative equatioiis. — In the first place, the actual paths (apart from 
the theory of di£Eraction) of the two component rays, on the right and left 
sides of the line of symmetry, I/'Z, figure 23, will be of interest. The compu- 
tation may be made for the method of two gratings at once, as the result 
(if the distance apart of the gratings is C^o) includes the method with one 
grating; i.e., the more complicated figure 23, where G is the transmitting and 
G' the reflecting grating, resolves itself into a case of figure 24, with but one 
grating, G. M and M' are the two opaque mirrors, I the normally incident 
homogeneous ray. Supposing, for simplicity, that the grating planes G and 
G' are parallel and symmetrically placed relatively to the mirrors M and M', 
as in the figure, the ray Y dii&acted at the angle 61 is reflected into X at an 
angle ^2-^1 and diffracted into Z normally, at an angle ^i, on both sides. 
Under the condition of symmetry assumed X+Y—iX'+Y') =0, or without 
path-difference. Let N be the normal from I to M, and n the normal from 
r to M , with a similar notation on the other side. Hence if / be given an 
inclination, di, ^1 is incremented by d$i, Y+X passes into yi+y+x, Y'+X' 
into y\+y+x\ decremented at an angle dd'u while both are diffracted into 
Z\ Since generally 

sin ^1— sini=X/Z? cos ^id^i=cos $\ dS'i 

for homogeneous light and the same di. Hence dSi^dS'i^dd, say. 
If 5 =s ^j — $1, and <r = $^^ s^^ the auxiliary equations 

X I Y=C ^^^ ^i+sin $2 ^^ N-n 



sin 5 cos ((r/2) 

are useful. From a consideration of the yC and yx triangles, moreover, 
the relations follow: 

N ^ N-n ^ cos (Bi+de) 

^■^^^ cos (8/2 -de) ^^ cos (<r/2) cos (^i+d^) * ^c6s(^8-d^) 

and from the y'lC and y'x triangles, similarly, 

, , _ N , N—n ,^ , cos {Si—de) 

y^y^ COS («/2+d^) ^ ^ cos (<r/2) cos {fix-dd) * ^ cos {Bx+de) 

Hence, after some reduction, the path on one side is 

^4.>u4.>i, ^ gA^ COS (<r/2) N-n 

^-ry-ryi ^^ (^,-d^) cos {a/2) cos {dt-dd) 
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which may be further amplified to 

, A^cosff+ft 

*'*'^'*"^'" cos i$t-d0) cos (ff/a) 

From this the path on the other side will be 

^cos J+« 



*'+/+/i- 



cos (ffj+dfl) cos (ff/a) 
The path-differenoe, AP, thus becomes, nearly, 

^j cos a+nf I I ^ A^cosff+w a an ffi 



AP-N- 



Kff+M f 1 

s (<r/a)\.cos (fi,+ 



.J9 



9,-l-rffi) cos i0t-d0)J cos (<t/3) cos* 9t 

This is perhaps the amplest form attainable. If, apart from diffraction, 
this should result in interference, the anpilnr breadth of an interference 
fringe would be (AP=X) 

^^_^ Xcos'g« cos(ir/a) 
3 sin 0j Ncosff+M 

and if Z> is the grating space and sin tf — X/£>', 

,, (P^-X*) cos (g/a) 
aZ?'(Nco8ff+«) 




cos 



a result which may be reduced more easily from figure 24- Hence, the 
ai^:ular distance apart of the fringes wotild be (AP * X) 
X Pcostf VZJ*-X' 

°'^"4A'tane* 4JV " 4^^ 

if D is the grating space. To find the part of the spectnim (dX) occupied 
by a fringe ia the case postulated, since an O—X/D, 
de ^ rfx ^D 
cos 9 D cos* e 4N 
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and from the preceding equations, finally, 

where dk would be the wave-length breadth of the fringe, remembering that 
the fringes themselves are homogeneous light. 
In the grating used 

^■'SSiXio^'cm. X«6oXio"*cm. nsioocm. 

^ dX-^^^io-»-3Xio-"»cm. 

400 

This is but i/aoo of the distance, dX-s6Xio"* cm., between the D lines. 
Hence such fringes would be invisible. Moreover, d^oc i/N; the fringes, there- 
fore, should grow markedly in size as iV is made smaller. Experiments were 
carried out with this consideration in view, by the single-grating and concave- 
mirror method, N being reduced &om nearly 2 meters to ao cm., without any 
observable change in the breadth or character of the phenomenon. It showed 
the same alternation of one black and one or two bright linear fringes, or 
the reverse, throughout. Hence, it seems improbable that the phenomenon, 
i,e., the interference fringes, are referable to such a plan of interference as 
is given in figure 24. 
Similarly, for the case of two gratings, figure 23, 

..^ cosW2)(D-«-X«) 
2D\N cos tr+n) 

where, if we insert the data ^1 =■ 9%©' and 6%^ 19^ SS' 

D'^ij^Xic* cm. N«i62cm. n—Sacm. X—sS.pXic^cm. 

then 

j^ .967Xio-">X263 vx -« J- 

^^' io^X346X(i62X.87-h82) °'33Xxo^radians. 

Thus do is about of the same small order of values as above, i.e., less than 
one-tenth second of arc or i/iooo of the DiDt space, and thus quite inappre- 
ciable. Some other source, or at least some compensation, must therefore 
be found for the interferometer interferences seen with homogeneous light. 

The full discussion of the effective path-difference in terms of the diffrac- 
tions occurring will be given in § 27, in order not to interrupt the progress 
of the experimental work here. It will then be obvious that the mere effect 
of changing the obliquity of the incident homogeneous rays, J, introduces 
no path-difference, or that the fringes observed are varied by the displace- 
ments and rotations of the grating, G\ and the mirrors M and N, 

16. Experiments c<mtinued. Analogies. — ^With this possible case disposed 
of, it now becomes necessary to inquire into the other causes of the phenome- 
non, as described in paragraph 13. This is conveniently done with reference 
to figure 26, where n and «' are the axes of the pencil of yellow Ught, reflected 
from the opaque mirrors M and N, after arrival from the transmitting grating 
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G. It is necessary to ctmstder the three positions c£ the reflecting grating G'; 
viz, G', G'\, and (Ti- In the synmietrical position G', the pencils whose axes 
are n and n' meet at a and are both diffracted along r. In the position C, 
they are separately diffracted at b and b' in the direction ri and /i, and they 
would not interfere but for the objective of the telescope, or, in the other 
case, of the concave mirror of the gratii^. In the position G't, finally, the 
pencils n and n' are separately diffracted at c and d into rt and r'l and again 
brought to interference by the lens or concave mirror, as specified. 

Now it is true that the rays tta and n'a (position G'), though parallel in a 
horizontal plane, are not quite coUimated in a vertical plane. The pencils 
are symmetrically oblique to a central hcmzontal ray in the vertical plane, 
and their optical paths should therefore differ. But fringes, if producible in 
this way here, have nothit^ to do with the rotation of the grating in its own 
plane and may here be disregarded, to be considered later. 




To take the rotation of the fringes first, it is interestii^ to note in pasang 
that the interferences obtained by rotation around a normal axis recall the 
common phenomenon observed when two picket fences cross each other at a 
small angle ip. It may theref(n« be worth while to briefly examine the rela- 
tions here involved (^. ay) where S' and 5 are two corresponding pickets of 
the gratii^ at an angle ip and the normals D' and D are the respective grating 
spaces. Hie intersections of the groups of lines 5' and 5 make the representa- 
tive parallelogram of the figure {S talon vertical), of which B is the large 
and B' the small diagonal. The aisles indicated in the figure are x-\-y^ip 
and ^+y-\-ip^ iSo". As the bright band in these interferences is the locus 
<A the nmiers in the successive parallelograms, B is the distance between 
two bright bands, while B', making an angle / with 5, is the direction of 
these parallel interference bands relative to the vertical. Let the free ends 
ci. D and D" be joined by the line E'; and if Z^ is prolonged to the left and the 
intercept is D in lei^th, let this be joined with the end of D' by E. Then the 
triao^e DELf and S'BS, DE'iy and S'B'S, may be shown to be similar by 
aid qS. the following equaticms : 
SD=5'D' D'sia<p=Eanx S'wiv=Bsiny S'"s anv 
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If £ 18 expressed in tenns of D and D\ and B in terms of 5 and S\ and 
the first equation is used, then 

S ^Wix^iy 
S' Any D 

from which, in the fourth equation, 



^^ E ^ \/Z>«+jy«+2JP/ycosy 
sin^ sin^ 

Similarly, 



^; E' VD^+D'^-aDVcosip 
sm^ sm^ 

Again, the angle y' is given from 

sin(i8o-(^+/) ^iy 
sin/ D 

or on reduction 

tan y »-¥^5 — t^—^ — 
UD^D\ or S-S', then 



sin (ip/2) cos (^/a) 

sm (^/a; 

Thus if ^«o, tan /« », / *9o^ or the fringes are horizontal and 15«25. 

If y' is nearly zero 

tan/-^/(^/2)-2/^ 

changing very rapidly with ^. 

If one grating of a pair, with identical grating spaces D, is moved parallel 
to itself, in front of the other, the effect to an eye at a finite distance is to 
make the grating spaces D virtually tmequal; or 



p r. Vi + (D'/Dy+2{DyD)cos^ 

2 cos {fp/2) 

60 that for an acute angle ^, the fringe breadth is increased. Thus £0 is a 
minimum in case of coincident gratings. 

The analogy is thus curiously as follows: The fringes just treated rotate 
with the rotation of either grating in its own plane and pass through a mini- 
mum size with fore-and-aft motion; whereas in the above results the optical 
grating showed a passage through a marimum of size with the rotation of 
either grating in its own plane and a rotation of fringes with fore-and-aft 
motion of the grating. 

Returning from this digression to figure 26, if the grating G' is not quite 
synmietrical, but makes a small angle ^ with the symmetrioal position as at 
g', the fore-and-aft motion will change the condition of path-excess on the 
right (position g^, M path larger) to the condition of path-excess on the left 
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(positioQ ^u N path larger); and if the motioii is continuous in one direction, 
f't) g'> g^h the path-difiEerenoe will pass through zero. No doubt the angle 
^ is rarely quite zero, so that this variable should be entered as an essential 
part of the problem. The resulting conditions are complicated, as there are 
now two angles of incidence and difiraction and it will therefore be considered 
later (§ 28). It is obvious, however, that if for a stationary grating G\ 
figure 26, the angle ^ is changed from negative to positive values, through 
zero, the effect must be about the same as results from fore-and-^t motion. 
In both cases excess of optical path is converted into deficiency, and vice versa. 
Hence, as has been already stated, the effects both of the fore-amd-aft motion 
and of the rotation of the grating G' around a vertical axis parallel to its 
face conform to the interference fringes of figure 21, ato e. 

It is common, moreover, if a concave grating is used (with parallel rays) 
at G\ to find the two sodium doublets due to reflection from M and N ap- 
proaching and receding from each other in the field of view of the ocular 
when the grating G^ is subjected to fore-and-aft motion. This means that 
although the axes of inddent Toys are parallel in two positions, whenever i 
varies (as it must for a concave grating and fore-and-aft motion), the diffracted 
rays from M and N do not converge in the same focus in which they originally 
converged, but converge in distinct fod. For if sin ♦— sin 6»\/D or cos iK— 
cos MS, suppose that for a given t, $^o] then cosidi^dS. But the devia^ 
tion, 6, of the diffracted ray from its original direction is now di+d$, or 

6 » di{i +COS i) « 2di cos* i/a 

Similarly, the prindpal focal distance p', for varying i, is not quite constant. 

Prom Rowland's equation, if paralld rays impinge at an angle i and are 

diffracted at an angle $^0, 

R R 



P'- 



I+COSi 2COS*t72 



If t = 2o®, then cos*i/2 = .976, and p'— i?/2, nearly but not quite. 

I have not examined into the case further, as both the sodium doublets 
are distinctly seen if the ocular follows them (fore and aft), and the lateral 
displacement of doublets is of minor interest. 

With the plane reflecting grating this discrepancy can not enter, since for 
paralld rays the angles of inddence remain the same throughout the fore-and- 
aft motion, and therefore the a^les of diffraction would also be identical. 

Two outstanding difficulties of adjustment have still to be mentioned, 
thoi^ their effect will be discussed more fully in the next diapter. These 
refer to the rotation of the grating G\ around a vertical axis and around a 
horizontal axis, in its own plane or paralld to it. The rotation around the 
vertical axis was taken up in a restricted way above, in figure 13, Chapter II. 
The effect (rotation of 6^0 is to diange the indination of the fringes passing 
from inclination to the left through zero to inclination towards the right. 
The effect is thus similar to the fore-and-aft motion, as shown in figure 21. 
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It was here, with the ocular thrown much to the right (near M), that I 
again encountered the arrow-shaped fringes of figure 2, D, Chapter I. Though 
they are rardy quiet, the observation can not be an illusion. As seen with 
white light and a fine slit they are merely an indication of fringes which, when 
viewed with a broad slit and homogeneous light, will be horizontal. 

Rotation around a horizontal axis pandld to the face of the grating must 
also destroy the parallelism of the rulings. The usual effect was to change the 
size of fringes (distance apart, etc.) ; but I was not able to get any consistent 
results on rotating G\ owing to subsidiary difficulties. On rotating the grating 
Gf however, a case in which fine rotation around a horizontal axis was mote 
fully guaranteed, the fringes passed with continuous rotation through a 
vertical maximum, as in fiigure 23. 

In figure 26, the central region a of the grating C is found, on inspection, 
to be yellow in the position G\ red in the position G\, and green in the posi- 
tion G't. The slit in this case must be very fine. For a wide slit and homo- 
geneous light, the continuous change in the obliquity of pencils is equivalent 
to the continuous change of wave-length in the former case. It is therefore 
interesting to make an estimate of the results to be expected, if the vertical 
fringes for the cases bb' or c(/ were Fresnellian interferences, superposed on 
whatever phase-difference arrives at these points. In the usual notation, if 
c is the effective width at the concave grating, F its principal focal distance, 
X the deviation per fringe, dO the corresponding angle of deviation, X the 

wave-length of light, 

x^\F/c or d$»\/c 

If c— 1.6 cm., X»6Xio-* cm., then dS^^.jXio'*, or about y' of arc. 

The corresponding deviation dSD eqtiivalent to dkD of the DiDt lines would 
be (if the grating space is D=»i73Xio-* cm., ^=20®, nearly, the normal 
deviations for yellow light), 

Wfl _ <fXl> 6X1O-* _^.,v.^-4 

(iuD^ FT 7,^ zz — irzz o"~3-7XlO^ 

DcosB i73Xio-«Xcos2o*' ^' 

do 
Thus TT- =0.1, or, in this special case, there would be ten hair lines to the 

DiDt space. As c is smaller or larger, there would be more or less lines. 
This is about the actual state of the case as observed. Finally, if c is very 
small, the fringes are large, since 

do _ \Dcos 
dOo cdXo 

Thus conditions for practical interferometry would actually appear, the 
fringes being of DiDt width for c=o.i7 cm., provided a wide slit and homo- 
geneous light of at least Di or J9s grade is used. Such an interferometer 
seems to differ from other forms, inasmuch as the fringes remain of the same 
size and distribution, from their entrance into the field to their exit; or for a 
motion of the opaque mirror M of about 6 mm. 
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To resume the evidence thus far obtained, we may therefore assert that 
in the case of homogeneous light and a wide slit, or the absence of a slit, the 
field would either be bright or dark, as a whole. There is a single enormous 
horizontal fringe in the field. Hence the pronounced flickering with half 
wave-length displacements of any part of the apparatus. With the slit 
narrowed until the Praunhofer lines are seen sharply, the linear phenomenon 
in question (Chapter I) appears. This may become ladder-like, but it always 
remains very narrow (i DiDt) when the rulings of the two gratings are not 
quite parallel. 

17. Subsidiary diffractiiHis. — ^The behavior of the linear phenomena some- 
times sug£;ests probable relations to the Presnellian interferences, produced, 
however, not within the telescope, as in §§ 27, 28, Chapter III (for the inter- 
ferences are seen tc^ether with the Praunhofer lines in the prindpal focal 
plane), but outside of it, at the grating, as suggested by figure 26. If the 
concave grating G' is screened off, until a width of strip parallel to the rulings 
and not more than 5 mm. wide is used, the linear phenomenon is much en- 
hanced, being both broader and stronger, without losing its general character. 
Here the D lines are still visible. The ladder-like patterns show an equally 
pronounced coarsening. So far as these phenomena go, it is obvious that the 
resolving power of the grating must be in question, seeing that the total 
number of rulings has been greatly reduced. The use of screens with narrower 
sUts carries the process farther; but after the opening is less than 2 mm. in 
width the available light is insufficient for furtiher observation. If a smaU 
lens is used, the phenomena can still be seen over 2 meters beyond the principal 
focus of the grating. 

A screen was now made as in figure 28 a, with two slits about 2 mm. wide 
and 2 mm. apart (6), and placed over the effective part of the grating. The 
result, after careful trial as to position, was noteworthy. Oblique fringes 
were widened to many times the DJ)t space and coarsened, showing a definite 
grid-like des^, as in figure 28 6, whereas, on removing the screen, the original 
pattern of a r^;ular succession of brilliant dots (fig. 28 c) again appeared. 

It was with the linear fringes, however, that the evidence obtained was 
most striking; for these now showed all the Presnellian interferences (fig. 28 d) . 
On removing the screen, the brilliant linear phenomenon (fig. 28 e), which 
in aU the experiments made had thus far resisted manifolding, appeared at 
once. The pattern, d, moreover, when viewed with a small lens, within a 
meter in the direction of the rays, showed very definite enlargement with 
distance. Though a fine slit was needed, the resolving power of the grating 
was now too small to show any Praunhofer lines. Similar results were obtained 
for a wire i or 2 mm. in diameter. With the screen, figure 28 a, and a bar, 6, 
I mm. wide, the fine interference grid due to the bar, and the coarse grid due 
to the spaces (the fine lines being about twice as narrow as the coarse, but 
all of the same inclination) were often obtained together (fig. 28/). A space 
I cm. wide intersected by a bar 2 mm. wide gave similar results, fine grids or 
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thick tines, accordmg as one or both spaces were osed. If either aanor, M 
tjr N,ia screened, the whole phenomenon vanishes. 

It follows, then, if rv and i/r', figure 39, repreGent the two reversed, over- 
U^iping spectra at the grating, 6 the focus and aa'b the direction c^ the homo- 
geneous diffracted rays condensed at b, that about 0.5 cm. of the spectrum, (fV 
and ad on either side of a, is chiefly active in modifying the resulting difErac- 
tion pattern. Within this the ham<^eneous rays, cc' and dd', are capable of 
interference. Although the wave-fronts entering b are slightly spherical, tbeir 
radius is about r — i meter, and they may therefore be r^arded plane. In 
such a case the angular width dx of the iUuminated strip at b, for a width of 
screen dd' — i on., between two extinctions, may be written 
6oXio-* 



f dd' 



-6XI0-* 



whereas the angular breadth of the DJ}t doublets is about 37X10**; i e., 
the rays from d and d', if in i^iase, should cease to illuminate b at a breadth 
of about one-sizth the distance between the sodium Uses. The rays within 




dd' would correspond to greater widths; those finsn cc', for instance, 0.5 milli- 
meter apart, would illuminate twice the estimated width, so that a strip at 
b, with a breadth of one-third the interval DiDt, is a reasonable average. All 
rays, however, would produce illuminatton at b. As the screens are nar- 
rower, not only would the fringe be broader, but more lines would appear, 
because there is less overlapping. All this is in accord with observation. 
Excepting the occurrence of independent half wave-fronts, the phenomena 
do not differ from the <»tlinary diifraction. 

With regard to waves of slightly different lengths, focussed at b', each is 
there superposed on a wave of different length from its own, and appreciable 
interference ceases for this reason. If the sUt is widened, the phenomenon 
(with white light) also vanishes by overlapping. The case ot the screen with 
two spaces has already been treated in relation to figure 96. In general, these 
are cases of the diffraction of a rod, or of a slit, which are possible only if the 
colors, X, are symmetrically distributed to the right and to the 1^ ot it. Thus 
they require both spectra and can not appear if single spectrum only is present. 
To rev«U the nature of the phenomenon, a wide slit and homogeneous light 
must be resorted to, as has been done in the present paper, even if white light 
and the fine slit totally change the aspect of the fringes. 
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18* Cooclusian. — ^To return, finally, to the original inference, it appears 
that beating wave-trains have not been observed, but that the striking scin- 
tillations are due to an exceptional susceptibility of the apparatus to labora- 
tory tremors, when exhibiting the phenomenon in question. Of this I further 
assured myself by observations made at night and on Stmday, though there is 
some doubt in my mind. What has certainly been observed is the inter- 
ference of a JDi or Dt line with a reversed D\ or D'2 line, both having the same 
source and longitudinal axis. One can only assert, therefore, that light of 
the wave-length interval of the breadth of these lines is capable of interference, 
when the line is reversed. 

The phenomena, as a whole, are to be treated as difEractions of symmetrical 
half wave-fronts, each of which may be separately controlled by the corre- 
sponding micrometer. 



CHAPTER MI. 



THE HVTEKFEKENCES OF THE HOIT^CBVEKSBD SPECTRA OP TWO GRATINGS, 
TOGETHER WTTH AS IHTSKPRETATION OF THE PHENOHEKA HI 
CHAPTERS I Ain) H. 

19. Introduction. Method.— The chief purpose of the present paper is 
the search for phenomena similar to those of Chapter II, but in which the 
two spectra brought to interference are not inverted relativdy to each other. 
Incidentally the strong interferences may have a value on thdr own account. 
It has been shown that the totality of the phenomena with spectra reversed 
on a Jransverse or a longitudinal axis are quite comphcated, and a series of 
companion researches in which amilar results are aimed at, in the absence 
of inversion, is thus very desirable. 

The apparatus (fig. 30) is a modification of that shown in figure so, in the 
next section, MM being the base of the Fraunhofer micrometer, 5S the slide, 
E the micrometer screw. The brass capsules A and B are securely mounted 
on the slide 5, free from the base M, and on the base M free from the slide 




S, respectively. Each capsule is provided with three adjustment screws 
relative to horizontal and vertical axes a, b, b', and c,d4', together with strong 
rearward-acting springs, by which the gratings G and H at a distance e apart 
may each be rotated slightly around a vertical or a horizontal axis (plane dot 
slot mechanism) . The two gratings G and H must be identical, or very nearly 
so, as to the number of lines per inch, and with their ruled faces toward each 
other. These faces, as well as the ruled lines, are to be nearly in parallel. 
To seciu^ the latter adjustment a bolt, g, normal to the face of the gratii^ 
H, serves as an axis, and an available tangent screw and spring (not shown) 
is at hand for fine adjustment. This device is of great importance in bringii^ 
the longitudinal axes of the two spectra due to G and H into coincidence, 
and a fine wire must be drawn across the slit of the collimator to serve as a 
guiding-line through the spectrum. Any lack of parallelism in slit and rulings 
rotates the fringes. 
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The beam of light, L, either white or homogeneous, as the experiment may 
require, is furnished by a collimator (not shown), which, with the telescope at 
T (placed in plan, in figure 31, at T or D), are the usual parts of a spectro- 
scope. The collimator with slit is always necessary for adjustment. It may 
then be removed if the phenomenon is to be studied in the absence of the 
slit. The telescope is frequently replaced to advantage by a lens. White 
light is to be furnished by the arc lamp (without a condenser), by sunlight, 
or by an ordinary Welsbach burner. Both spectra are naturally very intense. 
A sodium flame suffices for the work with homogeneous rays. 

The adjustments in case of white light are simple and the interferences 
tisually very pronounced, large, and striking. Brilliant spectra, channeled 
with vertical narrow black lines, are easily obtained when the longitudinal 
axes are placed accurately in coincidence by rotating the plate h carrying 
the grating H, on the plate /, around the axis g. If the gratings are quite 
identical the sodium lines will also be in coincidence. Oliierwise the two 
doublets, jDiDi and D'iD\, of the two spectra (nearly identical in all their 
parts and in the same direction) are placed in coincidence by rotating either 
grating around a vertical axis. Thereupon the strong fringes wiU usually ap- 
pear for all distances, e, less than 2 cm. These fringes are nearly equidistant 
and vertical and intersect the whole spectrum transversely. They are not 
complicated with other fringes, as in the experiments of the next section. 
They increase in size till a single shadow fills the field of view, in proportion 
as the distance e is made smaller and smaller to the limit of complete contact. 
With the two adjustments carefully made, finally, by aid of the fringes 
themselves, further trials for parallelism are not necessary. Two film grat- 
ings, or even fihns, give very good fringes. Duiing manipulations great care 
must be taken to keep the angle of incidence, 1, rigorously constant; i.e.^ 
to avoid rotating both gratings together or the apparatus as a whole, as this 
displaces the sodium doublets relative to each other and seriously modifies 
the equations. 

20. White lights Colored friiq;es* — ^The two sodium doublets seen in the 
arc spectrum are usually equally brilliant, and but one set of strong fringes 
is present in the field of the telescope. Relatively faint fringes may some- 
times occur, due, no doubt, to reflection, as investigated in the next section. 

If both gratings are rotated, changing the angle of incidence from 0° to t^, 
the fringes disappear from the principal focal plane, but reappear strongly 
in another focal plane (ocular forward or rearward). In such a case the D 
lines are no longer superposed. To be specific, let i and t', and $', be the 
angles of incidence and difEraction at the two gratings in question, the angle 
between their ruled faces being i-t'. Let D and D' be the two grating con- 
stants, and nearly equal. Then for a given color, X, in relation to the individual 
normals of the two gratings, 

sin tf— sini=«X/i? sin ^— sin»'=X/Z?' 
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Now if ^ is referred to the original normal it becomes ^''s- ^+i— i', 
or sin (r-t+0-sin t«X/iy 

If the sodium Unes are to coincide, B^B'^ot approximately 

sin (^— (*—*'))— sin t'=sin (^— cos 9 . {%—%') —sini' —\/D' 

or on eliminating sin B 



sini— smr — (t— *) cos ^== 75—757 



which is nearly 

(0 



1— r 



D-D' D^ii-cosB) 

In case of the Wallace grating below 

JD = i.7SXio-^ X=S8.93Xio-* i-i' -=^10^X3-29 {D-D') 

Thus if the inclosed angle i—i' between the plates is i degree, or 0.0175 
radian, I?— 2y = 5.3Xio-^ about 0.3 per cent of D and equivalent to about 
43 lines to the inch. With adequate facilities for measuring t, this method 
may be useful for comparing gratings, not too different, in terms of a normal 
or standard, practically, since the finite equations may also be expanded. 
In a similar way the slight adjustments of the longitudinal axes of the two 
spectra may be made by rotating one grating around a horizontal axis; but 
this correction is less easily specified. Finally, one should bear in mind that 
with film gratings there is liable to be an angle i-i' between the adjusted 
plates. Forttmately this has very little bearing on the method below. 

The range of displacement of grating within which the fringes may be 
used with an ordinary small telescope extends from contact of the two gratings 
to a distance of e= 2 to 3 cm. beyond. 

In figure 31, which is a plan of the essential planes of the apparatus, G, G' 
being the ruled faces of the gratings in parallel, 7, /', 7*", three impinging 
rays of white light diffracted into D, D\ the points a, 6, c, a', o", b are in the 
same phase, so that the path-difference of the ra3rs from 6 at g and / is easily 
computed. If the single ray 7 is diffracted into D and JD' or 7 and 7' into 7?, 
7 and 7' into D\ I' and I" into D and 7?', the equations for these fringes 
should be (if AP is the path-difference), 



AP=e(i-cos ^)=^(i-Vi-XV7?*) 

where D is the grating space, e the distance apart, and X the wave-length. 
Thus the micrometer value of a fringe for a color X should be, under normal 
incidence, 

(2) ^^ — ^ — « ^ 

^^ i-cos(? i^V^i.XVZ>* 

For two colors X and X' 

nX=e(i-cos B)^eM (»+nOX'«e(i-cos B')-eM' 
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if n' is the ouinber of fringes between X and X'. Thus 

. M'\-M\' 



(3) 



n ^e- 



XX' 



or the ntiinber of fringes increases as ^ is greater. 

Eqiaation (2) does not, as a rule, reproduce the phenomenon very well. 
Since the grating space D of the two gratings is rarely quite the same, the 
air-plate inclosed, in case of apparent coincidence of the sodium lines, is 
slightly wedge-shaped, as in figtu-e 32. Hence the two diffractions take place 
at incidences o** and a**, respectively, and the corresponding angles of diffrac- 
tion will be 6 and ^. If we consider the two corresponding rays I and I*', 
diffracted at the first and second face, respectively, and coinciding at c in the 
latter, the points a, 6, and a' (ba' normal to ac), are in the same phase, and 
we may compute the phase-difference at the coincident points at c. Since 
the distance be is 

cos a cos B 



e'^e 



cos^^^— a) 



J Y^cf' 




the path-difference is 
whence 

(4) 



^ ^cosacos^, ^. 

nX« rz r(l— cos 6) 



COS (O—a) 



be 



Xcos (^— a) 



cos B cos a • (i — cos B) 



which changes into equation (2) when a=o and h»z. Fortunately this 
correction is, as a rule, small. In case of the Wallace gratings (I>» 1.75 X lo*^ 
cm.), for instance, if X« 58.93 X lo-*, then B^ 19** 40' or S^* i.oi X lo-*; whereas 
if a^s^^ then 5^=1.04X10-*; if a=Io^ then Se^i.oyXio-*, etc. 

If the incidence is at an angle i and the plates are parallel, figure 33, the 
inquiry leads in the same way to an equation of more serious import. If the 
gratings G and G' are at a distance e apart and the incident rays are / and I'y 
the points a, &, c are in the same phase. Hence the two rays leaving d and 
diffracted along D correspond to a path-difference 



(s) 

whence 



e 



QO&% 



7(l-C0S(d-t)) 



le 



Xcosi 
I— cos {B—i) 
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Table i and fig. 35 show the variation of fringes with the angle of incidence *, 
equation (5). Hence if the angle of incidence is changed from —5** to+5*, 
ar increases to nearly 3 times its first value. This, therefore, accounts for the 
large discrepancies of 6e found in the successive data bdow. To secure in- 
creased sensitiveness and to make the apparatus less sensitive to slight dianges 
of 1, this angle should be about 35^ in which 
case 5^ is about three wave*lengths per fringe. But 
normal incidence is frequently more convenient. 
Finally, in figure 34, if the angle of incidence is i 
and the two faces G and ff make an angle a with 
each other and are initially at a distance e apart, 
changing successively to e^ and e', the points a, 
b, c, being in the same phase, the two ra3rs D and 
Z/ leaving at J, at an angle B^i, will have a path- 
difference at d equal to 

cos 9 cos a , ,^ ^N 

(i— cos (*—*)) 



whence 
(6) 



Be 



cost cos {$^a) 

X cost cos (S^a) 



cos a cos $ (i —cos (^—i)) 
Tablb i.—WaUaoe gratings. D- 10-^ 1.75. X« 10-^58.93. 




• 

i 


io»X«< 


! 1 


io»xae 


+19040' 


ec 
16.740 
4.090 
1.840 

i.oia 


It;- 

lis: 

1 —25 


0.643 
0443 

0.321 
0.240 
0.185 



This eqttation reproduces the preceding equation (5) if a^o and the origi- 
nal equation (2) if a^i—o. It shows that a discrepancy or angle between 
the plates is of minor importance. Hence the change of this angle may be 
used to bring the sodium lines in coincidence when the gratings differ slightly 
in their grating constants D. On the other hand, changes of incidence i are 
of extreme importance. 

Experiments made with the film grating showed that equation (2) not only 
fits very badly, but that 6e per fringe is a fluctuating quantity. Table 2 
gives some results obtained by measuring the successive values obtained for 
SeXicfj corresponding to 10 fringes. Fringes were distinctly seen within 
3 cm. of displacement by an ordinary telescope. 

Table 2. ' 

Gratings 15,050 lines to inch; computed values 10*30*0.94 cm. per fringe. 

Pint gample: Sacood sample: 

io*fe«i.22 cm. 



1J07 
1. 16 



'^*^?^ '^' ^ (noraial incidence) 






1.06 
i.ii 



\ (oblique tnddenoe) 
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Table 2. — Continued 

Wallace gratings 14.050 liiaes to inch; computed value io*a«»i.oi cm. per fringe. 

io*te»i.23 cm. (laige fringes); i€^U^i.$s (different 

1^4 1.32 

m 1.25 1.30 

1^3 1.35 

1.23 (small fringes) 1.33 

1^3 1*33 

1.32 

1.34 
The reason for lack of accord is given in equations (5) and (6) and table 
I. Any wedge effect of the glass plate is probably negligible. To show that 
the irregularity of the above results is to be sought in the accidental varia- 
tions of the angle of incidence i at both gratings, the rough experiments in 
table 3 suffice. 

Tablb 3. 

i, negative (less than 10*),] <eXio'"-o.77 cm. 
Ocular drawn in, l- .78 

focus dianging, J .74 



f «ifco; ocular set for 1 6eX 10** 1.18 cm. 

principal focal plane. Na lines \ 

m field and coincident, J 1.12 



•', positive Gess than lo*"), \ ieX lo*** 1.69 cm. 

ocular drawn out, / 1.66 

Thus, as equation (6) implies, small variations of i produce relatively large 
variations of de, and if i passes continuously through zero, from negative to 
positive inddence, Se increases continually and may easily be more than 
doubled. If the phenomenon is in focal planes in front of the principal plane 
(ocular in), ^ is small, and vice versa. Moreover, this enormous discrepancy 
is quite as marked for thin glass (2 mm.) as for thick glass plates (8 mm). 
Again, the rather stiff screw of the micrometer, which twisted the whole 
apparatus slightly, was suf^dent to introduce irregularity. Placing the tele- 
scope close to the grating or far off made no difference. Hence the position of 
the optical center of the objective does not affect the result. 

An additional result was obtained by placing a plate of glass between the 
two gratings G and G\ The effect was an unexpected enlargement of fringes, 
increasing with the thickness of the glass plate (0.6 cm. or more). The reason 
for this is given by equation (3), in paragraph 2, for the number of fringes 
n' between two colors X and X^ 

, ^(AfX-AfXO 



n 



XV 



where Jlf = i-cos^, Jlf' = i-cos^. Since n' is a number, the glass plate can be 
effective only in dianging 9 and B'. As both are diminished by refraction, the 
cosines are increased and i~cos 6, i-cos ^ are both decreased. Hence n' is 
decreased or the number of fringes is decreased, and their distance apart is 
thus larger. 

It is obvious that when the sodium lines are not superposed the fringes 
can not lie at infinity, but are found in a spedal focal plane, depending on 
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the character of coinddence; i.e., whether the rays are CQnvergent or diver- 
gent. Finally, a slight rotation of the slit around the axis of the collimator 
rotates the fringes in the opposite direction to the soditam lines, and it is 
rather surprising that so much rotation of slit (io° or 20^) is peKnissible 
without fatally blurring the image. The slightest rotation of one grating 
relatively to the other destroys the fringes. 

Natuially, the colored fringes vanish when the slit is widened or when it is 
removed. To give them sharpness, moreover, the beam passing through the 
grating must be narrow laterally. It is possible to see tiiese colored fringes 
with the naked eye; but the transverse and longitudinal axes must in this 
case be slightly thrown out of adjustment, so that the fringes are no longer 
visible in the telescope. To the eye they form a somewhat fan-shaped set of 
colored fringes; i.^., narrower below than above. Neither are the lines quite 
straight. If the collimating lens is removed, a slit about o.i cm. wide across 
a white flame will also show (to the telescope or to the eye) fine, strong lines 
rotating in opposite direction to the slit, according as the transverse and longi- 
tudinal axes are difEerently placed. As has been already stated, it is with 
the latter condition that the focal plane in which the fringes lie varies enor- 
mously. 

Finally, when the sodium lines are superposed but the longitudinal axis of 
the spectra not quite so, a second class of fringes appear, which, however, 
are alwajrs more or less blurred. They rotate with great rapidity over 180** 
when one grating rotates over a small angle relatively to the other and the 
angle between the longitudinal axes of spectra passes through zero. In the 
latter position the regular fringes appear in fiill strength in the principal 
focus. To see the secondary interferences, the ocular must be drawn inward 
(toward the grating), and these fringes increase in size with the displacement 
of the ocular away from its position when regarding the principal focal plane. 
This secondary set of fringes is always accompanied by another very faint 
set, nearly normal to them and apparently quivering. The quiver may be 
due to parallax and the motion of the eye. These are probably the vestiges 
of the regular set of fringes, out of adjustment. 

21. Homogeneous ligbt Wide slit Transverse axes coincident — If there 
is no color-difference, fringes of the same kind will nevertheless be seen in the 
telescope, on widening the sUt indefinitely. Path-difference is here due to 
differences of obUqxaity in the interfering rays. As in the preceding case, 
accurate adjustments of the longitudinal and transverse axes (in case of 
sodium, Di and Z7^ or Dt and D't coincide horizontally and vertically) of 
the homogeneous color-field are essential if strong fringes are to appear in 
the principal focus. These fringes are, as a rule, well marked, and widening 
the sHt merely increases the width of the channeled, homogeneous field of 
view. If, owing to slight differences of grating space, the sodium lines are 
not quite superposed automatically, this may be corrected by rotating either 
grating, or else the apparatus as a whole, until the fringes are strongest. The 
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fringes may be made to vanish under inverse cooditioiis. Table 4 shows their 
close relation to the preceding colored set, so far as motion of the micrometer 
is concerned. 

Table 4. 

Ives KratiiiK. 15,050 lines to inch, computed it" to^o.94 cm. per fringe. 

lo'fe— 0.73 cm. (large fringes) io*3e— 0.83 cm. (small fringes) 

.80 .80 

■77 

Wallace grating. Wide slit. Coinddeat Na lines. Fringes in principal focus, 

very clear and strong. 

io'te-I.l6crn. lo*fa=I.o6 cm. 



Wallace grating. Wide slit. Non-coincident Na lines. 

lo'fe— 1.34 an. io*fc-i.38 cm, 

(small fringes) 1.28 (large fringes) 1. 35 

The fringes decrease in size as e increases and exhibit the same irregularity 
cA 6e values, due, no doubt, to the same causes (equation 6). Moreover, 6e 
is here below the normally computed value, supposing the angle j to be negli- 
gible. In fact, figure 36 shows the optical center of the collimator C; so that 

I I 1 I I I 1 I I I I I 





Ca and Ca' are the axes of parallel pencils, dil&acted by the gratings G and G' 
at the angles 8 for Ca and 6" for Ca'. The rays are subsequently condensed 
at F, the focus of the telescope, L being the principal plane of the objective. 
The general path-difference is thus, by equation (s), c(i — cos (ff'+»))/cos t, 
which distributes the fringes from right to left with variation of i. 
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If the grating (7' is displaced de parallel to itself, however, the path-difiEerenoe 
will again be increased by X whenever 

Xc osi 

*^"i-cos(^+i) 

Since i is small, this equation will not differ appreciably from equation (2), 
with which it coincides for the central fringes. 

If the sodium lines are not superposed, these fringes may still be seen, but 
they are not in the principal focal plane and the new focal plane changes con- 
tinually, as the fringes grow in size. Examples are given in table 4. The 
large values of te show that i was not actually negligible. Experiments 
similar to the above, bearing on the reason for the discrepancy (equation 6), 
were tried with the thin Wallace gratings, and the results are given in table 5. 

Tablb 5.— Thin WaUaoe grating. 

f nmtive (within 10*) 3^X10*— 2.60 cm. <fXio**-240 cm. 

Ocular in, 3.34 245 

2.57 
»— *o, normal incidence, ieX lo*— 1 48 cm. 6eX 10^ ' '37 cm ^ (small 



Ocular set for principal i .50 i .37 1 fringes) 

focal plane, 1.37 1.32 /Qacge 

1. 19 ^'- — 
• positive (within 10*) 4eXio'~o.86cm 5eXxo*""0.96 

Ocular out, .88 .86 cm. 



.85 
.87 



[fringes) 

(anall 
frmges) 



(large 



.96 /fringes) 

As before, the effect of i passing from n^;ative (through zero) to positive 
values is enormous, de increasing nearly threefold for a change of i estimated 
as within 20.^ Here, however, the drawn-out ocular (towards the observer) 
corresponds to the small values of ie, whereas above the reverse was the case. 
This depends upon which of the spaces P or D' is the greater. 

22. Homogeneous light Pine slit Transverse axes not coincident — ^To 

obtain this group of interferences, the two sodium lines from a very fine slit 
are thrown slightly out of coincidence; i.e., by not more than the DiDt dis- 
tance. In the principal focal plane, therefore, these doublets are seen sharply, 
while if the ocularis drawn sufSdently forward or rearward, an interesting class 
of fringes soon appears which resemble Fresnd's fringes for two virtual slits. 
These fringes may be seen, however, on both sides of the focal plane and in- 
crease in size with the distance of the plane of observation (focus of ocular) 
in front or behind the principal focal plane. In figure 37 the two gratings, 
G and G\ are struck by parallel pencils from the collimator at different angles 
of incidence (o^ and O. The two diffracted pencils of parallel rays are 
caught by the objective L of the telescope and condensed at the principal 
fod, F and F\ appearing as two bright yellow lines. In front and behind the 
plane FF\ therefore, are two regions of interference, I and I\ throughout 
which the Fresnellian phenomenon may be seen in any plane parallel to 
FF\ observed by the ocular. When the electric arc is used with a very fine 
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sfit, these soditim fringes often appear at the same time as the colored fringes, 
and, though they are usually of di£Eerent sizes, their lateral displacement 
with a change of distance apart of the gratings, 6e, is the same. Hie fringes 
in question appear alone when the sodium burner is used. They may then 
(at times) be observed with the naked eye, with or without a lens, and they 
fail to appear in the telescope unless the. objective is strengthened by an 
additional lens. They are always vertical, but finer in proportion as the 
DiPt and D^iD't doublets are moved farther apart. They become infinite 
in size, but stiU strong, when the doublets all but coincide, showing a ten- 
dency to become sinuous or possibly horizontal. Rotation of either grating 
G around an axis normal to itself and relative to the other produces greatly 
enhanced rotation of the fringes, as in all the above cases, but they soon 
become blurred. 

Only in the case when the horizontal axes of the field coincide (parallel 
rulings, etc.) do they appear strong. When the angle of incidence (or non« 
coincidence) is increased for both gratings, the size of the fringes increases; 
but when the e distance is increased by the micrometer, the fringes are appar- 
ently constant as to size. However, after displacement of 4 mm. they are 
liable to become irregular and stringy, though stiU moving. A fine slit is not 
essential, particularly when e is small. They vanish gradually when the sUt 
is too wide. If a telescope with a strong objective is used, these fringes may 
be seen, retaioing their constant size long after those of the next paragraph 
vanish. Examples of data are given in table 6, and ie is too low in value as 
compared with the computed datum for i=o^. With the Wallace gratings, 
these fringes were best produced by the aid of the sodium lines, in the ordi- 
nary electric arc, simultaneously with the colored fringes and for the case of 
a very fine slit. They were apparent both with an ocular drawn out or drawn 
in. In the former case several successive groups were observed. Beginning 
with the sharp sodium lines in principal focus (Pi and D'i coincident) , a slight 
displacement of the ocular outward showed the first group, this resembling a 
grid of very fine striations. Further displacement outward produced a second 
set, equally dear but larger. A third displacement of the ocular outward 
showed the third set, and these now coincided with, and moved at, the same 
rate as the colored fringes in the same field. Other groups could not be found. 
No doubt, for these four successive steps the interference grids of Di and D'u 
Ds and 2Xs are coincident and superposed, until they finally find their place in 
the colored phenomenon. 

Tablb 6. — Ives grating. Homogeaeous U^^t. Fine slit. Sodium lines not coincident. 

23« Homofeneous liifiiL Slit and coUimator removed.— Fringes similar 
to fhoee seen with the wide slit above may be observed to better advantage 
by removing the slit altogether. The sodium fiame is then visible as a whole; 
and if the adjustments ax% perfected it is intersected with strong, vertical black 
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lines, visible to the naked eye or through a lens or a suitably strengthened 
telescope. They decrease rapidly with increase in €, but vanish to the eye 
before the preceding set in paragraph 32. The sodium lines need not be in 
adjustment, but the longitudinal axes of the field must be, as usual. If diffuse 
white light is present, faint colored fringes may be seen at the same time. 
If the collimator only partly fills the field of view, these diffuse light fringes 
and the preceding set may occur together. Both rotate markedly for slight 
rotation of either grating in its own plane. There seems to be a double peri- 
odicity in the yellow field, but it is too vague to be discerned. When magni- 
fied with a lens, they admit of a play of e within about 0.6 cm. from contact. 
When the sodium lines are not coincident, the focal plane continually changes 
with e. Otherwise it remains fixed. 
Some data are given in table 7. 

Table 7. — Ives grating. Homogeneous light. Collimator and slit removed. Focus 

continually changing. 

f feXio**o.95cnL 
Large fringes; ocular out; lens on 



Ocular in, lens on 

Very small fringes, leoA dSL | 

Wallace grating. Sodium lines coincident. 

Principal focal plane 5«X lo''* i .08 cm. 



1. 01 
1.04 
1.02 
0.96 
1. 01 



1. 18 
1.20 

These data are similar to the above and subject to the same discrepancy 

whenever slight variation of the angle of incidence accidentally occurs. In 

figure 38 the case of three rays from a given 

flame-point F is shown corresponding to the 

equation 

J X cos i 

I— cos {B+%) 

when % passes from positive to negative values. 
If either of the gratings is displaced and if they 
are parallel, the focal plane will not change; 
but if G and C are not parallel, the focal plane 
differs from the principal plane and now moves 
with the grating. 

24. Inferences. — ^The above data show that the equation tmderlying all the 
interferences observed is the same. The interferences themselves may result 
from different causes, but their variation in consequence of the motion of the 
grating, he, is due to one and the same cause. This is best seen by producing 
them simultaneously in pairs. As a means oi finding an accurate compari- 
son of the number of lines per centimeter on any grating, in comparison 
with those on the given grating, the method used in paragraph 20 deserves 
consideration. 
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If the fringes are to be used for practical purposes, great care must be taken 
to keep the angle of incidence of the impinging light constant. This was not 
done in the present paper, where the purpose is merely an identification of the 
phenomena. Moreover, a micrometer with the screw rtmning easily is essen- 
tial, as otherwise the frame is liable to show f^preciable twist (change of inci- 
dence) during displacement of the fringes. 

The fringes are not of the sensitive type, but they admit of a large rai^ of 
displacement and are therefore adapted to special purposes. 

With regard to their bearing on the behavior of reversed spectra, for the 
interpretation of which the present experiments were undertaken, it is obvious 
that the interferences with homogeneous Hght and a wide slit (paragraph 31}, 
or in the absence of a slit (paragraph 33), are of analogous origin in both 
cases. It makes no difference, therefore, whether one of the spectra is reversed 
or not, except, perhaps, that in the former case (inversion), the coincidence 
oi longitudinal and transverse axes is a more in^stent condition. The colored 
fringes of paragraph 30 obviously can not be produced with reversed spectra. 
There remain the fringes with the fine slit and homogeneous li^t (paragraph 
33); in other words, the occurrence of a sort of generalized Fresnellian inter- 
ferences, within the telescope, modified by causes which lie outade of it. Thus 
Dj and Z>'i or Dt and Z>'t may be placed sufficiently close tt^ther to pro- 
duce a r^ion of interference before and behind the principal plane in which 
the sodium lines are in focus. If the DiVi lines axe o.oi cm. apart and the 
fringes seen likewise at o.oi cm. apart, their position, measured from the 
principal plane, will be at 

X 6X10-' 3 

or less than 3 cm. The ocular would then have to be displaced forward or 
rearward by this amount. But there are two sodium doublets, each pair of 
which is to interfere. Suppose that Dt and D'l are in coincidence so that the 




scheme is Di : DtD'i : D',, as in figure 39, where is the principal plane of the 
objective and Di to D't the principal focal plane. We should then have the 
separate regions of interference / and /' and the combined regions I" and J'". 
When the breadth of the latter is the whole number of fringes, the two pat- 
terns clearly merge into a single pattern. The experiments show several <rf 
these stages, terminatii^ outermost in the focal plane of the colored fringes 
under the given conditions. Since the fringes lie on hyperbolic lod the problem 
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itself is beyond the present purposes; but it appears that the colored fringes 
will not appear until the corresponding Di and Dt lines are shared by the 
whole of the two continuous spectra. 

The final question at issue is the bearing of the present Fresnd phenome- 
non on the reversed spectra. If in figure 40, s and s' represent the traces of 
two reversed spectra in the principal focal plane, superposed throughout their 
extent (t.^., in longitudinal coincidence), the rays aia'iB, through the line of 
symmetry a, a^ are at once in a condition to interfere with a given difiEerence 
of phase; but so are aU the symmetrically placed pairs of colors, c, c', 6, b', of 
the two spectra (the distances a/, bb\ being arbitrary), provided the corre- 
sponding rays meet. As they do not meet in the principal focus, they can 
interfere only outside of this — b and 6' at B, c and c' afC, etc. Similar con- 
ditions must hold at B' and C within the principal focal plane. The linear 
interference is thus successively transferred to different pairs of wave-lengths. 
The phenomena of this paper can not, therefore, be detected in case of reversed 
spectra, because in the principal focal plane different wave-lengths are every- 
where superposed, except at the narrow strip aa\ which experiment shows to 
be about one-third of the width of the sodiimi doublet, in apparent size. 
Beyond the principal focus the corresponding conditions in ttun hold for the 
rays at B, C, etc., B\ C\ etc. Hence there can not be any Fresnellian inter- 
ferences (paragraph 22), for there are not two virtual slits, but only a single 
one, as it were, and the interferences are laid ofiE in depik along the normal 
C'C. The phenomenon may, in fact, be detected along this normal for 2 or 
3 meters. 

25. Rotation of colored fringes. Non-reversed spectra. — ^When the slit is 
oblique, it effectively reproduces the wide slit, locally, and therefore does not 
destroy the colored fringes. At every elevation in the field the slit is neces- 
sarily linear, though not vertical. In figure 41, let the heavy lines, if, denote 
the colored fringes for a fine vertical sUt and white light, showing nearly the 
same distance apart, throughout. Let the light lines, L, denote the fringes 
for a wide vertical slit and homogeneous light, X. These fringes are due to 
the successively increased or decreased obliquity of the rajrs in the horizontal 
plane. Now let acb be the image of the oblique slit in homogeneous light. It 
is thus merely an oblique strip, cut from the area of light lines or striations, 
as it were, and consists of an alternation of black and bright dot-like vertical 
elements in correspondence with the original striated field. We may suppose 
ab to have rotated around c, so that the vertical through c is its position on 
the colored field (white light and fine vertical sUt). 

A color, X' (near the one X), corresponding to the field of the lines L in case 
of a wide slit and homogeneous light \\ will supply nearly the same grid, so 
far as the distance apart of fringes is concerned. But the grid is displaced 
laterally, in consequence of the different angle of diffraction, ^. This is shown 
by the dotted lines D in figure 41, the effect being as if the slit had been dis- 
placed laterally. If the wide slit for homogeneous light X' is now narrowed and 
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inclined as before, an alternation of bri^^t and dark elements will appear in 
the inu^ of the slit ed, corresponding to X'. If we suppose that for white 
light and the fine vertical slit the position of the fringe (XO was at c', we may 
again regard c' as an axis of rotation. To £nd the fringes such asjf, it is then 
cmly necessary to connect corresponding black elements on ab and ed. Their 
inclination is thus opposite to ab and kI, or they have rotated in a direction 
opposite to that of the sUt. If, for instance, the sht image aboredis gradu- 
ally moved bade to the vertical, the points g and k will move with great 
rapidity and in both directions toward infinity and the fringes fj and /'/' 
become vertical lines through c and c*, respectively. 

It is interesting to inquire into the frequency of fringes, n, when the angle 
of difiraction, 9, is changed. From the original equation c=nX/(i-cos 9), 
^nce dk/d9=D cos 9, the rate of change 

dn e I e 

d9 D 1+COS9 D+VD^-X* 
where e is the distance apart of films and D the grating space. Since cos 
varies but slowly with and is additionally ai^jmented by i, dn/dS is nearly 
constant and about equal to e/zD. 



41 ItW 42 




The fringes and slit images are thus given by the two sides of the parallelo- 
gram cgt/h for the two colors X and X'. The diagonal cc' represents d6; the 
diagonal gft has no signification. On the Other hand, the narmal distances 
apart, D' and J5', oi ff and f'f and aft and ed are both important. 

If V and D' are the uormal distances apart of the fringes and the slit 
images, respectively, B and B', the two diagonals of the rectangle cgc'k, modi- 
fied for convenience in figure 42, 



D'=D'(coe v+VBVD'* - i sin *.) 
which may be obtained from the two small triangles below c". If B^D', 
ly^D' costp; andif ^aio, D'='D'=d$, remembering that c and c' lie on two 
consecutive ccdored fringes obtained with wMte light and a fine slit. If the 
sUt images and fringes are symmetrical, each is at an internal angle, 90-10/3, 
to the longitudinal axis of the spectrum. 
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But these equations, though useful elsewhere, have very little immediate 
vahie here, because the experimental variables, figure 41, are B\ the distance 
between two consecutive colored fringes and 6' and V the corresponding dis- 
tance between the fringes in case of homogeneous Hght in each case X, X'; and 
the angle y\ which indicates the inclination of the slit. Thus B'b'b' are 
given by computation and y is specified at pleasure. Obviously, if paiallelD- 
grams are to be obtained, figure 41, b'^b", appreciably. This is the case in 
experiment. Hence if we evaluate the height in the triangle cgi/ for each 

angle it follows easily that 

/ tanv' 

V{B'/b'-i)+tan*y 

U B'^b\ x'^go^ for all values of /; i.e., the fringes remain vertical. If 
J5' is equal to 26, x'^y, the fringes and slit are symmetrically equiangular 
with the longitudinal axis of the spectrum. This is nearly the case in figure 
4 1 and frequently occurs in experiment. If b' differs from b', the fringes would 
not be straight. This also occurs, particularly when the thickness e of the 
air-film is very small. 

26. Final treatment of reversed spectra. Hypothetical case.— To obtain an 
insight into the cause of the interferometer fringes as obtained with reversed 
spectra and two gratings, it is convenient to represent both gratings, figure 
43, GG and G^G^ as transmitting, 
and suppose both diffracted beams, 
ID' and ID', subsequently com- 
bined in view of the principal plane 
PP of an objective or a lens. It is 
dear that this simplified device can 
apply only for homogeneous light. 
In the case of white light, the opaque 
mirrors M and N (of the interfer- 
ometer, above) return a divergent 
colored beam or spectrum, so that 
only for a single color can the second 
incidence be the same as the first. 
Again, if the constants of the two 
gratings are different, it is the fmic- 
tion of these mirrors to change the 
incidence at the second grating correspondingly, so that for homogeneous 
light the rays issue in parallel. Finally, no reference to the lateral displace- 
ment OG' and OG' of rays need be made because, as more fully shown in 
the next paragraph, this is eliminated by the theory of diffraction. 

The motion of the opaque mirrors M and N (above), on a micrometer, 
merely shortens the air-paths GG' or ffC in its own direction, and oonse- 
quently the same fringe reappears for an effective displacement of half a wave- 
length, as in all interferometers. 




■f* .-.— 
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The case of a single grating, moreover, is given if the planes of the grating 
GG and QG' and their lines are rigorously parallel, the planes OG' and G^O 
being coplanar. To represent the interferences of the two independent gratings 
and with homogeneous light for the case of oblique incidence, it is necessary 
to suppose the grating G'G^ cut in two halves at 0, parallel to the rulings, 
and to displace the parts OG' or OG' separately, normally to themselves. 
Figure 43 shows that for normal incidence t =0, the displacement per fringe, 
he^ would be 

X 



he 



I— cos B 



or the fringes are similar to the coarse set of the present chapter. 

If the rays impinge at an angle i, figures 43 and 46, they will be parallel after 
the two difiEractions are completed; for it is obvious that the corresponding 
angles of incidence and diffraction are merely exchanged at the two gratings. 
Hence the homogeneous rays I\ impinging at an angle f , leave the grating at 
D'\ and D'\ in parallel, at an angle of diffraction f , and the rays unite into a 
bright image of the slit. If, however, OG' be displaced to Oid, parallel to 
itself, as in figure 44, the paths intercepted are 

.and .cos (^—0 



COS! 



cost 



and the path-difference per fringe, therefore, 

Xcosi 



he^ 



I— cos(^-0 



which reduces to the preceding equation if I'^o. Hence a series of inter- 
ference fringes of the color X must appear in the principal focus of the tele- 
scope or lens, on either side of i^o. The theory of di&action again annuls 
the apparent path-difference between GG and G'G'\ 



44 





As to the number of fringes, «, between any two angles of incidence i and 
t^ it appears that for homogeneous light of wave-length X, 

i-oosC^") i-cos(^-»'y 



K 



COSl 



COSi 



') 
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where € is the distance apart of the two parallel halves of the grating G'O, 

0G\ Henoe n vanishes with e, or the fringes become infinitely large. Lateral 

displacements are here without signification, as stated above. 

If the grating G' is rotated over an angle ^, figure 43, and e^h^p where 2b 

is half the virtual distance apart at the grating G' of the two corresponding 

rays impinging upon it (Chapter II, fig. 26), the rotation of the grating per 

fringe is thus 

X cost 

*^"6i-cos(M 

or n (above) passes through zero as ^ or b decreases from positive to negative 
values. If b is considered variable there is a wedge-effect superposed on the 
mterferences. 

It is this passage of n through zero that is accompanied by the rotation of 
the fringes, as above observed. 

In case of two independent gratings, GG and G'G^ {G'G' to be treated as 
consisting of identical halves, (Xr and G'O), nearly in parallel, fringes may 
be modified by rotating G'G" around the three cardinal axes passing through 
the point of symmetry 0. The rotation of G'G' around an axis O normal to 
the diagram is equivalent to the fore-and-aft motion of G'G" when minors 
are used (fig. 26, Chap. II). The rotation around OT in the diagram and nor- 
mal to the face of the grating requires adjustment at the mirrors around a 
horizontal axis to bring the spectra s^ain into coincidence. This is equiva- 
lent to rotation around G'OG', Both produce enlargement, and rotation of 
fringes is already explained. 

Let the grating G'G' be rotated over an angle ip into the position g'g', figure 
45. Then the angle of incidence at the second grating, B, on one side is 
increased to ^''»tf+^ and on the other decreased to B' — B—ip. In such a 
case the diffracted rays are no longer parallel. If B' and B' are two angles of 
diffraction on the right and on the left, 

sin»'+sin(^-^)=sin(^-h^)-sin«'«X/P 
whence 

sin^'+sin#'«2 sin ^ cos ^ 

or if 9 is the mean value of B' and B' 

B^ipcos d, nearly. 

Similarly, since sin $^\/D, for i«=o, 

sin tf'— sin B'^2\ (i— cos ip)/D 

Hence only so long as ^ is very small, are the rays appreciably parallel on 
rotating G'G' around O normal to the diagram; but this is usually the case, 
as ^ « o is aimed at, and fringes are thus seen in the principal focus. 

To the same degree of approximation is it dear that on rotating the grating 
into a position such as og' the ra3rs emerge parallel to 77, figure 43. 

The next question at issue is the rotation of fringes with fore-and-aft mo- 
tion, or rotation around an axis normal to the diagram, as shown in figure 26, 
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Chapter II. Jn other words, when e, the virtual distance apart, is zero, since 
noc^/X, the fringes are infinitely large horizontally. The collimator, how- 
ever, furnishes a pencil of rays which are parallel in a horizontal sectional 
plane only. They are not ooUimated or parallel in the vertical plane (parallel 
to the length of the slit). Hence when the fringes are reduced to a single one 
of infinite size horizontally, this is not the case vertically; i.e.y bxxn top to 
bottom of the spectrum the path-difference still regularly varies. The adjust- 
ment around an axis through 0, G'OG", normal to the rulings, is still out- 
standing. It does not seem worth while to enter the subject further because 
much of the rotational phenomenon will depend upon whether the axes used 
are, in fact, truly vertical or parallel to the slit. In my apparatus this was 
not quite guaranteed, and the quantitative results obtained may therefore be 
due to mixed causes. Also, a rotation around an axis nonxial to always 
requires an adjustment for superposition of the longitudinal axes of the spectra, 
and this introduces path-difference. 

Finally, the case of figure 21, Chapter II, or the rotation around an axis 
parallel to IT in the present figure 43, is to be considered. This has already 
been given in terms of colored fringes (white light), but it occurs here for 
homogeneous light, in which case the above explanation is not applicable. 
Seen in the principal focal plane with telescope and wide slit, the non-reversed 
spectra would require careful adjustment of longitudinal and transverse axes; 
otherwise they vanish. Nothing will rotate them. 

Figure 43 shows that if G'C^ is rotated about IT, the effect is merely to 
destroy the fringes, since the coincidence of the longitudinal axes of the spectra 
is here destroyed. No effect is produced so far as path-difference is concerned. 
To restore the fringes, therefore, either of the opaque mirrors M or iV of the 
apparatus must be rotated on a horizontal axis tmtil the two spectra are again 
longitudinally superposed. It is this motion that modifies the path-difference 
of rays in a vertical plane. In other words, when the fringes corresponding 
to any virtual distance apart, e=6 <p, of the halves of the grating G'G", 
have been installed, the ray^ as a whole ntiay still be rotated at pleasure 
around a horizontal axis. In this way a change in the number of fringes inter- 
sected by a vertical line through the spectrum is produced. The ntunber of 
intersections will clearly depend on the obliquity of the rays (axes of vertical 
pencils), and will be a minimum when the center of the field of view corre- 
sponds to an axis of rays normal to the grating G'G*^, In other words, the 
vertical maximum in figure 22 occurs under conditions of complete symmetry 
of rays in the vertical plane. If, therefore, e or the virtual distance apart 
of the half gratings, G'O and 0G\ is also zero, the field will show the same 
illumination throughout. 

In conclusion, therefore, to completely represent the behavior of fringes, it 
will be sufficient and necessary to consider that either grating, G'G" for 
instance, is capable of rotation, not only around a vertical axis through 0, 
but also through a horizontal axis through O parallel to the grating. The 
last case has been directly tested above. Chapter II, f 16. But a rotation 
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around these two axes is equivalent to a rotation around a single obHque 
axis, and the fringes will tiierefore in general be arranged obliquely and 
parallel to the oblique axis. 

Thus if ^ and ipk are the angles of rotation of the grating (always small) 
around a vertical and a horizontal axis, respectively, and if x' is the angle of 
the interference fringes with the horizontal edge or axis of the spectrum 

tan«'« — 

so that if if>v^o, «'«o; if ^**o, ic'=»9o^ This recalls the result obtained 
above for the interferences of two coarse grids. In other words, for a rotation 
of grating around a vertical axis (parallel to slit) the fringes of maximum size 
will be horizontal (Chapter II, fig. 21), because the adjustment around the 
horizontal axis remains outstanding and the residual fringes (large or small) 
are therefore parallel to it. For a rotation of grating around a horizontal 
axis, the fringes of maximum size will be vertical (Chapter II, fig. 22), for the 
vertical adjustment is left incomplete. When both adjustments are made, a 
single fringe fills the whole infinite field, and this result follows automatically 
if but a single grating is used to produce the fringes, as in the original method 
(Chapter I). 

To deduce equations it is convenient to regard both gratings as trans- 
mitting and to suppose one of them to be cut into independent but par- 
allel halves, either by a plane through its middle point and parallel to the 
rulings (vertical axis of rotation), or by a plane through the same point and 
normal to the rulings (horizontal axis of rotation). The parallel halves of 
the grating are then displaced along the normal, e, to both. 

27. Case of reflecting gratinf. Homogeneous light— The results exhibited 

in figure 43 for transmitting gratings are shown in figures 47 and 48 for the 
combination of one transmitting grating G and one reflecting grating G^ (the 
adjustment used in Chapter II), for which the direct path-lengths of rays 
were computed (cf. figs. 23 and 24, Chapter II). The path-differences 
obtained were inadmissible. It is now necessary to completely modify the 
demonstration. 

In figure 47 the ra3rs are shown for the case of complete symmetry of all 
parts, gratings at G and G' vertical and parallel, opaque mirrors at Af 1 and 
ATi, telescope or lens at T. The incident ray I at normal incidence is diffracted 
and reflected into Y, X, T, and Y\ X\ T, respectively; the incident ray I' at 
an angle of incidence di into Vi, Xu etc., and Y\, X\, etc., respectively; both 
at a mean angle of diffraction dS (nearly) to the right, corresponding to di. 

The angles of diffraction (di^o) are $u and 6%; the double angles of reflec- 
tion, therefore, B^Bi—Su on both sides; the double angles of the grating (^ 
with the mirrors Mi and Nu symmetrically, cr= ^i+^t. 

The normal from the point of incidence at G and at 6^, N, and n makes 
angles 6/ 2 with Y and X, respectivdy, on both sides. The method of treat- 
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meat will consist in reflecting G' in Mi and ATi, producing the planes (7^ and 
G\ (virtual images), and then rotating Mi and G\ i8o° around IT (axis of 
symmetry) into coincidence with Ni and G\ (interference). Then the rays 
prolonged into a and /3 coincide with the rays prolonged into a' and b' and 
the (virtual) diffracted rays Ti and Tt become Vi and T\. The ray on the 
left, prolonged into e, is diffracted into 7%. Then the interferences will all be 
given by discussing the left half of this diagram, which is amplified in figure 48. 







\ 




x\ 









rr 



Since the distance GG\ figure 47, is very large, the rays are nearly parallel. 
Thus the arc S'y, with its center at G, is practically a plane wave-front, 
perpendictdar to the rays in 5', /5', 7, and the diffracted rays T', T'l, and T'l 
are also practically parallel. Hence in the case of symmetry and coincidence 
of Af 1 and ATi the points 5', /3', 7, d', a', and c are in the same phase (diffrac- 
tion). In other words, there is no path-difference between Y+X and Y^+X', 
whether the angle of incidence is 25ero or not (Yi+Xi and Y\+X\). The 
whole field in the telescope must therefore show the same illtunination (homo- 
geneous Ught, wide slit) between the maximum brightness and complete 
darkness. Interference fringes can occur only when the opaque mirror, Af 1, 
is displaced parallel to itself out of the S3rmmetrical position. If Af 1 and Ni are 
symmetrical, as in figure 47, the displacement of G\ fore and aft, parallel to 
itself, is without influence. 

This reduces the whole discussion to the normal displacements of the sys- 
tem G\ Mu Nu given in figure 48. Let the mirror Af 1 be displaced over a 
normal distance e„ to the position Af 1, ATi remaining in place. Then the 
image of (?' will be at (7't, at a perpendicular distance, e, from its original posi- 
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tion G\, The path-differenoe so introduoed, since a and b {ab nonnal to the 
ray Yt impinging on Aft at c and reflected to b) are in the same phase, is 

9f •• COS t/2 



and the displacement per fringe^ will be 

X 



^» 



2 COS 6/2 



which is nearly equal to X/a, as in most interferometers, remembering that 
€m and Urn refer to the displacement of the minor Mi. Two interfering tbjb 
will be coincident at b. 

In the next place € and Se may be reduced from the corresponding displace- 
ments em and Um of the mirror Mi. In figure 48 the figure fdb$ is approxi- 
mately a parallelogram with the acute angles i/a. Hence, since ^t* ( i+<r)/2 

2emCosa/2^$ 
as is also otherwise evident. Thus per fringe, if the length ig^c 

X^tecos tfi+tcsin ^s 
since ^^2iemWLc/2. 

If G' is displaced parallel to itself, U will not be modified, since each virtual 
image G'l and G\ moves in parallel, in the same direction, by the same amount. 
If then the grating G is rotated around an axis at (7, perpendicular to the 
diagram, figure 47, over a small angle, ^, the result (apart from the super- 
posed rotational effect) is equivalent to a displacement of the mirrors Mi and 
Ni in opposite directions, producing a virtual distance apart e and the cor- 
responding interference fringes. In other words, the rotational effects may be 
explained here in the same way as in the preceding paragraph. 

The angle 2d9, within which the interference TdLyz lie, per fringe, is sub- 
tended by Umf and this may be put roughly {N^ 162 cm., normal distance) 

2de^ {2hem sin 5/2)/JV= (X tan 5/2)/^^ 

This angle is very small, scarcely 10^X3.2 radians, or less than o.oi second 
of arc. Hence all pencils consist of practically parallel rays. 

An important result is the angular size of the fringes; i.e., if Bm and X are 
given 

d9t X _ Dt sin ^t 

dn em sin ^/2 ~ «» sin h/2 

Dt being the grating space. 

Thus they become infinitely large when e^ passes through zero. The angu- 
lar size is independent of the distance between the gratings. It ought, there- 
fore, to be easy to obtain large interference fringes, which is not the case. 
The reason probably lies in this: that the two opaque mirrors are not quite 

^ The differential symbol i is unfortunately also used to designate the double angle of 
reflection 6. But it is improbable that this will lead to confusion. 
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symmetrical, so that in figure 47, on rotation of Mi 18^^ on GG\ the trace of 
Afi crosses Ni at an angle. If dS/dn^s.jXio-^t the distance apart of the 
soditmi lines, and Ds— 173 X lo*^ cm.» 

^=1.8 cm., about 

ue,y path-lengths on the two sides should differ by about 2 centimeters, if the 
mirrors were quite symmetrical. 

28. Non-^qimiietrical positions. Pore-«iid«aft motioa. — ^It remains to 
account for the marked effect produced on displacing the grating (T in a direc- 
tion nearly normal to it- 
self. If the displacement 
is symmetrical, or even if 
the grating and mirrors 
are reciprocally non-sym- 



metrical (i.^., the former 0- v Tus^"^ 




at an angle ^ to the trans- 
verse Une of symmetry 
gg', the latter inclosing 
an angle a, fig. 49), no 
effect results from the 
displacement of G\ if the 
mirrors Mi and Ni are 
so placed that the vir- 
tual images (/« and Gn 
are parallel and the dif- 
fracted ra3rs, therefore, 
also parallel. In such a 
case Gm and Gn are dis- 
placed by the same amount, normally, their distance apart is constant, and 
the intercepts of rays equal. 

If, however, this compensation does not occur; if the grating G\ the mirrors 
Ni and Mi make angles <p, cr/a, r/a, respectively (2a= t— <r), with the trans- 
verse line of symmetry gg', the fore-and-aft motion of C is more effective as 
the angle a— ^ is greater. The diffracted rays are then no longer parallel, 
but make angles of incidence at the second grating, d't for the ^1 side and 
$t for the Ml side, and of diffraction i' and i, respectively, as shown in figure 
49, at Tn and Tm- The following relations between the angles are apparent: 



<r=^i+a',-v> 



T^ei+Bi-^iP 



If at the first grating ^i = B'l and a is the angle between the mirrors. 
The images are at an angle /9, where 
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If G'G' is displaced to G'iG\ over a normal distance e, or ^/cos ^ along the 
line of symmetry GT, the virtual images Gm and Gn will be displaced to G'm 
and G\ over the same normal distance e. This is obvious, since the quadri- 
laterals ab and a'V are rhombuses by the law of reflection, and hence the 
perpendicular distances e between the (equal) sides all identical. 

If Dt is the grating space of C, 

(i) sin ^2+sin i=\/Di sin ^'2+sin i' = \/D% 

or if i and i' are very nearly equal and both small, as in the experiment, 

(2) cos B^B= —cos idi 

Again, in case of the displacement e of C, the paths are shortened at Gm 
by e/ cos Bt, at Gn by e/ cos B\j resulting in the path-diflEerence AP, or 

(3) AP = ^(sec di - sec B'tj 

Since B2 and ^'2 are nearly the same, this may be adequately simplified by 
differentiation. Putting 

(4) dB =^ Bt— B' t- 2{a— ip) AP=2(a— v')^tan^2sec ^1 
Hence per fringe, apart from sign, 

(5) ^^^ Xcos^ Bt 

2(a— ^) sin Bt 

Thus, if 

X = 6Xio"* a—tp—i^ — o.oi'j$ Bt^2Q? 

then 

6Xio-»Xo.88 

oe = — — — = 0.004,4 cm. 

2X0.0175X0.342 

per fringe for each degree of arc of non-symmetry, a— ^. 

The effectiveness of the fore-and-aft motion, according to this equation, 
is evidence of a residual angle, a— ^, of non-symmetry. This is not improb- 
able, as my apparatus was an improvised construction, laddng mechanical 
refinement. Further, the wedge effect due to a, which makes e^ variable, 
would be superposed on the interferences, and hence these could not be in- 
creased in size above a certain maximum. This is also quite in accord with 
observation. 

If a=^, /3=2(a— ^) =0 and B^ — B'i] i.e., the virtual images G^ and Gn and 
the diffracted rays are parallel and 5^ = 00 . In other words, the fore-and-aft 
motion has no effect. If a=o, /3=2^; or if ^=0, /9 = 2a. In either case he 
is finite, and fore-and-aft motion is effective. If the mirrors and grating were 
rotated in counter-direction so that tp is negative, be will depend on a+^, and 
the fore-and-aft effect will be correspondingly marked. Moreover, the inter- 
ference will not in general appear in the principal focus, but usually suffi- 
ciently near it for adjustment. 

If beg is the actual displacement of the grating G' in the line of symmetry, 
heg^he/ cos ipt so that the angle ip enters equation (5) again, but only to a 
small extent. 



CHAPTER IV. 

THE DKTAJfCE BETWEEN TWO PARALLEL TRAnSPAHEVT PLATES. 

29. Introductory. — The problem of finding the distance separating two 
parallel glass disks, as well as their degree of parallelism, is frequently one of 
practical importance. Thus, in my work on the repulsion of two such disks, 
it would enter fundamentally, and it has long been my intention to repeat 
that work with two half-silvered glass disks, for comparison with the case of 
metallic disks. It has since occurred to me that the method devised by my 
son, Mr. Maxwell Barus, and myself* would probably be ideal tor the purpose, 
both for very small distances (within o.i mm.) as well as for distances ten or 
more times larger. This method admits of use of the film grating, and there 
are three types of interferences of successive orders of fineness, the first virtu- 
ally involving the colors of thin plates (resolved spectroscopically), the other 
two being dependent on diffraction. To measure the thickness of the air-space 
it would be necessary to count the nimiber of fringes between two definite 
Fraunhofer lines only, supposing the constants of the grating to be given. 

30. Apparatus. — The apparatus has been designed for transmitted light, 
in preference, though the case of reflection is also available. 
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MM, ftffXK 50, is the base of a FntunhctfeT micrometer, firmly attached 
below to a massive tripod (not shown). 5S is its raised slide, and E the bead 
of the micrometer screw, readii^ to lo-* cm. The open case A is screwed to 
the slide 55 and contains the glass plate H half-silvered on the right. H is 
attached to a plate of brass, on the plane-dot-slot principle, and may there- 
fore be rotated around the vertical and horizontal axis by aid of a rearward 
spring mechanism (not shown) and the adjustment screws a, b, b' (the last 
not visible). The grating G, with a ruled face on the left, is similarly carried 
by the open rectai^ular case B, screwed down to the base M of the micrometer. 
Thus B is stationary, while A moves. Three adjustment screws, c, d, d' (d' 
not shown), and a spring pulling to the right sufiSce to rotate G around the 
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vertical and horizontal axis. The thickness of the efficient air^hn is thus #- 
and H and G may be brought to touch or to recede from each other several 
centimeters. L is the colUmator (slit and lens), furnishing intense white sun, 
light or arc light, and the beam, after traversing the system, is viewed by 
the telescope T (direct beams, fig. 51), or D (difEracted beams). 

The plate H is half-silvered, but the grating G is left clear. In this case, 
however, only the fine fringes are seen strongly on transmission. The others 
appear on reflection at G, preferably in the second order of spectra. Pine 
fringes are not well reflected, but the medium and coarse fringes are very 
strong and dear, and the first observations were made by means of them. 

Thereafter the ruled face of the grating was half-silvered. This largely 
destroys the reflected field, D\ except the fine fringes, but the transmitted 
field D is now strong, particularly in the second order of spectra, for all the 
three sets of fringes in question. Mr. Ives's direct-vision prism grating 
shows the fine fringes well in the direct beam T. The lines are always rigor- 
ously straight, so far as they can be observed; s.e., it is impossible to bring 
H and G rigorously in contact, not only because of dust, but since the grating 
(at least) is not optical plate. The fine fringes may always be found in the 
principal plane of a telescope, but the meditun and coarse fringes usually lie 
in other focal planes differing from each other. By placing the ocular it is 
thus possible to eliminate any of the interferences or to show a single set in 
the field only. 

To find the fringes, the direct white-slit images are made to coincide through- 
out their extent, and the same may be done with a pair of spectrum lines in 
the superposed spectra. The proper e is then to be sought. Owing to imper- 
fect plane parallel plates, it may be necessary to correct this by the adjustment 
screws on the mirror tmtil sharp, strong fringes are seen in the corresponding 
focal plane. 

31. Equations. — ^The equations for the three useful interferences in ques- 
tion are for r<d^ and a similar group f or r > ^.^ 

(i) «X= 2^/1 cos f 

(2) mX = 2€ii cos d^m 

(3) nX = 2e/i(cos f — cos 6^m) 

where X is the wave-length of the color used, n the order of the interference, 
e the thickness of the sheet to be measured, and m index of refraction, if t is 
the angle of incidence of the white light on the grating, r the angle of refrac- 
tion in the plate (/*), and d'm the angle of diffraction of the wth order of spec- 
tra therein. If the sheet is an air-space, these equations become simplified, 
since /i = i and r is replaced by i, ^« by O^t the angle of diffraction in air. 
Thus, since positive values are in question, 

(4) nX = 2^cosi , 
(s) nX = 2^ cos ^m 

(6) wX = 2^(cos i — cos ^m) 
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In the present apparatus I have made i=r=o, a more convenient plan 
of testing the method, though not necessary and, in fact, often inconvenient 
in practice. The equations are, finally, 



(7) 
(8) 

(9) 



nX=2tf cos e^^2ey/j^(fnK/Dy 

n\ = 7e(i -cos ^«) = 2e(i - -v/i-(inX/i?)«) 



if I> is the grating space, and the interference in question is due to the grating 
spectrum of the mth order. 

The meaning of the equations (7), (8), and (9) is given in figure 52. The 
case of equation (7) may be seen in the direct white ray, figure 52 a, provided 
the light of the focussed slit-image is resolved by direct-vision spectroscope. 
For this purpose Mr. Ives's grating with attached direct grating prism may 
conveniently be placed in front of the telescope T, figure 50, focussed on the 
slit. After adjustment these fringes appear strong. Of course, H and G 
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must be parallel and aU but touch. Under the same conditions the fringes 
may be seen laterally in any order of spectrum, as in figure 52 6. Figure 
52 c illustrates equation (8) and figure 52 b equation (9). Figure 53, finally, 
illustrates the general case of incidence, i. 

The first and second orders of spectra are alone intense enough to pro- 
duce marked eflfects. In case of t=o, a double diJBEraction of the first order, 
B' reinforces a single diffraction of the second order, 6i, since 

X/Z? = (sin ^'— sin ^)=sin ^1/2, 

(sin e'-Ti/D) = (2X/D)/2 or sin ff' = 2X/D 

Probably for this reason they are visible. The general case, equations (4), 
(5), and (6), is illustrated in figure 53, the rays /, 7', and I' being incident, 
R reflected, and D diffracted. The retardations are ef and df, respectively. 
If the diffractions differ by a whole number of wave-lengths the total diffrac- 
tion is obtained. One would be tempted to resolve the case by aid of a wave- 
front 06, in which case the equations would be different; but they do not 
reproduce the phenomenon. 
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32. Method. — Suppose, now, two Fraunhof er lines, X and X' of the spectrum^ 
are selected as the rays between which interference fringes are to be counted. 
Then, in case of equation (7), if n' is the number of interference rings between 
X and X', 

(10) nX = (n+nOX'=2e 

(11) «=nV/(X-XO 

(12) 2e=n'XX7(X-X0=Cn' 

In order to measure e, therefore, it is necessary to count the ntimber of fringes 
n' between X and X', and e varies directly as n'. 

If the mean D and magnesitmi 6 lines be taken as limiting the range, io*X= 
58.93 cm., io*X'* 51.75 cm., Ci=io"*X4.2S; then 

10*^ 8» o.ai cm. 
s= 2.1 
= 21 etc. 

As it will not be convenient to count more than 100 lines ordinarily, the 
method is thus limited to air-spaces below 0.2 mm. and becomes more avail* 
able as the film is thinner. Of course, in case of plates which contain specks 
of dust or lint, or are not optically flat on their surfaces, it is extremely diffi- 
cult to get e down below 0.002 cm., so that ten fringes between D and b would 
require very careful preparation. 

If equation (8) is taken, X is to be increased to 



n' 




I 




SB 


10 




S 


100 



L=X/ COS ^*=X/ Vi - {m\/Dy 

where m is the order of the grating spectrum, whose rays interfere. Thus 
equations (11) and (12) now become, since nL^{n+n!)U^2e 

(13) n^n'L/{L-L') 

(14) 2^=«'LL7(L-L0 «Ct»' 

If first order of diffractions are in question, m=i, io*L=S9.ii, io*L' = S2.33» 
C'2~ 10^X4.20. Thus for 

n= I io*^= 0.2I cm. 

10 02.1 

100 021. 

scarcely differing from the preceding case, so that one would not know in 
which series one is working. 

If the diffractions occur in the second order, m = 2, 

io*La = 62.56 io*L'i = 54.15 C%= 10^X403 

thus again differing but slightly from the above. 

If we inquire into the condition of coincidence and opposition of these 
fringes, the following results appear: Let the spectrum distance between 
the G and h line be taken as unity, and let there be n\ and nt first-order fringes 

in this distance. Then in is the difference of distance per fringe. Let 

Hi n% 
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X be the ntunber of long fringes, to restore the original coincident phase; i,e,^ 
let X longer fringes gain one long fringe on the x shorter fringes. Then 

x{i/ni— 1/«2) = i/«i ^ = Ci/(Ci— C2) 

that is, X fringes constitute a new period. From the above data 

rx: = 4.25Xio^/4.4Xio-* = 96.s 

It follows that the length of coincident strips is subject to 

e = Ci(«i— l) = C2W2 = C«2A OT C = j:.-^tr 

where C is the new constant. This would place the fringes beyond the coarse 
group bdow, but naturally C is enormously dependent on small errors in G 
and d. 
Finally, if equation (9) be taken, the X is to be increased to 



Af =X/(i-cos ^«)=X/(i-\/i-(wX/jD)« 
in order that equations similar to the above may apply. Thus 

In the di£Eractions of the first order of spectra m = i and io*M=4.i5o, 

loW = 4.747 C^s* 0.0330 

These are the coarse order of fringes, so that 

n— I 2^=0.033 
10 0.33 

100 3.3 , etc. 

Fringes are thus still strongly available, even if the distance apart of the 
plates is over 2 cm. 
If the difiEractions are of a second order of spectra, m= 2, 

io»M = 1.016 ioW= 1. 165 C'"8= io-»X7.8s 

These frix^es are therefore of intermediate order, since 

«= I 2^=0.0078 cm. 
10 0.0785 

100 0-785 

They would be enhanced, since they cooperate with the double difiEractions 
of the first order. 



33. Observations and corrections. Preliminary work. — The following 
work was done merely with a view to testing the equations and with no 
attempt at accuracy. The grating was left tmsilvered, so that the ruled sur- 
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faces confronted the ha]f«silvered suzfaoe on ordinary plate s^aas. Cease* 
quently, the fine fringes were observed by transmitted li^ht behind, and the 
medium and coarse fringes by reflected Ught in front. The micrometer was 
a good instrument for general purposes, but hardly equal to the present woik, 
where the slightest roddng of the sHde introduces annoyances. 

To count the number of fringes betweenP and b, since the fringes were not 
generally seen in the principal focal plane of the telescope, it was considered 
sufficient to rotate the cross-hair into an oblique position, until its ends ter- 
minated in the D and b lines, respectively, and then to count the number of 
fringes on running the eye down the wire from end to end. When there are 
many fringes, 25 to 50, the eye is apt to tire before reaching its destination, 
so that several counts must be made and the mean taken. 
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The results are given as a whole in figure 54, where the distance between 
plates, measured in centimeters on the micrometer, beginning at an approxi- 
mate zero, is laid off horizontally and the number of fringes vertically, in case 
of each of the three series. The computed line e = Cn'/a is drawn in full and 
the observations laid off with regard to it. The zeros do not quite correspond, 
as very small distances here are significant. With the fine fringes I did not 
spend much time, as they are virtually colors of thin plates seen by diffrac- 
tion. The chief difficulty with these small distances is that the plates touch 
and a complete readjustment is necessary. After touching, the micrometer 
acts like a forcing screw and its reading is too low. This is the meaning of 
the data in the curves a and a\ the latter with its horizontal scale magnified 
ten times. The object of this series is chiefly to locate the position of the 
line in relation to the other lines. 
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The observations for medium and fine fringes were made together, so that 
a single micrometer reading suffices. Beginning with very small distances 
apart, called zero, this was rapidly increased to nearly i cm. The fine fringes 
soon vanished, later the medium fringes vanished, finally (when e is several 
centimeters) the coarse fringes also vanish. The three together, therefore, 
cover with accuracy a relatively enormous range of displacement for measure- 
ments of this kind. 

The curves h and c show that the observations are not completely repro- 
duced by the line. Mean lines drawn through the observations indicate that 
the zeros do not correspond sufficiently for the two lines 6 and c to locate the 
common zero. This is inevitable, since the micrometer begins to count at a 
small distance as specified, which is otherwise arbitrary. In fact, it should 
be noticed, as an accessory property of this interferometry, that the two lines 
for finding the zero determine the absolute reading of the micrometer, mutu- 
ally, and these readings are here 0.22 mm. too large. But even if the zeros 
were horizontally to coincide, the observations would not adequately conform 
to the computed lines. All that can be affirmed is that the angle between 
the observed and computed lod is about the same. 

The main reason for the divergence is referable to the fact that the air-space 
is not quite plane parallel, but slightly wedge-shaped, so that the effect of the 
angle of the wedge is superposed on the interferences. Any slight tuisteadi- 
ness of the micrometer slide, for instance, would already introduce the wedge 
discrepancy, without necessarily interfering with the sharpness of visibility, 
while any attempt to readjust would destroy the contintiity of measurement. 
There will also be many secondary reasons for divergence, as, for instance, the 
three separate focal planes in which the fringes lie and the fact that the glass 
plates which limit the air-space are themselves wedge-shaped; other, but 
fainter, fringes are marching through 
the spectrum, such cases as coincidence 
and opposition, for instance, as were 
pointed out above, etc. But the ade- 
quate reason for the discrepancies in 
this paper is the incidental change of 
the angle of incidence, i. 

If the film is wedge-shaped, very 
Uttle disturbance results; but the cor- 
rection to the second order of small 
quantities is unfortunately somewhat 
cumbersome. Let the edge of the wedge of air be vertical and subtend a small 
angle, ^, figure 55, between the two faces A and B, Let / and /' be the two 
corresponding rays incident at the angle i at the first face and at the angle 
i-^-tp at the second face, n and n' being the normals. Let e and e' be the con- 
secutive thicknesses of the air-plate, taken normal to B for convenience. Then 
the I rays R' will issue at the A face, after reflection, at an angle 1+2^, and 
will interfere with the V rays R, if the objective of the telescope is sufficiently 
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large to converge both to the same point of the image, spectroscopically 
resolved. If the wave-front ab is drawn and e' prolonged, it follows at once 
that 

X /•. \ t ( ^ sin (t+^) sin ^\ 

\ cos* / 

Hence 

If i^o and ^ very small, this becomes 

If in the first equation i is replaced by the angle of diffraction ^, the equation 
for the diffracted fringes, as far as ^, may be reduced to 

nX-'2e|cos ^+^sin ^— (— ^— 7 cos ^jl 

so that ^ sin 9 is the chief correction. 
Finally, the equation for the coarse fringes becomes 

nX»2eji— cos ^— ^sin •+— (3-I — n^l ^^^ ^)l 

with a similar equation for the medium fringes. 

If we neglect the second order of small quantities (^), the last equation 
for the meditmi fringes may be put in another form, since 

2L 
2X/i?»sin tfandX/L«i— cos ^ sin ^= ^(i— costf) 

whence 

nL (n+n')L' 

^^* I - 2ipL/D " I - 2ipV/D 
D being the grating space and X the wave-length. Hence if n be eliminated^ 

LL' , LV 



L-L'-{2ipJD){LV-LV) "L-V 

In other words, if ^ is small so that if^ may be neglected, the relation of e and 
W is independent of ^; or a slightly wedge-shaped air-film will show the same 
result as a plane-parallel film. Experiments made by turning the adjust- 
ment screws seem to bear this out, provided the mean thickness remains 
tmchanged. 

To give the whole subject further study, I have since half-silvered the 
grating as specified, so that all the fringes may be seen by transmitted Ught, 
preferably in the second order, since there is an abundance of light available. 
The apparatus in such a case takes a good shape and is convenient for manip- 
ulation. But these details will have to be given at some other time, and it 
is the chief purpose of this paper to esdiibit the phenomenon as a whole. 
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In conclusion, I may recall that if we regard loo fringes between the D 
and b lines as still available for counting under proper facilities, the succes- 
sive ranges of measurements will be roughly as follows : 





e»o.02i cm. 


«** 0.392 cm. 


f « 1 .65 cm. 


Fine fringes 


I»'*IOO 

»'= 54 
»= 1.3 


»'=IOO 

«'= 23.8 


n'=ioo 


Medium fringes 

Coarse fringes 



The transition from fine fringes to meditmi is a little abrupt. Otherwise, in 
cases where manual interference is not permissible, all thickness of air-fikns, 
from a fraction of a wave-length of light to nearly 2 cm., may be adequately 
measured in this way to advantage. It is probable, moreover, that it would 
be advisable to observe the fine fringes by transmitted light, but to leave the 
grating (which may be a film grating) clear, and to observe the medium and 
coarse fringes by reflected light. A concave mirror and lens (reflecting tele- 
scope) should be used for this purpose, as this will put the observer behind 
the plates in all cases. 



CHAPTER V. 



DITBBFBItOlfBTBSS FOR PASAIXBL AND FOR CROSSED R4TS. 



34. IntroductkMU Methods.— To exchange the component beams of the 
interferometer, to mutually replace the two pencils which interfere, is not an 
unusual desideratum, for instance, in the famous experiment of Michelson 
and Morley. To replace two pencils of component rays, traveling more or 
less parallel to each other, by pencils moving more or less normal to each other, 
or to be able to operate upon pencils of corresponding rays (from the same 
source, crossing each other at any angle) at their point of intersection, may 
be of interest in a variety of operations to which the interferometer lends 
itself, or n:iay even suggest novel experiments. The facility with which this 
may be done, or at least partially done, with the above types of spectrum 
inter f erometers, particularly when homogeneous light is used, has tempted 
me to investigate a number of cases. 

Let us begin with the above diagram- 
matic method, using two transmitting 
gratings, G and G', figure 56, with the same 
(or in general with different) grating con- 
stants. Let L be the incident beam of 
coUimated homogeneous light, m, n, m', n^ 
f otir opaque mirrors on vertical and hori- 
zontal axes parallel to their faces. The 
ruled faces of the gratings are to be toward 
each other. Then the beams Gm and Gn 
may be reflected either across each other, 
as shown at mn' and nm\ thence along n'G' 
and m'G\ and, after a second diffraction at 
G\ unite to enter the telescope at T; or 
they may be reflected along m, m\ and 
n, n\ parallel to each other, and thereafter take the same course. In the 
first case homogeneous light is apparently not necessary. It will be seen 
that the path of the rays is the same, except for the branches mnf and nin\ 
and mm' and nn', respectively normal and parallel to each other; moreover, 
that the rays are exchanged, a and b left and right combining at G' in one case, 
b and a left and right in the other. The rays cross at c in free space and are 
available there for experiments. Direct light is to be screened off. The ques- 
tion is whether the mirrors m and n, m' and n\ can be adjusted mechanically 
to move symmetrically toward each other on a vertical axis with sufficient 
precision to guarantee replacement. This is a matter of trial, though a 
successful issue is, of course, problematical. It would be advantageous to 
arrange the experiment so that only one pair of mirrors — e.g., m and n — need 
78 
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be moved, whereas the others, m' and n\ are ends of the same rigid plate. 
Gratings of different constants n:iay advantageously contribute to this end. 
Beyond this, the paths mn' and nm' and mm' and nn' may be increased to 
any length, either directly or by multiple reflections from a special system. 
Many other modifications are suggested. If white light is used, the phe- 
nomenon is confined to a narrow strip of spectrum and the fringes must be 
horizontal. 

As I did not have two ruled transmitting gratings and as film gratings 
seemed unpromising for work of this kind, the method of figure 57 represents 
a simple disposition of reflecting gratings, of which several were available. 
The ruled faces of the gratings G' and G face away from each other. 





58 

The former receives the coUimated pencil of homogeneous light, L, and 
after difiEraction the partial beams pass to the pair of opaque mirrors m and 
91 (sjmmietrically placed), and thence by reflection to a similar pair of minors, 
M and A^. From here the pencils reach the second grating, G\ where each 
is again diffracted into the common ray G'T^ entering the telescope T. The 
grating G' may be concave with the lens at T beyond the principal focus. 
If the mirrors M and U are symmetrically rotated, the parallel component 
pendls Nn and Mm n:iay be replaced by the pendls Mn and Um, crossed at 
any angle. Homogeneous light is preferable. Simultaneously the rays are 
exchanged. The pendls, Mm, etc., may be of any length, and in general the 
remarks in the preceding x)ars^raph apply. 

A more fle]dble design also suggests itself, with four fixed mirrors, m, n, 
m', n', four movable nmrrors, M, ^, M\ N\ rotating symmetrically around 
vertical axes parallel to the faces of the gratings G and G', these being parallel 
to each other, as in figure 57. On rotating M, AT, M', N', the rajrs may be 
exchanged. Here M . , , . N' should be a near system, m . . . . n' a fixed 
and far system of mirrors. Other methods will presently be described. 

35. Experiments. Reflecting gratings. Parallel rays. — ^The experiments 
were begun with the apparatus as in figure 57, G being a Michelson grating 
and G' a Rowland grating, each with somewhat less than 15,000 lines to the 
inch. The distance of G from the mirrors m and n was about 22 cm., of G 
from G' about 60 cm., and of G' to the focal point just ahead of the lens (or 
the line of mirrors M and N) about 90 cm. The latter were about 50 cm. 
apart. In the absence of sunlight, the arc lamp was used, and the fringes for 
reversed spectra were found without great difficulty. It was also easy to 
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erect them by rotating G' on an axis normal to its face. A difficulty, howevi^, 
existed in retaining the fringes with a flickering arc. It will be seen that in 
this case the line LG moves over a small angle in all directions with the bright 
spot on the positive carbon, so that the angle of incidence is varied, and with 
it the angle of diffraction 9 at (7. All this is magnified by reflection from the 
mirrors. Moreover, tmless the collimator lens is very near G, the illuminated 
part or bright line on (7 is displaced right and left. Path-difference between 
GnNG' and GmMG' is thus modified. If the faces of the mirrors are not all 
quite in a vertical plane or parallel to the same plane, the up-and-down play 
of the arc will mar the longitudinal coincidence of the two superposed spectra, 
and hence the interferences will vanish. Thus they appear and disappear 
periodically, depending on the accidental position of the bright spot of the 
arc; and if this annoyance is to be avoided, sunlight or a steady light must 
be used. The phenomenon and the spectra were not nearly so bright as 
when observed with the transmitting grating, a result probably due both 
to the additional reflections (particularly those at the grating) and to the 
high dispersion. 

In other respects the behavior was the same as that described in Chapters 
I and II, though the strip of fringes for reversed spectra seemed to be some- 
what broader, probably owing to the increased dispersion and hence the greater 
breadth of adequately homogeneous spectrum light. The linear phenome- 
non, moreover, consisted of two or more black lines alternating with bright, 
whereas a single black line was the characteristic feature above. When dif- 
ferent strips of the grating G are used (the illumination shotild not be more 
then 0.5 cm. wide), considerable fore-and-aft displacement at the minx>r M 
is necessary. 

The adjustment for crossed rays Mn and Nm, figure 57, is subject to new 
conditions. In case of white light and a narrow slit, the dispersion produced 
by G is at least partially annulled by G' instead of being incremented; for the 
change of the angle of incidence here compensates the changes of the angle 
of diffraction. Thus if sin i»— sin ^v^Xv/D for violet and siniV— sin ftr = 
\r/D for red, and if sin iv™\v/D and sin ir^\r/D, then sin $ =sin ft-=o. 

A sharp, white image of the slit may thus be seen for the reflection from each 
mirror M and iV, or the images may be colored if but a part of the spectrum 
is reflected from M and N. The system of two gratings, G and G\ tends to 
become achromatic. It would seem to follow, therefore, that in general 
homogeneous light and a wide slit would have to be used, but this introduces 
additional annoyances, inasmuch as the transverse axes of the spectra (sodium 
lines), which are to coincide, are not visible, but must be replaced inade- 
quately by the edges of the slit. The experiment is thus (particularly in view 
of the faint illtmiination seen in the telescope) diffictdt, and in a laboratory 
not free from agitation, or in the absence of a good mercury lamp of intense 
homogeneous light, it did not seem worth while to spend much time on it. 
Moreover, a similar investigation will presently be made with a transmitting 
grating. 



REVERSED AND NON-REVERSED SPECTRA. 81 

In other words, in case of the rays nM, the violet is incident at a larger 
angle at G' than the red, and but one color (yellow) can be diflEracted along 
(7T, whereas in case of the ra3rs mN violet is incident at C at a smaller angle 
than red, and G' may thus be so placed that all rays are diffracted along G'T, 
supposing the two gratings to be nearly identical as to dispersion. Figure 
58» presently to be described, suggests the inclination of the successive verti- 
cal planes in figure 57. 

One curious result deserves special mention. Each separate spectrum 
(a or b, fig. 57, without superposition) shows very definite coarse stationary 
interferences; i.e., the usual appearance of channeled spectra. The cause of 
this long remained obscure to me, but will be explained in Chapter VI. The 
gratings being of the reflecting type and the mirrors silvered on the front face, 
there is no discernible cause for interferences. No film or set of parallel plates 
enters into the experiments. If in figure 57 the grating G' is reflected at M 
into (r'l, and this image reflected in m into (?^, the phenomenon may be treated 
as if the gratings were transmitting in a manner shown in figure 58. Here the 
direction of the traces of the grating G and G\ the mirrors m and M only 
are given, together with the direction of the reflected ims^es of G' in M 
(G'l), and in m (G^'i). Then the violet (p) and red (r) rays from G impinge 
on G't virtually with a greater angle for v and a smaller one for r , as already 
suggested. An enhanced spectrum must be produced beyond G't. This 
second spectrum is channeled. 

36* Experiments. Transmitting grating. Parallel rays.— The chief diffi- 
culty in the preceding experiments was the absence of sufficiently intense 
homogeneous Ught. This may be obviated by using the transmitting grating. 
But as two samples were not available (as in fig. 56), the simplified method of 
figure 59 was tested, where but a single grating G is used. Here the light L 
from collimator and slit impinges on the grating G and is diffracted to the 
opaque mirrors M and N. Prom here it is reflected to the corresponding 
opaque mirrors m and n, to be again reflected to the grating G, and finally 
diffracted along the line GT. The interferences are observed by the telescope 
at r. In order that the undeviated white beam may not enter the telescope 
annoyingly, the diffraction LG takes place in the lower half of the grating and 
the mirrors are slightly iadined upward, so that the second diffraction GT 
may occur in the upper half of the grating. To obviate glare in the field, the 
beam LG is carried to the grating in an opaque tube and all undeviated light 
is suitably screened off. The distances mn to G and G to MN were about a 
meter each. 

The interferences were easily found. They are usually at an angle to the 
vertical, but may be erected by rotating the grating on an axis normal to its 
face. They were linear and exactly like the cases of Chapter I, probably in 
consequence of the low dispersion of the grating used. Considerable mag- 
nification at the telescope is thus admissible. 

The horizontal fringes traveling up or down are available for iaterf erometry , 
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frtjiiki tiii;^! 



t beams Mm and Nn are con- 



and the independent and separated 
veniently accessible. 

The experiments with homogeneous light (sodium arc) gave perfectly 
regular striations covering the whole of the wide slit image, uniformly. With 
glass compensators 0.6 to o.i cm. or more thick on both sides, the striations 
became somewhat smaller, as was to be anticipated. Fringes could be erected 
and enlarged by rotating the grating on an axis normal to its face and by 
other corresponding rotations. The fringes, as a whole, were large and 
splendid and suitable for general purposes in inte rf erometry. 
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37. Experiments. Transmitting gmtiiif. Crossed rays. — ^The second posi- 
tion of this apparatus was now tested, the rays passing along the diagonal 
of the rectangle (fig. 59) and crossing at G^ in the grating. The interfering 
pencils were thus GNGmG and GMGnG. The slit 
should be quite wide. Seen in the telescope at T, 
therefore, the dispersion is reduced in virtue of 
double diffraction, the tendency being toward white 
slit images, as aheady explained. A variety of very 
interesting results were obtained after the interfer- 
ences had been found. The outgoing and returning 
paths are coincident, and both component rays pass 
through the grating two times, the ruled face being 
towards the telescope. 

The adjustment is at first somewhat difficult. 
Having made a rough setting of the mirrors as to 
distance, etc., by the aid of sunlight or arc light, so 
that the spectra may be seen, two wide sht images 
will appear in the telescope T, but they will usually 
be differently colored. The mirrors m and n are then to be rotated around 
vertical axes (fine-screw motion) until both slit images are identically colored 
and coincide. After this, homogeneous Ught (sodium arc) must be used and 
the rotation of mirrors on the vertical and horizontal axes repeated until both 
fields are identically yellow on coincidence. The sharply focussed edges of 
the wide slit are now the vertical and horizontal guide-lines for adjustment. 
All corresponding lines must coincide if the phenomenon is to be obtainable. 
Thereafter the micrometer at Af , actuating the mirror fore-and-aft parallel 
to itself, is manipulated till the fringes appear. 

Two types of interference may be observed. The first are variations of 
nearly equidistant fringe patterns, obtained with homogeneous light only 
and covering the whole wide slit image on good adjustment. They would 
appear equally well in the absence of the slit. The second type is obtained 
in the presence of white light, or of the mixture of white light with the homo- 
geneous Ught. It is a linear phenomenon, identical in appearance with the one 
described in Chapter I, though occurring here in the case oteiwidesUi, Both 
are very vivid, and the latter particularly, when at its best, in violent tremor. 
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It is convenient to describe the homogeneous fringes first. White light 
must be absent, the wide field full yellow, and the longitudinal and side edges 
of the two slit images sharply superposed. When the fringes appear they will 
usually be obHque; but they may be made vertical by rotating the grating 
on an axis normal to its face. If the grating is in the symmetrical position of 
figure 59, the size of fringes is an intermediate minimum. To enlarge them, 
curiously enough, the grating must be slightly rotated, either way, on a ver- 
tical axis. The fringes then pass through a maximum of size at a definite 
angle on either side of the minimum. In such a case they also appear rapidly 
to become irr^ular and their perttn-bation is naturally enhanced. They con- 
tain a double periodicity, which will presently be carefully examined. 

Fore-and-aft motion of the grating has no effect. In displacing the mirror 
at M on the micrometer, the fringes remain visible for an excursion of at least 
0.7 cm. In fact, in case of a strong telescope and wide slit they were not lost 
for a micrometer displacement of over i cm., t.^., much over 30,000 wave- 
lengths of path-difference. As a rule, the fringes are strong only in part of 
the yellow field, and in such a case the center of intensity moves with the 
displacement of M across the slit image, to disappear at the edges, as in the 
usual cases of displacement interf erometry. Slight non-coincidence of the 
horizontal edges of the slit images slightly rotates the fringes, but they soon 
vanish completely. Slight rotation of the grating around the vertical axis 
distributes the fringes more evenly over the field, the proper setting being 
determined by trial. Displacement by aid of a compensator of glass gave the 
usual results. 

Later I returned to the experiments with sodium light and with the grating 
rotated around a vertical axis to the right or left and out of the S3mimetrical 
position of figure 59. In each case the fringes passed through maximtmi size 
at an angle of asymmetry of about 5° or 10^ from a normal position. Beyond 
or below this they diminish in size. Naturally, to bring the fringes to the 
center of the field, the micrometer screw at M or iV had to be adjusted for 
path-difference, as in displacement interferometry generally. 

The details of the interference patterns obtained were in astonishing variety. 
Suppose that by rotating the grating around an axis normal to its face the 
fringes are made nearly but not quite vertical at the beginning. Then on rota- 
ting the grating around a vertical axis into the position for maximum size 
just specified, the standard t3rpe of large fringes seen are of the appearance 
shown in figure 6oa. In other words, they look and behave like independent, 
thick, twisted cords, hung side by side. The evolution of these independent 
parallel striations of fringes may be detected on rotating the mirror M or N 
around a vertical axis, thus moving one slit image in definite amounts, micro- 
metrically, over the other, horizontal edges remaining superposed. As the 
one slit image passes in this way across the other, the original type, figure 60b, 
apparently continuous, breaks up and enlarges into the type c by the rotation 
of its parts. Thus the successive lengths of the continuous fringe b behave 
like a series of magnetic needles, each rotating on its own pivot. These may 
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again correspond and appear as a single striated field; but more frequently 
the form figure 6oa is in evidence, though sometimes quite irregular. In fact, 
there are many variations of this design. Families of curves, inteisectii^ each 
other nearly orthogonally, may even appear. 

If the fringes are originally quite vertical, there seems to be no rotation, 
but two sets of vertical fringes apparently pass through each other as the 
mirror M is rotated micrometrically on a vertical axis. These fringes at inter- 
vals again unite into an apparently ample striation. One slit image may be 
broader than the other. Fringes of different sizes then appear, so long as the 
smaller is within the larger, and are most intense when the vertical eAiges meet. 
In general, therefore, the interference patterns of originally neariy vertical 
fringes consist of a succession of strands, neariy in parallel, which behave ahke 
but independently. 
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If the grating is rotated on an axis normal to its face until the fringes are 
nearly horizontal, a correlative series of interesting phenomena may be 
observed. When the grating is normal to the incident pencil, the fringes are 
usually arranged in parallel strands. They are equidistant in eadi strand; but 
these strands are separated by a narrow band of even cxAor, so that the phe- 
nomenon looks as if thick, twisted, yellow cords were hai^ii^ apart, side by 
side. Usually the central or the two central cords are more intense, and there 
may be four to six in all, filling the whole tA the wide-slit image. On rotating 
the mirror, M etc N, micrometrically, on a vertical axis, the fringes ctf the 
strand may be made to correspond, so as to fill the field with uniform stria- 
tions and without apparent vertical separation. This is particularly the case 
when the fringes are very fine. 

On rotating the grating to the right or to the left about so", on the vertical 
axis from the symmetrical position of figure 58, the fringes reach & maximum 
of size, after whidi (on further rotation to about 30°) they diminish indefi- 
nitely. These maximum cases are shown in figure 61, a and b, and their ap- 
pearance is now that of a string of dongated beads, hung vertically and equi- 
distant. On rotating N about a vertical axis, slightly, the nodules become 
quite horizontal. They are continually in motion, up and down, and quiver 
about the horizontal position like small disturbed magnetic needles. At times 
the field appears reticulated (indicated in the figure), as if two sets of nearly 
horizontal fringes intersected at a small angle. It is now difficult to obtain 
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ocmttnuous striations on rotating N, but the whole field may easily be filled 
with nodules. The occurrence of two maxima is probably an incidental 
result, as in other adjustments but a single one appeared. Naturally the rota- 
tion of the grating or of the mirrors M and N changes the path-difference of 
the pencils crossing within it, so that the micrometer screw ^ 
at the mirror M must be moved in compensation. Thus ^ 
this is another method of displacement interf erometry and % 
the usual equation suffices. f 

The following rough experiments were made: Placing ^^ 

the strong fringes in the center of the field (slit image), ^^ 

the reading of the micrometer was taken. Then a thidc glass plate, ^=^0.71 
cm., was inserted in one beam, nearly normally, and the micrometer displace- 
ment, AN, was found when the fringes were brought back to the center of the 
field again. The results were (for instance) 

^^=o-375 0-393 cm. 

The displacement equation is (p being the index of refraction of the plate) 

where the correction for dispersion may be put 2fi/X^= 0.026. Hence iu = 
I-50, 1.52, as was anticipated. On using white light, where there is but a 
single strand, a cross-hair, and greater care as to the normality of the plate 
compensator, etc., there is no reason why results of precision should not be 
obtained. 



38. The same. The linear phenomenon. — ^The occurrence of the linear 
phenomenon reciprocally with the fringes for homogeneous light is interesting. 
It usually appears when there is a fiash of the arc lamp, i.e., a displacement 
of the crater, introducing white light into the sodium arc. It is thus undoubt- 
edly due to the reversed spectra for white light and may, in fact, be produced 
by using the white arc or sunlight in place of the sodium arc. When the 
mirror M is displaced on the micrometer parallel to itself, the linear pattern 
moves through the wide-sUt image from right to left; or the reverse. It does 
so also when either mirror, M or N, is slightly rotated on a vertical axis. The 
change in appearance during this transfer is very striking. In the middle, 
between the extreme right and left positions, the linear phenomenon is excep- 
tionally strong and fairly tumbling in its mobility. Toward the right or left 
from the center it becomes gradually less intense, and on one side merges into 
the homogeneous striations which then appear. On the other side it seems 
merely to vanish. Doubtless the linear phenomenon is found, as usual, at 
the line of symmetry of two reversed spectra; but, as both spectra are 
shrunk to very small lateral dimensions, many colors probably adequately 
coincide. In an achromatic reproduction of the slit all colors will coincide. 

It is thus not necessary that the edges of the slit images should be super- 
posed to produce the linear phenomenon. What is still more curious is the 
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result that not even the longitudinal axes of the spectra need be quite in coin- 
cidence, though, of course, the phenomenon appears most intensely for the 
case of precise superposition. The angle of admissible separation of longitu- 
dinal axes is, however, much larger here than in the usual cases above, so that 
one of the longitudinal guide-lines of the two spectra may be appreciably 
above the other. 

The last result and the fact that the linear phenomenon appears here with 
an indefinitely wide slit are new features. The cause of the latter has just 
been referred to the exceptionally reduced width of spectrum resulting from 
the double diffraction. If the dispersion were quite reduced to zero, all colors 
in a definite narrow, transverse stripof the white slit in^age would be in a condi- 
tion to interfere. This strip contains the superposed images of an indefinitely 
fine slit. The slit in any other position, right or left, would have two non- 
coincident images. Hence, when one wide-slit image moves over the other, 
there is also a shift of the linear phenomena. 

To produce the linear phenomenon with sunlight is difiScult. The inter- 
ferences should first be produced with the sodium arc, strongly, and the arc 
thereafter replaced with sunlight entering the slit at the same angle. Further- 
more, the pencil leaving the collimator should be a narrow, vertical blade of 
light, and at the mirrors, M and A/*, red and green light should be screened 
off, retaining only a narrow strip of yellow light for each. Finally, to avoid 
glare, the slit is not to be too broad nor too narrow to cut off the yellow field 
of the telescope. 

Under these circumstances of completed adjustment, the linear phenomenon 
usually appears strongly. Its form may be greatly modified by rotation of 
either mirror, M or A/*, micrometrically, around the vertical axis, as already 
suggested. The types are given in figtire 62, quite fine, nearly vertical Unes, 
9, changing to moving, coarser forms, m, and these into the tumbling variety, 
t, very coarse and nearly horizontal. The latter change by rotation and dimi- 
nution into m' and 9^ while N is being continually rotated over a very small 
angle, sliding one slit image continuously over the other. In the condition t, 
the fringes rotate with astonishing rapidity, and this rotation is nearly 180^; 
i,e, , if the angle between m and m' is a, the angle of rotation has been 180^ — a, 
so that between q and q' there is about 180^ of rotation. At the stage t, with 
fine micrpmetric adjustment, the fringes may be made quite horizontal, and 
they are then relatively large and square, or at times shaped like blunt arrow- 
heads. This rapid rotation of fringes near t accounts for their turbulence, 
since tremors have the effect not merely of raising and lowering them, but 
also of producing the rotary motion in question. They may also be rotated, 
of course, on slightly tilting the grating about an axis normal to its face. 
Rotating the latter on an axis parallel to its face places the phenomenon in 
different parts of the superposed yellow field. 

Since a preponderance of yellow homogeneous light is present in the whole 
of the superposed wide-slit images in the telescope, it is not difficult to suggest 
the cause for the variations of the interference pattern when one image passes 
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horizontally over the other. The forms, /, correspond to minJTniim path- 
difference, remembering that in accordance with figure 59 all rays pass the 
plate of the grating twice. 

Further experiments were made with sunlight to detect the changes which 
befall the phenomena in different focal planes. The ocular of the telescope 
was gradually drawn out from an inner extreme position to an outer extreme 
position, through the normal position for principal focal plane. In this case 
a variation of form corresponding closely to figure 62 was also observed. The 
characteristic feature, however, was the prevalence of arrow-head or caret- 
shaped lines, both in the case of the extremely fine striations and of the coarser 
nodules. In the former case these roof-like designs were closely packed from 
end to end of the phenomenon and usually pointed upward. They recall the 
top edges of extremely eccentric ellipses in displacement interferometry, and 
in view of their lateral motion with the micrometer M and the decreased dis- 
persion due to double diffraction, their origin noay be similar. 



39. The same. Inferences. — ^When the pencils, Mm and Nn, figure 59, are 
parallel and sodium light is used, the whole field is uniformly striated, whether 
the striations are made fine or coarse. I have found it impossible, on placing 
plate compensators (0.5 to 1.5 cm.) in both beams and rotating these to any 
degree whatever, to produce any suggestion of a secondary periodicity in the 
field. The fringes for a thick compensator, slightiy wedge-shaped, merely 
become a littie finer. Films of mica are liable to blur the field. In general, 
moreover, reflections would be relatively weak and thus inappreciable. They 
would require a separate adjustment for coincidence and not appear with 
the inincipal phenomenon. Hence the strands of interferences obtained in 
case of crossed rays are in a measure unique. The second periodicity is not 
stationary, but a part of the phenomenon. The glass plate of the grating 
produces an effect in virtue of its thickness, precisely as in the case of the dis- 
placement interf erometry of my earlier papers. 

Experiments made with polarized light proved to be entirely negative. 
The phenomenon appears between a polarizer and an analyzer so long as 
sufficient Ught is present to ex- /y» >v, ^ ^ ^ 

hibit it. Observation witii a ^ OO. ^ n 71 

nicol, in the absence of the polar- 
izer, showed nothing but the ob- 
vious effect of reflection. 

The occurrence of these par- 
allel strands for crossed rays and 
homogeneous light is thus diffi- 
cult to explain. I have tried a great variety of methods of superposing 
special interferences, etc., to produce the nodules with parallel rays, mM 
and nN, or to break them with crossed rays, mN and nM, without avail. 
There is no focal plane effect, nor any polarization effect. It is therefore 
necessary to confront the case at its face value, as in figure 63. Here S 
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and S' are the traces of two longitudinally coincident reversed spectra, drawn 
apart for distinction, the region of the D lines only being used. The light is 
homogeneous to this extent and the slit wide, so that there is oblique inci- 
dence. Then every point of S should (on adjustment) interfere with every 
point of S\ the result showing a uniformly striated field in the telescope. 
This is emphatically the case for the parallel rays, mAf, nN; but with the 
crossed rays, mN, nM, the interference is confined to the rays in the equi- 
distant positions, n, in figure 63, and midway between them the field is a 
neutral yellow. In other words, between the rays n the rays are displaced, 
as shown by the arrows, recalling the arrangement of nodes in acoustics. 

Corresponding rays a and a' (for instance) do not coincide and hence can 
not interfere, the region aa' remaining neutral. In figure 64 the toys crossing 
at c (fig. 57) have been shown for three nodes and the transverse arrows indi- 
cate the directions in which the ra3rs have been urged laterally. Naturally, I 
am merely stating the case as immediately suggested by the results. One may 
argue that there may be a secondary periodicity in the grating. But why 





does it not appear at all in the case of parallel pencils, when it is so obtrusive in 
the case of crossed pencils of rays? Again, the interferences are unquestion- 
ably due to Di and D^ light, simultaneously. If the grids for these two wave- 
lengths should be at a slightly different angle to each other, their superposition 
would give something like the observed phenomenon, apart from details. Thus 
in figure 65 the two grids due to Di and D2, intersecting at a small angle, may 
be interpreted as appearing strand or cord like at N, and neutral at / and /'. 
With white light the linear phenomenon would eventually become achromatic. 
But, again, why should lines so close together as D\ and D% show any appre- 
ciable difference of angle or rotational phase-difference in their interference 
pattern? Intersecting grids, moreover, can be produced by other methods 
and nearly always betray their origin. The final inference is that suggested 
by figures 63 and 64, that homogeneous raj^ on crossing (here in a medium 
of plate glass) may exert a lateral influence on each other, to the effect that 
identical rajrs emerging from the crossing are arranged in equidistant nodal 
planes according to figure 63. 

40. Experiments. Reflecting grating. Crossed rays. — In the preceding 
experiments the remarkable phenomenon of double interferences was ob- 
tained with glass-plate apparatus. It is improbable that any secondary inter- 
ference can have been produced by the presence of reflected light, since the 
reflected pencils will be weak as compared with the primary pencils and 
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difiEerently situated. It is nevertheless necessary to forestall all misgivings 
by avoiding glass plates altogether and adapting the methods of figure 57, 
where reflecting surfaces (front faces) only are present, to the experiment 
for crossed rays mN and nilf. 

In the apparatus as finally perfected, G, figure 57, was a Michelson plate 
grating and G' a Rowland concave grating, each with about the same grat- 
ing constant. A strong lens was placed at T for observation at the focus of 
the concave mirror of G\ The latter was capable of fore-and-aft motion, of 
rotation about a vertical axis in its own plane and about an axis normal to that 
plane; G was capable of rotation about a horizontal axis parallel to its plane. 
Thus the possibility of fore-and-aft motion and the three cardinal rotations 
for the gratings, together with a micrometric fore-and-aft motion of Af , was at 
hand, as well as the rotation of M and N about horizontal and vertical axes. 

The interferences were found after establishing the coincidence of the yellow 
homogeneous fields, in the manner described in the preceding paragraph. 
The fringes were at first small and apparentiy single, but they could be 
enlarged at pleasure and the two definite systems separated by fore-and-aft 
motion of G'. They occupied only a part of the wide yellow slit image, the 
sodium arc being used. On actuating the micrometer at M there was dis- 
placement of the interference pattern as a whole, so that the conditions of 
displacement interferometry are here also implied, though the equations are 
liable to be different. On rotating M, micrometrically, about a vertical axis, 
the structure of the interference reticulations changed and was at times 
reduced to a single set. 

Whenever the arc flashed, or when white light was used, the linear phenom- 
enon appeared alone, either cross-hatched or longitudinal, depending upon 
the character of the reticulated pattern for homogeneous light. With sun- 
light, even after narrowing the blade from the collimator and screening off 
red and green Hght, the phenomenon was faint and hard to find, unless it 
was produced alternately with sodium arc. 

With the arc freshly charged with sodium, but a single set of interferences 
or else the linear phenomenon appears, since the broadened sodium lines are 
equivalent to a continuous spectrum in this region. Not until the excess of 
sodium has all been evaporated and the sodium lines are normal does the true 
reticulation show itself. It is interesting to describe two cases of this double- 
interference pattern, obtained by gradual and successive fore-and-aft motion 
of the grating G\ between limits, while the edges of the two wide-slit images, 
respectively horizontal and vertical, are kept in contact throughout. 

Suppose the original fine fringes to be nearly vertical; then the apparently 
simple fringes, a, figure 66 (their appearance, however, would lead one to sus- 
pect their simplicity), change to the cord-like strands b, appearing like helices 
of a very large pitch. Botii interference fringes are still nearly parallel, and 
they cover the whole wide-slit image uniformly. These eventually pass into 
the square or rectangular reticulation, c, with both systems equally strong. 
Probably intermediate forms have here been skipped. The system, e, occurs 
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very soon afterward, in which the differenoe in size of fringes has become 
enormous. Following i, the procession is reversed in g , A* 

Both systems (a and systems, say) have passed through maxima, but 
not at the same time, or not for the same fore-and-aft adjustment. Both sys- 
tems have rotated, the rotation being very rapid near the maximum. The 
reticulations quiver and look 
precisely like capillary waves 
in a rectangular trough of n:ier- 
cury , except that they are usu- 
ally at an angle to the bound- 
ing edges of the superposed 
slit images. 

In this quivering system of 
two identically strong fringes 
it is difficult to make out the 
rotations, but after consider- 
able revision the sequence in 
figure 67 was definitely ascer- 
tained. B^;inning with the 
extreme fore-and-aft position of (j', and ntioving it successively forward in steps 
of X or a millimeters, the apparently single grid, z changes to 2, where the 
two systems a and fi can be disentangled, a expanding and rotating more 
rapidly, so that 3 and 4 follow. Here a is horizontal and probably of maxi- 
mum size, fi is still nearly vertical and but slightly expanded. Therefore, while 
the o-effect wanes the /3-effect waxes, and the squared or orthogonal type, 5, is 
produced. The lines are here equally strong and it is the symmetrical figure 
of the series. Thereafter in 5, 6, 7, 8, and 9 the chief expansion and rotation 
is transferred to the /) system, with which the a system has changed functions. 
Hence both systems rotate nearly z8o^ in the same direction and pass through 
maximum size; but the maximum is retarded in rotational phase for one as 
compared with the other. Rotation and growth are accderated near the 
maximum. The total displacement of the grating G' between the cases i and 
9 (fig. 67) was about 2 cm.; but this dependsupon the obliquity of the grating 
and incidental conditions, as explained above. 

Suppose, in the second place, that the original fringes, i, figure 67, were 
nearly horizontal; in such a case the evolution is much the same, but the sym- 
metrical form number 5 becomes smaller and more and more fiatiy rhomboidal 
horizontally. Probably the scheme of rotation is the same, but is much harder 
to ascertain in view of the flat forms. On the other hand, the field now abounds 
in vertical strands of interferences, like those of the preceding paragraph, and 
nodules are often in evidence, as before. 

If the original lines are quite vertical, they do not seem to rotate with fore- 
and-aft motion of G^, but form intersecting, vertical, apparentiy simple sys- 
tems throughout the motion. Slight departure from the vertical pxxxluces 
rhomboids very long vertically and often very coarse. 
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41. The same. Compensators. — A compensator of ordinary plate glass, 
at the intersection c.figure 57, produces no effect, if synunetrical to both beams. 
If not symmetrical, the interferences are displaced to right or left in the field 
of the telescope, as in any case of displacement interferometry, depending on 
which component beam receives the longer glass-path. Thus this adjustment 
corresponds to the grating in the preceding paragraph, the difference being 
that in the latter case the same ruling is used for both diffractions. Hence 
the interference figures obtained are simpler, showing vertical strands only. 
In the present case strands occur in all directions. The maxima for oblique 
positions of the glass plate were not found with reflecting gratings. 

If the compensator is within i inch in thickness, its introduction occasions 
no difficulty. The interference pattern may be changed, but it remains the 
same during the rotation of the compensator; but if the latter is thicker than 
2 inches, the figure is usually so small as to be found with difficulty, unless 
the grating G' is brought forward, to allow for the mutually inward refraction 
oftherays. If this is done, the same figure may be reproduced. Onadvancing 
the gratii^, plate compensators much over 3 inches thick were tested without 
the slightest annoyance. Lenticular compensators require special adjust- 
ment and are very difficult of use. 

The effects of rotating the grating about the three cardinal axes have all 
been considered above. In the present instance two sets of fringes are sym- 
metrically rotated, subject to the same conditions. Rotation of G' around a 
horizontal axis requires an elevation or depression of the arc lamp, if the 
fringes are to remain in the field. Rotation around a vertical axis separates 
the slit images, and a readjustment for superposition is necessary. Results 
so obtained are therefore complicated and were not studied. 

42. Miscellaneous esqperiments. Fringes with mercury light— A few 

random experiments made with the sodium arc, in the presence and absence 
of the magnetic field, showed no results; nor was this to be expected, as a 
reasonably strong field would blow out the arc. Again, the insertion of a 
glass comx)ensator, 0.7 cm. thick, in one of the component beams, developed no 
maximum on rotating the compensator about a vertical axis. Thus with reflect- 
ing gratings the peculiar behavior of the transmitting grating, showing a maxi- 
mum on either side of a symmetrical minimum (§36, 37), is not reproduced. 
The effect of rotating the first reflecting grating (7 on a vertical axis is only 
to throw the sodium light out of one side or the other of the (superposed) 
slit images. No available means of enlarging the fringes indefinitely was 
found. It is probable that this would require fine adjustment for symmetry. 
The field of interference, as a whole, is within a spot-like area which may be 
moved up and down, or right and left, by the vertical and horizontal adjust- 
ment screws on the mirror M. Coincidence at the two sides of the slit favor 
different interferences. The case is alwa3rs as if , at a single point of the field 
only, there were actual coincidence, and that the interference pattern is 
grouped closely around it. 
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With the use of an ordinary glass mercury lamp (37 storage cells, 5 amperes) 
the firinges are found with difficulty when the beam at the first grating is 
wide. On using a vertical blade of light the definition was improved. The 
fringes are faint, very susceptible to motion, and at times even absent. They 
occur, however, as a single set, as was anticipated, showing that the above 
dupUcated fringes are actually due to the two sodium lines. The mercury 
fringes are easily rotated and pass through a horizontal maximum with fore- 
and-aft motion. Rotating G about a normal axis may further increase this 
maximum size to a limit at which the fringes appear irregular or sinuous. A 
displacement of the mirror M over 0.7 cm. was easily permissible, without 
destro3ang the fringes. They occur, as above stated, within a certain adjusted 
spot area of the field of view. An attempt was again made to detect a 2ieeman 
effect by placing the poles of an electromagnet on the two sides of the lamp; 
but here again no difference was discernible on opening and closing the electric 
circuit. The field, however, for incidental reasons, could not be made stroi^ 
enough for a critical experiment. 

43. Inferences. — ^After these experiments (made with the apparatus fiigure 
57, free from glass plates and depending on reflections only) the cause of the 
phenomenon is no longer obscure. Obviously one of the paired grids in fiigure 
66 or 67 belongs to each sodium line. The retardation of one phenomenon, 
rotationally, as compared with the other, is due to the difference in wave- 
length between Di and Dt, The phase-difference between numbers 4 and 6 
(fig. 67) is thus equivalent to 6 Angstrom units. If the displacement of G' 
is about 0.3 cm., there should be about 0.5 mm. displacement, fore and aft, 
for I Angstr6m unit. If the grating, G\ is on a micrometer, this should be a 
fairly sensitive method of detecting small differences of wave-length, or give 
evidence of doublets lying close together. The sensitiveness clearly increases 
with the length of path of the component ra3rs and may thus be increased. 

With this definite understanding of the phenomenon, it is desirable to deduce 
the equations, which in the occurrence of parallel rays would not differ essen- 
tially from those of Chapter II or III. It is useful, however, to treat the new 
case of crossed rays. In figure 69 the angles of diffraction are di and Ot, if the 
incidence of light, L, is normal at G and at an angle u at G\ G and G' being 
parallel. The mirrors are set S3rmmetrically at angles 0*1 and aa to the normal 
in question, and the diffracted rays are reflected at angles ai/2 and aa/a, 
respectively. The reflected rays cross the normal at an angle ff. Then 

sin 0i—\/Di sin ^i«X/I>s— sin tj 

where Di and Di are the grating constants. From the figure 

ai/2 = ^i+<ri— 90*^ aj/2 = ^1+0-1— 90° ^i-ax+jS h-oti+fi 

From these equations, 

Disini=JD2 sin (2^2+2<rj+i3)— Z?! sin ( ) 

If Di^Di, then $1^6%, 0-1=0^2, and therefore *2 = o. 
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Thus the relations are quite complicated, but if I?i=Z)i, or the gratings 
have the same constant, rays of all wave-lengths should, after double diffrac- 
tion, issue normally to the grating G', and the arrangement is therefore 
achromatic. If Di is not quite the same as Z>t, but nearly so, an adjustment 
of a would probably meet the case approximately. If the original incidence is 
at an angle t'l, Di sin »i would have to be subtracted from the first member, 
but the diffractions would now differ on the two sides of the apparatus. 

The relations of the rotations of the striations of Di and Dt light to 
the fore-and-aft motion is next to be considered. It will be convenient to 
make use of figure 68 for this pur- 
pose, the notation being the same 
as in figure 69. The two rays, i 
and 2 (Pi and Dii, have both 
been introduced, and the position 
of G^ is such that the Dt rays 
intersect in its face and are dif- 
fracted into Tt. In such a case 
the ccmibined pencil is divergent, 
Z>i rays will undergo an earlier 
intersection, and consequently be 
separately diffracted into T\ and 
T't. Hence Pi and Pj are diSerraitly circumstanced in relation to the fto*- 
and-aft motion, and the rotation produced will thus be advanced in one 
case, as onnpared with the other, lot the reason discussed in Chapter III, 
paragraph 36. It is also clear that the difference of phase in the two rotations 
will be greater, as the total path of rays between G and G' is greater, so that 
the large distances used in the present experiments (nearly 3 meters) account 
fen- the astonishing sensitiveness of the phase of rotation to the wave-length 
difference. In fact, D^ will be in the same phase as Pi, if the grating is moved 
forward from G' to g', figure 68, since in both cases the rays intersect in the 
normal. Hence if fi is the total path GmNG', and if the angle of dispersion 
between Pi and Dt is dO, Sj the angle of diffraction at G', and k the displace- 
ment from G' to gf, D the grating space. 





In the given adjustment, roughly, 
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As the resolving power is, roughly, h/R, and if A =■ 0.003 cm. is still appredable, 

3X10* 

i.e., lines i/ioo of the distanoe apart of the soditim lines should be rotationally 
separated. 

Again, the displacement, fore and aft, between like rotational phases of 
Di and Dt should be about 3 mm., and this agrees fairly well with the order 
of values found. 

The case of the transmitting grating (fig. 59) is thus also elucidated, though 
it is not clear to me why the duplication of fringes is so efficiently concealed 
in the nodular forms observed. The reason for the mintTniiTn of size, for the 
symmetrical position i » o, and the two maxima for oblique positions of the 
grating (t» 1^20^ about), suggests an explanation similar to that given in 
Chapter II. In other words, in the oblique position the short path-length 
is compensated by the increased thickness resulting from the greater obliquity 
of grating, whereas the long path-ra3rs traverse the plate of the grating more 
nearly normally. In this way the path-difference is reduced as compared 
with the symmetrical position, and the fringes are therefore larger. The 
oblique grating acts as a compensator in both of the component beams, and the 
fringes may be visible, even if in the original position (fig. 59) they are all but 
invisible. If, however, the apparatus (fig. 57) is used with a plate-glass com- 
pensator symmetrical at c, there are no maxima or minima for any obliquity. 
Hence the tentative explanation for the case of figure 59 is not warranted. 

The fore-and-aft motion of the plate grating (fig. 59) produces no effect, 
since the rays are reflected back so as to retrace their paths. They are also 
reflected between parallel mirrors N, m and «, Af . Thus the path-difference 
is not modified. The result is merely a decrease of the distance M , AT, and a 
corresponding increase of m, «, and vice versa. 

The marked effects produced by rotating the transmitting grating around a 
normal axis, finally, follow the explanations given for the rotation of fringes 
of non-reversed spectra in Chapter III, paragraphs 25 and 26. 

In conclusion, an interesting application of the apparatus (fig. 56) or the 
other similar types may be suggested. By half-silvering the mirrors and pro- 
viding a similar opaque set beyond them, there should be no difficulty (in 
the case of homogeneous light) of bringing the interferences due to crossed rays, 
c, and to parallel rays, a'b\ into the field of the telescope together. Strictly 
homogeneous light (mercury arc) would be needed to obviate the duplication 
of the sodium arc. In such a case, therefore, the parallel fringes could be used 
after the manner of a vernier on the crossed fringes, with a view to a repetition 
of the experiment of Michelson and Morley, if this experiment had not been 
so thoroughly carried out by the original investigators. However, the plan 
would be to rotate the apparatus, as a whole, so that the two crossed rays 
would be alternately in and at right angles to the earth's motion, whereas the 
two parallel rays wotdd preserve the same relation to that motion. Naturally, 
the parallel and crossed paths would in such a case have to be lengthened by 
multiple reflections. 



CHAPTER VI. 



SPBCTRA OCCUIUaNG IN COKlfECTION WITH THE DIFFRAC- 
TIONS OF REFLECTING GRATINGS. 

44, Introductory. — ^Throughout the preceding work I had noticed that 
the spectrum due to either of the component beams, after successive reflection 
from two reflecting gratings, was often regularly furrowed by transverse 
black bands, before the two spectra were brought to interfere. As these 
fringes are stationary, they do not modify the phenomenon investigated; but 
questions now arise as to whence these reflected fringes of a single beam come. 
They are not strong, as a rule, and I was therefore inclined to attribute them 
to some imperfection of the silvering of the opaque mirrors, but this proved 
not to be the case, so that it seemed worth while to examine them by special 
experiments. 

45. Apparatus. — ^The apparatus for this purpose, as one beam only is 
wanted, is quite shnple. In figure 70, L is a vertical blade of parallel rays of 
white light from a collimator and slit. These rays impinge on the plane grat- 
ing G, whence the orders 1,2, 

3,etc.,ofspectraarereflected. ^ i y ^' 

Either of these pencils maybe 
received by the second grat- 
ing C, plane or concave, from 
which spectra of any order 
are available. If o denotes the ^« 
reflected pencils, the groups 
from two gratings may be dis- 
tinguished as (3, i), (3, o), 
(3. — i). (3. -2), etc., as in 
the figure. Any of these two 
different pencils is to be examined at T by a lens or telescope, for instance, 
and the latter (with strengthened objective where needed) is more convenient, 
even when the concave grating is used. A wide slit 5, revolvable about G, 
is often useful for screening off spectra or parts of spectra. In some experi- 
ments the grating G' may be replaced by an opaque mirror. 

The gratings are provided with the usual adjustments for parallelism of 
rulings and slit. C and T must be capable of considerable right-and-left 
motion, and G, in particular, of controllable fore-and-aft motion. 

46« Scattering. — An interesting result of this work is the evidence and 
spectroscopic quality of scattered rays, incidentally encountered. For instance 
in figure 70, if the slit 5 is narrow, it cuts off all the rays but the orange yellow 
of the third order, and the reflected spectra (3, i), (3, — i), etc., wiU largely 
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consist of orange*yellow light. Associated with each of these reddish-yellow 
patches, however, are vividly violet-blue patches, each separated from the 
reddish yellow by an almost total absence of green, relatively speaking. If 
the light is very intense, the connecting part of the spectrum also appears, 
but it is always far less vivid than the ends of the spectrum in question. 

Inasmuch as all violet radiation proper has been screened off at 5, it is 
obvious that violet light must have been scattered in aU directions from G, 
a part of which, therefore, passes the slit and is resolved by the second grating 
G\ Moreover, as the scattering lines of the grating are equidistant, the 
scattered light has a regular wave-front. (Cf . Cam. Inst. Wash. Pub. No. 
229, 1915, pp. 100—102.) 

The correlative experiment of detecting the reddish light transmitted after 
scattering was also tested. For this purpose the reflecting grating G may be 
replaced by a transmitting grating, slit 5 placed beyond, and the Ught then 
analyzed by a second grating G' behind the slit and diffracting toward it on 
one side. But no results of value were obtained. 

47. PringM with white Ught— The experiments with the apparatus (fig. 70) 
were conunenced with sunlight and (what is essential) a fine slit. Fringes 
are found in all combinations of doubly diffracted pencils (3, -|-i)> (3* —1)1 
(3, —2), etc.; (2, i), (2, — i), etc.; (i, — i), (i, i), etc., but none in the 
reflected pencils (3, o), (2, o), (i, o), etc., as a rule. Whether the grating G' 
be concave or plane, it is best to tise a telescope at T, becatise (when provided 
at the objective with an auxiliary concave or a convex lens) it more easily 
offers a wide range of observation along its axis than an ocular. The latter 
must be wide and has to be shifted bodily; but both methods were used. A 
concave grating at G and plane grating at G' gave no results. The concave 
grating is usually more free from channeled spectra. 

Of the great variety of fringes obtained, I shall give only two typical 
examples. The second order of spectra for G (plane) was separated from the 
others by the slit S and diffracted into G' (fig. 70). The successive fringes 
appear as the ocular is drawn outward from the principal focus. 

Combination G2, G'o : Only a good sodium doublet, which became washed 
on drawing out the ocular of T, was obtained; no fringes appeared. 

(Combination G2, G'—i: Just outward from the principal focus a large, 
coarse, irregular set of fringes appeared; next (ocular farther out) a large 
regular set, somewhat diffuse, possibly double and superposed; then a finer, 
half-size, very regular set, possibly decreasing. After this the mottled sur- 
faces of the gratings were successively in focus. A weak spectacle lens was 
now added to the objective of T, whereupon very large regular fringes were 
seen when the ocular was far out. 

Combination G2, C— 2 : The ocular moving outward from the principal 
focus, the fringes seen in succession were as follows: large, regular, vague; 
half-size sharp; surfaces vertically striated; (lens on) fine regular set in red; 
doubled regular set in green. 
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Combixiation Ca, G— 3 : Pine set jtist before the surfaces appeared, which 
were delicately striated; fine regular set; coarse set, both dose to surface; 
(with lens on) fine r^tdar set; doubled, strong regular set. 

Different distances between G and G' had very little influence on the size 
of the phenomena. A few examples may be given, which are observed when 
the ocular is moved outward. 

G*3, Gi: Distance 10 cm. — ^Fringes, faint regular; strong irregidar; faint 
r^ular; flat field; surfaces visible; faint r^fular. 

Distance 35 cm. — Strong irregular; faint regular; small regular; large 
(double) irregular; lines slit into fine fringes; large faint r^fular. 

Distance 46 cm. — Large strong, with two absorption bands; fine regular; 
double-sized faint ; surfaces with fine striations ; alternations of fine and coarse 
lines; faint, regular, large, etc. 

Fringes of different color are often in different focal planes. When a lens 
is used with the concave grating, observations must sometimes be made 2 
meters off to get the large regular fringes. Red fringes may be narrower than 
the corresponding violet set. 

If the grating G is moved fore and aft, parallel to itself, the fringes are 
shifted across the stationary sodium line, as in displacement interferometry. 

Whereas in the positive combination (3, i), (3, 3), etc., the spectra widen, 
they tend to dose up for the n^;ative combinations (3, — i), (3, —2), etc. 
With two identical plate gratings they may image the white slit. But this 
seems to have little effect on the fringes seen as a whole when the ocular is 
out of focus. 

When white light is used and the grating G' replaced by an opaque mirror, 
or in case of combinations which involve direct reflection (2, o; 3, o; etc.) at 
(?', there seem to be no fringes. 



48. Fringes wtth sodium light — ^While there is some difficulty in obtaining 
the fringes with white light, fringes with homogeneous light are obtained at 
once, provided the light is suffidently intense. A sodium arc lamp, or a 
mercury lamp, with a fine slit, must therefore be used. In this case, moreover, 
the grating G' may often be replaced by an opaque mirror, or the fringes of 
the order G2G0, ^2^0, etc., may be produced with entire success. On moving 
G fore and aft, they again travel across the sodium line. Often, in fact, two 
sets of fringes seem to be shifted. A few examples again may be given of 
the great variety in this display while the ocular is bdng drawn out: 

(r I , C — 2 : Sodium lines D\Dt single size ; large strong fringes, lines split. 

GiyG'—i: Closed spectrum; striations continuous. 

d, G'o\ Reflection; D\Dt single size; surfaces of gratings findy 

striated, 
d, G'l : DiDt double size; strong grid seen very near the surface of G', 
(ri, G'2'. DiDt treble size, out of reach. 
G*2, G'o\ Reflection; no fringes. 
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G2, G'— I : Distance 13 cm. — Coarse irregular; with kos fine regular 

set, near and beyond the surfaces. 
G2, G'^i\ Distance 45 cm. — Surfaces with doubled fine striatioas; 

with lens finally strong and r^ular. 
G2, G'^ii Distance 60 cm* — R^ular faint; irr^^ular double, very 

strong; surfaces striated; with lens strong double irregular; 

finally r^ular small. 
Gi, G'l : Regular; r^:ular line spUt; irregular coarse; sur&ces finely 

striated, G coarser; fringes grow continually larger without 

vanishing. 

On moving G fore and aft, two grids seem to travel through each other in 
opposite directions. This probably accounts for the occurrence of irregular 
fringes. The size of fringes seems to be a minimum for a conjugate focus 
near the surfaces. The whole phenomenon is continuous. Irregular fringes, 
probably superpositions, become regular in other focal planes. 

6*3, G'2 : About the same; minimum size at the sur&ces, increasing 
about three times as the ocular is drawn either way. 

Gi, G'o\ also (r3, mirror: About the same results, only brighter and 
better. Hence in case (tf large dispersion two gratings are not 
needed. The two sodium lines, when the ocular is drawn out 
of focus, multiply themselves at regular intervals, so that the 
grids are sometimes distinct, sometimes partially superposed. 
Thus the classic difEraction phenomena of a slit suggest them- 
selves as the starting-point for an explanation of the present 
phenomena as a whole. 

^3> G'o, produced alternately with sodium light and sunHght, showed 
the same sequence of fringes (the large ones with a tendency 
to split) in the former case, while nothing appeared in the case 
of white light. 

49. Qrating on a spectrometer.— It seemed necessary, therefore, to con- 
sider the diffraction of a fine slit, when seen in the telescope, somewhat in 
detail. In Chapter III the production of beautiful Ftesnellian interferences 
from two identical slit images and homogeneous light was demonstrated; but 
an equally dear manifestation of the diffraction of a slit image, when the 
ocular is out of focus, does not seem to occur. The broad image of the slit 
out of focus shows a stringy structure only, but no separation is easily obtain- 
able. Fringes, as such, are quite absent when the ocular is drawn out. 

The light of the sodium arc was now passed through a very fine slit and 
collimator and reflected from a plate grating. The above intermittentiy 
regular and irregular fringes were strikingly obtained with the ocular out of 
focus. As this is successively more and more drawn out, fine lines become 
coarser, and then seem to subdivide, giving the structure a fluted appear- 
ance, frequentiy regular. There is, in other words, a double periodicity. In 
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the case of highly cli£Eractmg grating (D^ic^X 175), the results appear best 
in the second order. 

The same beautifully duplicated fringes were obtained with a transmitting 
film giatii^ of about tiie same dispersion, particularly well in the first order. 

The sodium flame gives too little light for the present purposes, but the 

<_ . _,,--— - • 

p nejiw n I lenoc is socn. 

Believing that some irr^;ularity might be introduced by the double-fiodium 
line, I installed a mercury lamp for comparison. In the first experiment a 
film grating (i7» 173X10*^) was used, the ocular traveling outward from the 
principal focus. Both the green and the double yellow mercury lines enlarged 
and showed fringes of increasing size and number together. The green field 
had a darker band, the yellow a bright band in the middle. As tiie fringes 
enlarged, each split up into secondary fringes, 4 or 5 eventually, and this 
again occurred for both green and yellow fields. 

Rotating the grating around a vertical axis seemed to shift the primary 
fringes laterally over the stationary secondary fringes. A concave lens for 
posttions anterior to the principal focus and a convex 
lens for posterior positions (toward the eye) were 
successively added to increase the range of observa- 
tion. On both sides of the principal focal plane 
(fig. 71) fringes occur, which enlarge with the dis- 
tance X from that plane. As they enlarge, each fringe 
splits up into secondary fringes, which in turn enlarge. 
Sometimes the arrai^ement is irregular. Green and yellow fields may 
overlap, but they do not do so conformably. 

The undeviated ray, however fine the slit may be, merely shows a stringy 
field, sometimes st^esting structure, but never showing dear-cut fringes. 

The same kind oi results were obtained with a reflecting grating of about 
the same dispersive power. In the second order the fringes were particularly 
dear and regular. Primary fringes, finally, carried three to four secondary 
fringes each. 

Next, a ruled transmitting gratii^ of less dispersive power (grating constant 
353 X io~^ cm.) was adjusted for niercury light. Here in the undeviated ray 
and in the first order no clearly separated fringes were obtained. Inthesecond 
and third orders, however, they were very perfect, and followed the above 
rules, showing sharp secondary fringes. 

It follows, therefore, that a certain degree of dispersion is needed to resolve 
the fringes, which is inadequate in amount in the order zero, in this case, 
and scarcdy so in the first order. In the higher orders the conditions are met. 
Using a very fine slit, however, I later just succeeded in separating the fringes 
in the first order. 

Finally, I returned to the endeavor of detecting difEraction fringes in the 
undeviated image, using a micrometer dit, a good achromatic lens (or no lens), 
and a distant (2 meters), moderatdy strong tdescope. In this case separated 
and distinct diflEraction fringes, white throughout, were undoubtedly obtained. 
They moved with the eye so as rardy to be stationary and in the same direc- 
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tion if the ocular is drawn out, or the reverse if it is thrust in. On dose 
examination two sets, in different focal planes, seemed to be present, one 
stationary and the other moving as described, and accoonting for the observed 
pronounced parallax. Suggestions of movable frix^^es accompanying the 
stationary are also present when the latter are produced by the grating. In 
this case the stationary fringes are strong; in the case of simple diffraction the 
movable fringes are more prominent. 

50. Infereiices. — There can be no doubt that the great variety of chan- 
neled spectra obtained, when white light is successively diffracted by two 
gratings, is referable to the fringes obtained in the diffraction of homogeneous 
light, observed outside the principal focal plane, on a spectrometer. In other 
words, if light of a given pure color (sodium, mercury) is used, a single grating 
suffices. Each line of the spectrum is resolved into well-defined groups of 
fringes, if it is observed either in front of or behind the principal focal plane. 
The arrangement of fringes varies in marked degree with the distance of the 
plane observed from the latter (x, fig. 71). If reflecting gratings are used, 
there is no other possible source of interferences; but reflecting and transmit- 
ting gratings show the phenomenon equally well. 

After finding how easily the Fresnellian interferences of two virtual slits 
could be reproduced in the telescope (Chapter III) and observed on either 
side of (before or behind) the sharp images, it seemed reasonable to suppose 
that the diffraction of a slit could also be produced and exhibited in this way; 
but the availability of this anticipation is attended with much greater diffi- 
culty. The image of a very distant slit does indeed show separated diffraction 
fringes on either side of the principal focal plane in the observing telescope. 
But they move right and left with the eye, in the same direction if the ocular 
is drawn outward from the principal focal plane, and in the direction opposite 
to the eye if the ocular is thrust in. Hence, in this respect, the fringes do not 
at once recall the phenomena imder consideration. Usually the blurred image, 
out of focus, is stringy, without definite structure. It is resolved in a single 
focal plane only. 

To obtain sharp stationary fringes from an image of the slit, this image must 
be produced by the diffraction of a grating having a dispersing power above a 
certain minimum. Thus in a grating of about 7,000 lines to the inch the tm- 
deviated slit image and the image of the first order are not clearly resolved, 
unless the slit is very fine. In the second and higher orders, however, the res- 
olution is very pronounced and the fringes stationary. 

The resolution of fringes is eqtially manifest in front of or behind the prin- 
cipal focal plane, so that if a weak convex lens is added to the objective of the 
telescope, the succession of fringes is fotmd with an outgoing ocular; if a weak 
concave lens is added to the objective, the succession is found with an ingoing 
ocular, starting in each case near the principal focus. As the fringes increase 
in size they in turn subdivide, sometimes irregidarly, as if each fringe were a 
new sUt image, capable of undergoing secondary diffraction. Beyond these 
secondary fringes no further resolution was detected. 
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Returning to the work with two successive gratings and white light, the 
dianneled spectra obtained are too complicated for concise description. A 
very interesting result, however, is the passage of the fringes across the sta- 
tionary sodium line, when the first grating G is moved fore and aft in a direc- 
tion normal to its plane. The region of the D line is thus alternately dark and 
bright. The direction of these rays remains unaltered while the illumined strip 
is shifted horizontally across the ruled space (fig. 70) of the second grating. 
Usually it is difficult to see the D line in the focal plane of the fringes. When 
homogeneous light is used this fiducial mark is necessarily absent and the 
cross-hairs of the ocular must be supposed to replace it. The shift of the 
fringes is then equally obvious, and sometimes (sodium light) different groups 
seem to travel in opposite directions while the grating G moves in one direction. 
In case of homogeneous light and two gratings, moreover, the fringes seem to 
be of minimum size in the conjugate focal plane of the gratings. They 
increase in size and in turn spUt up in focal planes before and behind this. 

An insight into these occurrences was finally obtained in observation with 
homogeneous light in the spectrometer by shifting the grating (transmitting) 
in its own plane, right and left. The fringes in such a case move bodily across 
the field of the telescope, new groups entering on one side for those which 
leave on the other. These fringes, even if quite distinct, are differently 
arranged in coarse and fine series and are frequently accompanied by dark or 
bright bands. This probably also accounts for the effect of the fore-and-aft 
motion of the grating, mentioned above. Moreover, it would be interesting 
to search for repetitions of given groups of fringes while the grating is being 
shifted parallel to itself, from end to end, as this might indicate the residual 
imperfections of the screw with which the grating was ruled. If the ocular is 
drawn and set outward from the principal focal plane (at which the slit image 
is quite sharp) into a different position, the fringes move in a direction opposite 
to the grating. If the ocular is set inward from the principal focal plane, they 
move in the same direction as the grating. This would not be unexpected ; but 
secondary fringes or something else in the field seem to remain stationary. 
Successive fields may be quite different as to arrangement of fine and coarse 
lines, but all plane gratings exhibit the same phenomena. Thus it is obvious 
that the fringes of the present paper result from a residual irregularity in the 
rulings of the grating. Micrometrically, the successive strips of a slit image, 
however fine, are of unequal intensity. Between these there is diffraction, as 
may be tested by examining the dear glass at the edge of the ruled space. 

To attempt a theory of these phenomena seems premature; but it is obvious 
that in the otherwise indistinguishable images of a sUt in homogeneous light, 
however sharp or however narrow, the nature of its origin still persists and 
may be detected by observations outside of the principal focal plane. A fine 
slit is in all cases presupposed, and all the phenomena vanish for a wide slit. 
On the other hand, the width of the pencils of parallel rays may be far greater 
than is necessary to show the strong Pratmhofer lines, if indeed there is any 
limitation to this width. 
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PUSMATIC LONG-DISTANCB METHODS m RBVKRSBD AND NON-REVBRSSD 

SPBCtBXJM UrnCBJFEBOUSTKT. 

51. Purpoee. — It is preJtminarily the object of the present paper to emmaine 
a variety ot new methods for the production of interferences with spectra, 
with a view to the selection of as simple a design as possible for practical pur- 
poses. Some interesting differences appear in the results, so that the sim- 
plicity of construction does not necessarily recommend the apparatus for use. 

In the second place, the endeavor will be made to assemble appurtenances 
in such a way that the extremely mobile phenomena may be tmder control, 
even in a moderately agitated laboratory. In case of the early interferometer 
experiments, the interferences disappeared on merely touching the apparatus, 
and are rarely or never at rest; whereas it is, of course, necessary that they 
should remain visible while the micrometer is being moved. These experi- 
ments are now nearly completed, but will preferably be described in a sucoeed- 
ing report. 



52. Methods and apparatus. — Some prismatic methods were tested in the 
earlier volume, but not developed; for the plan of using a transmitting grating 
twice, or two gratings in succesaon, seemed to contain greater promise. The 
prism method is, however, more shn- 
ple than any of the others and there- 
fore deserving of special study. 

In figure 7a the large right-angled ^^ 
prism P, with its faces silvered, re- 
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ceives the pencil of parallel white 
rays, L, on its orthogonal faces and 
reflects them to the plane opaque 
nairrors n and m. From here the rays 
are further reflected, either nearly in 
parallel, as in the figure, or crossed, 
as at c, c', to the remote opaque 
mirrors N and M, which in turn re* 
fleet them to the plane or concave 
gratingG^. If the rays converge at the 
appropriate angle of diffraction, $, a 
selected color will be diffracted in the direction of the normal to G in each 
case. If the two paths are nearly equal, these rays will therefore interfere 
in the axis GT and the results may be observed by a telescope or a lens at T. 
In my apparatus the distances mM and nN were of the order of 2 meters. 
In consequence of the three successive reflections, it is somewhat difiScult to 
102 
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obtain spectrum lines normal to the axis of the spectrum, so that if the latter 
ere superposed the lines will be at an angle. But if this is small, it does not 
seriously interfere with the occurrence of fringes, as they extend from top 
to bottom of the spectrum. 

The appearance in general is of the linear character heretofore described. 
They pass symmetrically from extreme fineness, through a maximtim size, to 
fineness again, with the fore-and-aft motion of the grating G, and they usually 
rotate near the maximum. 

If the mirror M is displaced nearly in a direction normal to itself, on a 
micrometer, the fringes undergo the same evolution, and in this respect differ 
from the case where the primary differentiator, P, was also a grating. In 
this case the displacement of M showed no discernible modifications of the 
size or character of the fringe pattern. The fringes merely moved. In figure 
72 the effect of moving G or M fore and aft is similar, since it throws the 
point of convergence of the rays NG and MG in front of or behind the grating. 
The result is therefore different when white light impinges on G from what it 
is when the lig^t is already nearly homogeneous. 

The limit of visibility is also inferior to tiie double-grating method heretofore 
used, for the fringes passed between the limits of visibility through the maxi- 
mum size, for a displacement of Af of only about 3 mm. Smaller ranges 
mayoccur. OnUmitingtheinddentbeamatLtoabreadthof about 0.5 cm., 
the fringes became much broader and relatively intense. 

There is, of course, an abundance of light, so that the screening of the 
incident beam is not disadvantageous. In this case, when the fore-and-^t 
position (illuminated strips on the grating coincide, as in figure 73) and the 
position of the grating relative to its normal axis were carefully adjusted, 
large arrow-headed fringes, as in figure 73, were obtained, usually less dosely 
padced vertically. Apart from tremors, these move slowly up and down 
(breathing), as a result, no doubt, of dianges of temperature in the air- 
paths. A mica film inserted into one beam and sbwly rotated produced 
similar motion, besides introducing its own grid of vertical and parallel fringes. 
The reason for the occurrence of these arrows is not quite dear to me, though 
they are associated with horizontal fringes and homogeneous light, the doubly 
iufiected forms bdongii^ to indined fringes and homogeneous light. 

In the endeavor to reproduce these fringes with the sodium arc, I failed 
after long trials. The reason may be sought in the fiidcer of the arc, whereby 
the beam passes from one side to the other of the edge of the prism P, but it 
is probably due to the inadmissibility of a wide slit. 

53. The same. Crossed rays. — The present method, uiang four mirrors, 
has, neverthdess, the advantage of admitting the use of dther paralld or 
crossed rays. Inasmudi as these rays are white until they leave the grating, 
the method is interesting. On being tested it showed the same peculiarities 
as the preceding. The crossed rays (cc', figure 7a) are more nearly normal 
to the mirrors Af and N; neverthdess the range within which the interfer- 
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ences are visible is not above 2 mm. oi displacement of Af . The fringes may, 
as tisual, be made as large as possible, by first superposing the two illuminated 
strips on the grating G (by fore-and-aft motion) and then rotating the grating 
on an axis normal to its face until the best conditions appear. Both spectra 
are very bright, but liable to be in difEerent focal planes from inadequate 
{^aneness of the reflecting system. If work of precision is aimed at, this con- 
dition is of foremost importance. 

54, Another method. — If the opporttmity of using crossed pencils of white 
light is to be dispensed with, the prism method may be simplified, as shown 
in figure 74. Here P is a prism with silvered sides and a prism angle of less 
than 30^. It receives horizontal white rays L from a collimator, which, after 
reflection from the opaque nodr- ^ 

rors M and N, impinge on the «* 

grating G, plane or concave, and 
are observed at T by a telescope 
or lens. 

If ^ is the prism angle and B 
the angle of diffraction, it is 
easily seen that the angle be- 
tween the rays reflected at M 
orNis 

Hence, if P is a 30** prism, the 
observations can be made only 
in the second-order spectra. If c/* ^. ^ 

observations in the first order • ^ J^i-.. 

are desired because of the greater illumination, ip must be less than 20^, as a 
rule, for a grating of about 15,000 lines to the inch. The mirrors M and N 
make an angle of c/2 ^ {ifi+6)/2 with the line MN, 

The first experiments were made with a 30° prism and second-order spectra 
from a concave grating (D=i77Xio-* cm.). Sunlight was used. The two 
superposed spectra were magnificent, with abundance of light and high disper- 
sion; but the spectra were of xmequal intensity and in different focal planes, 
so much so that the images of the guiding horizontal thread of the spectra 
could scarcely be seen together. This made the adjustment for coincident 
longitudinal axes very diflicult, and the interferences were not foxmd tmtil after 
long trial. The reason for this is the probable concavity or convexity of one 
or more of the reflecting surfaces. Another difliculty was the distance apart 
of the mirrors M and N (roughly, 150 cm. for a distance of about 2 meters 
from P to r), so that it was inconvenient to observe and actuate the mirror 
micrometer at M, Further attempt at improvement was therefore abandoned. 

This prism was now replaced by one of less angle than ^b2o^, also well 
silvered. In the first experiments the adjustment did not admit of a coinci- 
dence of light, except near the C line of the red; but M saxdN were now less 
than 90 cm. apart, while the distance between G and T was about 1 10 cm., and 
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between GoxiAP about lo cm. In this case the focal planes were nearly iden- 
tical and the interferences easily found in the red region between the two C 
lines. They appeared as small red pearls, very vivid on limiting the lateral 
extent of the pencil L to about 5 mm., but, to my astonishment, they very 
soon vanished on displacing Af in a direction normal to itself i or 2 mm. 

55. Methods using prismatic dispersion. — ^The small range of displace- 
ment available in the prismatic reflection methods induced me to devise 
corresponding refraction methods, to see whether these would show any 
advantage in this respect. Accordingly the interferometer (fig. 75) was in- 
stalled and the fringes fotmd without much difficulty. Here P is the symmet- 
rical prism, receiving the coUimated beam of incident white light on the faces 
meeting at the obttise edge and refracting them in relation to the smaller 
prism angle tp. This must be less than 45**, for convenience in observation, 
as otherwise the dispersed beams meeting the opaque mirrors M and N will 





be too far apart for manipulation, supposing, of course, that the distance 
PM and PN are over a meter. I used an equilateral 90** prism for want of a 
better. The spectra reflected from M and N respectively impinge on the 
grating (?, concave or plane, and are viewed at T with a lens or telescope. 
In consequence of the large angle B, second-order spectra were used, without 
apparent disadvantage. The dispersion of P and G being summational, the 
total is very large. 

To return to the angles again, if ^ denotes the obtuse prism angle, and r the 
angle of refraction, the angle of incidence is 90°— 0/2, or 

(i) cos^/2=/isinf 

Again, 

(2) sin t' = /i cos (^/2 +r) 

when i' is the angle of emergence. Hence 

sin i' = cos 0/2(\/m*— cos* ^/2 — sin ^/2) 
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K^«9o**, then ant— (i/a)(\/aM*—x — i). Thus ifM«"i.SSi then an f'»o.47S, 
and i'—28.4^ Now» anoe i+6^d, the angle $ will obviously have to be in 
the seoond order of the spectra of the grating G. 

Although the two spectra obtained in this way were highly dispersed and 
very brilliant, the interference phenomenon itself was not much superior to 
the case where reflection from the Oalvered) faces of the prism was employed. 
The fringes disappeared, in fact, for a displacement of i or 2 mm. of the mirror 
M , showing the usual inflation of form just before vanishing. The details 
also were of the same nature, the large arrow-shaped forms being obtained 
when illuminated strips on the grating were superposed and the latter slightly 
rotated until the maTimal conditions appeared. 

To increase the range, the angle S must be reduced, as far as practicable. 
This is possible in the present method, since the pdnts of intersection at a 
and G may be made to all but coincide. Reflection from the mirrors M and 
N would then be normal. To attain this end it will be necessary either to 
have the grating constant or the prism angle ^ predetermined, or to use rays 
of suitable divergence at L. 

56. Methods with paired prisms.— White light (fig. 76, L) from a collimator 
is reflected in turn from the silvered sides of the sharp prism P, from the 
opaque mirrors M and N, and from the silvered blunt prism P\ as shown by 
the component beams a6c and a'bV. Thereafter the white beams are diffracted 
by an Ives film grating G, with attached prism p, and observed in a telescope 
at r. Interference, therefore, takes place in the focal plane of the telescope 
and would not (for the case in fig. 76) occur in its absence. Very interesting 
results were obtained with this apparatus. The spectra are non-reversed or 
else {}£ sUt and grating are rotated 90^) inverted. The work, however, is 
stiU in progress and will be described elsewhere. I will merely add, in this 
place, that the work with prisms is important, inasmuch as it shows the essen- 
tial part played by the diffraction of the slit of the collimator, in its bearing 
on the phenomena of the present report. It is the function of the prism P to 
deave the diffracted field which leaves the coUimator. For this reason pencils 
identical in source are found on both sides of P. The experiments thus fur- 
nish the final link in the theory of the phenomena. 

Furthermore, as the above results already show, the range of displace- 
ment of either opaque mirror (M , N) within which interference fringes are 
visible, increases in marked degree with the dispersion to which the white ray 
is subjected on separation and before the resulting partial rays reach their 
final recombination. These ranges increase from a fraction of a millimeter 
to almost a centimeter, while the width of the strip of spectrum carrying 
the interference fringes, caet. par., remains the same. This also has a fun« 
damental bearing on the phenomenon and is under investigation. The ques- 
tion at issue is whether increase of range of displacement results simply 
from the geometry of the optic system, or whether wave-trains are actually 
uniform throughout greater lengths, in proportion as they have been more 
highly dispersed. 



CHAPTER VIII. 



THE LmEAR TYPE OF DISPLACEMElTr INTERFEKOMETBRS. 

57. Intnxliictoiy. — ^This apparatus will be referred to in various places in 
this book and presents certain interestii^ features. The incidence of the 
grating is normal (I=l?»o), and both component ra3rs in their vertical pro- 
jection lie strictly in the same plane. To make the horizontal projection also 
GoUinear is not quite possible in practice, because the direct or unreflected 
rays and the corresponding spectra would overlap with the spectra of the 
interferometer. As the former are much more intense, the interference pat- 
terns would scarcely be visible in the combination. To avoid this, the ra3rs 
diverge slightly (a few degrees, depending on the distance between grating 
and opaque mirrors) in a vertical plane. But this is of no consequence, as the 
horizontal projections only are used in the measurements. One may note, 
in passtog, that this avoidance of coincidence with undesirable spectra secured 
by tilting the gratii^ and the corresponding opaque mirror in the same 
direction is, in general, one of the essentials of the adjustments. 

The advantage of the linear displacement interferometer is this: that it 
can be built on a rail and mounted along a wall or a pier. If the rail is tubular, 
a current of water may be passed through it from the middle toward both 
ends, to insure constancy of temperature. 



5& Apparatus. — ^The apparatus was constructed as follows and gave good 
results at once, showing strong interferences. The ellipses were, in fact, 
oblate in the red, circular in the yellow, and prolate in the blues, but dear 
throc^hout. 




Light enters from an arc lamp, A, or Nemst burner, or the sun, at the slit 
5, and is coUimated by the lens L. Then the parallel rays pass the grating G 
with its ruled side toward L. From the grating the rdlected beam returns 
to the opaque mirror N, and is then reflected into the auxiliary or adjustment 
telescope, T. The component beam transmitted at G^ is reflected from the 
opaque mirror ilf , returned to the ruled side of G, and thus also reflected 
into T coinddently with the other beam. 
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Figure 77 shows that the entering undivided beam LG passes just 
above the mirror Af , and is reflected just below this from the top of N. 
Similarly, the reunited beam GT passes just above M, but is reflected from 
the top of Af , the object being to make the vertical angle at ^ as small 
as possible. 

The mirrors M and N and the grating G are on adjustable bases, a, a\ a', 
each controlled by three leveling screws on a plane-dot-slot arrangement in 
the tablets m, m^ m', the axis of rotation being horizontal and normal to the 
diagram. The tablets, furthermore, may be revolved and raised or lowered 
by the rods n, n\ n', which are attached by ordinary clamps to the large, 
tubular, horizontal rail, RR, in question, admitting of a circuit of water. The 
latter is secured to the pier. 

The angles of inclination of the figure are much exaggerated, since the dis- 
tance MG^GN (nearly) is from one-half to several meters in extent. 

The mirror Af is on a Praunhofer micrometer suggested at m. The bases, 
a, a^ a', are drawn to the tablets, m, m^ m', by firm springs, preferably run- 
ning into the tubes below them. 

The axis of the adjustment telescope, T, lies in the plane of the figure and 
serves the purpose of bringing the direct slit images into horizontal and vertical 
coinddenoe. When this is done it may be removed, if desirable, as the ray 
GT is not thereafter used. T should not be attached to the rail, but placed 
on an independent table, or standard, so as not to be an integrant part of the 
interferometer. The telescope, T (not shown), for the observation of the 
interferences, should be independently mounted on the same table. This tele- 
scope lies outside of the diagram, to the right or the left of it, to catch either 
of the two difiEraction spectra selected. It will be seen that these lie quite 
above the direct diffraction spectra of the ray LGM. Otherwise, as this is 
much more intense, it would completely wipe out the inter f er e nce spectra 
and their combination. The latter, when seen alone, are very brilliant, black 
and colored patterns, running through the spectrum when the micrometer, 
nt, is manipulated. If the distance GN is large and the grating G, as usual, 
slightly wedge-shaped, the superfluous rear reflection from G may be blotted 
out at A/" by a small screen. It is easily recognized, as it is brown from 
scattered light. 

The installation is simple. The parts being adjusted nearly S3rmmetrically, 
the imdivided ray from a wide slit is brought to the top of Af by raising or 
lowering the lamp. This should first be done roughly with the lens and sht 
removed. N has at the same time been placed just below the beam, and this 
passes through the middle part of G. The latter is then inclined by the adjust- 
ment screws until the component beam GN strikes the top of AT, symmetri- 
cally. Next N is inclined and rotated (vertical axis) until the reflected beam 
enters the telescope, T, Finally, Af is inclined and rotated (vertical axis) 
tmtil the reflected rays MG and GT also enter the telescope, the final sharp 
adjustment being made with a narrow slit and the eye at the telescope. 
The mirror M must also have a fine vertical adjustment (not shown). If the 
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distances NG (face toward the light) and MG are equal, the interferences 
are then easily found by moving the mirror M on the micrometer toward 
the grating. 

As compared with the other non-linear interferometeis used under like 
conditions, the present instrument, even when mounted on a K-inch gas- 
pipe, RR, showed itself remarkably steady, so that rings could be observed 
in spite dF the tremors of the hill on which the laboratory is built. 

59. Fiim^rating adjustment Mkhelson's interferometer. — If the grat- 
ii^ fr is a film grating, like those in the market, with 14,000 lines to the inch, 
it should be mounted smoothly on the unruled side, on a thick glass plate, 
with Canada balsam, and without a cover plate for the ruled side. It is to be 
adjusted with the glass side toward the source of light, so that the reflection 
tal^n may be from this side only (see r, fig. 78). In the telescope, T, directed 
toward the reflected beams, two slits (one for each component beam) only 
appear, as the glass plate does not reflect on the side covered by the grating 
(g in fig. 78). The slits placed in coincidence will then show the elliptic inter- 
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ferences in the difloacted beam D at the proper distances. With so large a 
dispersion as the above, the ellipses are usually too large. They should then 
be reduced in size by a compensator placed in the beam on the ruled side of 
the grating; or, preferably, the grating may be mounted on a plate of glass 
fully I cm. (or more) thick, as in figure 78. This thick plate has the additional 
advantage of eliminating the stationary interferences due to the front and 
rear faces of the grating. In case of thin glass plates {3 or 3 mm.), these 
stationary interferences are very strong, coarse, vertical lines and exceed- 
ingly annoying. 

If the film grating is carefully mounted in this way, it is nearly as good as 
a ruled grating. There is, however, one insuperable objection, inasmuch as 
the ruled face, though it does not reflect sharply, does diffract, and this more 
strongly than the other. Thus there are always 3 superposed spectra in 
the telescope, the third coming from the film side only, whereas the other two 
are produced by the rays coming coincidently from r on the luiruled side of 
the grating. Hence the velvety blackness of the interferences in case of the 
ruled gratings can not be reproduced by the film grating, since the interfer- 
ences are spread out on a colored ground. They are, however, quite strong 
enough for all practical purposes, and the lines are sharply and symmetrically 
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traced. A vertical wire a or 3 huil tUdc, placed symmetricaUy m front of 
the objective of the telescope, xnakes the interf eience relatively stroog aad 
sharp, by blotting out the third spectrum partially; but it at the same time 
diminishes the H^t available. A wide slit in front of the objective subserves 
the same purposes better. 

If the distance apart of the nmroni M and N and the grating G is large, it 
is best to dispense with At rail RR altogether, and to mount the mirrors and 
grating direcUy an ik$ pier cr wall. This has the additional advant^e of a 
large free space between M and GocG and AT, so that spacious apparatus like 
a fog-chamber may be independently mounted there. This was the case in 
the optic experiments on the thermal coefficients of the refraction of air, etc., 
below, where the distance between MG and GN was nearly 2 meters. In such 
a case, moreover, in addition to the usual three adjustment screws of the 
mirror M at the micrometer, it is desirable to have two others bearing on the 
rigid parts of the support, so that the final adjustment may be made elastically. 
By devising a tetrahedral plan of bracing Af , G, N, independent of each other, 
using short rods and clamping all parts on relatively short stems, I eventually 
obtained a mounting which was almost free from tremors, even amid the dis- 
turbances of the surrounding laboratory. In figure 79 one of these mount- 
ings is suggested: a and b are ^i-tDdi gas-pipes (about a foot long), sunk into 
the waU of the pier at their rear ends ; csi is a cross-rod (tf same size and material, 
damped in place, and supporting the grating (or a micrometer) G. The 
screw h abutting against the wall gives the horizontal elastic adjustment. 
The braces e and/, which may be adjusted by rotation (screw) abutting in g 
at the wall, give the grating vertical elastic adjustment. Thus h, e, and /, 
rotate G around vertical and horizontal axes, respectively. 

60. Michelson's interferences.— If the collimator, SL, is removed and 
replaced by a strong sodium flame provided with a condenser, Michelson's 
interferences will appear at T when the instrument is in adjustment. It is 
rather surprising that, even in case of a film grating adjusted as above, they 
are well-defined circles covering the whole field of the telescope. If the col- 
limator SL is retained and the sodium light introduced from the side by aid 
of a reflecting mirror, placed between the grating G and the coUimating lens 
L, both interferences may be observed at the same time in corresponding 
telescopes. The mirror introducing the homogeneous light should in such a 
case be provided with a dear space (silver removed), through wMdi the white 
beam, SL, may pass without obstruction. In a vertical plane the interferences 
have the same size and diaiacter at the sodium line. Horizontally the spec- 
trum interferences vary with the dispersion. 

If an apparatus constructed of gas-pipe is empbyed, however, it is far too 
frail for Uie practical use of the Michdson interferences. Vibrations within 
the apparatus are exdted on merdy toudiing it. For the purpose of displace- 
ment interferometry, however, sudi an apparatus is quite adequate; for the 
measurements are taken when the tremors have vanished. 
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61. Fflm cratiiig. Another adjiistmrat — ^The supemtmierary spectra may 
be gotten rid of altogether by using the method shown in figure 80. Here the 
imjnnging vertical sheet of white light, L, from the collimator, falls upon the 
dear or tmruled part f of the plate of the grating, the film extending out as 
far as shown at 6^. If M and iV are the opaque mirrors, the reflected rays a and 
b passing G are additionally reflected into a' and h\ and thence, after leaving 
the grating, into c and d. As both of the latter pass through the film, both 
produce spectra; but V and $ may be blotted out by a screen at the n:urTor 
AT. This leaves only d beyond the grating. Again, the transmitted ray from 
L, after reflection at M^ is again reflected into c and d\ which is made coinci- 
dent with d. But c, being reflected from the unruled side, has no spectrum. 
Thus the spectra due to the two rays d alone interfere. 

Had the grating been reversed, caet. par.y then the ray c would have pro- 
duced the strongest spectrum, and superposed on the other two it would 
have greatly diminished the clearness. 

In the telescope, whereas the ray a' prolonged is white, the ray d' from M 
and reflected from the film is strongly azure blue, due to regularly scattered 
light. This blue image is apt to be less sharp, unless very flat parts of the 
film are found. The two spectra, however, are good and the interferences 
satisfactory. The sodium line is sufficiently indicated, though, like the blue 
image, not quite sharp. 

This method of using the unruled edge of the plate of the grating for reflec- 
tion is, of course, equally applicable and advantageous in the case of the 
ruled grating. Only the two interfering spectra and no diffused light are 
present in the field of the telescope, and if sunlight is used the Fratmhofer 
lines are beautifully sharp. 

62. Equations. — ^The equations for NJe^ for normal incidence I=R^o, 
takes its simplest form as 

(i) Ne/e^n-Xdfi/dk^A+sB/W nearly 

where N^ is the codrdinate of the center of a given ellipse on the micrometer 
Af , for the thickness of glass grating ^, indes of refraction /i, and color of wave- 
length X. 

Hence if two different wave-lengths, X and X', are in question (6 refers to 
differences), 

(a) «^./,.,,_^^ 

tN, bemg the displacement of the micronieter to pass'the oeater of ellipses 
from line X to Hoe X'. 

K it^A+B/\* and Mn/dK" -aB/>?, then 
(3) 8iV.-3»B(j5-ji) 
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• 
from which B may be obtained without further measurements. If greater 
approximation is necessary, so that two constants, B and C, enter the disper- 
sion equation, 

(4) »^«-3*b(^-^,)+S^(^-^0 

SO that observations at three spectrum lines, X, X', X', would be necessary. 

The amount of displacement corresponding to the thickness e of glass is, 
at a given spectrum line X, 

AiV.-*(M-i-X^)-*0.-i)+?g'-*(A-O+^ 
where 2B/\* is constant for all values of e, or 

It is therefore not possible to obviate the term in B, determined as shown, 
if M is to be measured. 

If equal distances are cut ofE at M and N, the interference pattern, of course, 
remains stationary in the spectrum. It is interesting to inquire to what degree 
this may be guaranteed. Equation (3) is available for the purpose, and, since 
X and X' are nearly the same, X'--Xa> 5X and 

Let 5X be the width of the sodium lines : 

8X*6Xio"'cm. X= 59X10^ cm. e» 0.68 cm. B =4.6X10-" 

data for the above grating and sodium light. Hence 

... 6Xo.68X4.6Xio-"X6Xio-» ^ . 

5N.= (5^)^>a^8 S.5Xio-*cm. 

t,e., about a half of 10^ cm. This would be equivalent to the space on a grating 
with about 20,000 lines to the centimeter, or 50,000 to the inch. The ellipses 
can not be set as closely as this, but the order of sensitiveness is within that 
of a good micrometer. 

It is interesting to inquire whether the sensitiveness will change markedly 
for larger angles of incidence J. If /a is the index of refraction, the largest 
angle R obtainable at grazing incidence, / = 9o®, would be sin R^i/ii, It 
may then be shown that 

dNc^TeB 2B/XV-i)+3M 
dX X' y/tJ?—! 

Putting /*= i-S and the other data as above, where dX=6Xio"^ cm., 

AAT - 1-34X4.6X10-" 9-2 X io-"/(59)'X io-»+4.5 _ , ,vxo-»^ 

a/Vc = — . v,>. — — = 7.7X10"* cm. 

(59) Xio-»« 1. 12 

The datum is of the same order as above, so that the sensitiveness changes 
but very little for diflEerent angles of incidence. Thus there is no disadvan- 
tage in using 1=0. 



CHAPTER IX. 



THB USB OF COMPENSATORS, BOWXDKD BT CUEVBD SURFACES, IN 

DISFLACBMBNT INTERFEROMBTRT. 

63« Introduction. — ^The method of increasing the sensitiveness of the dis- 
placement inter f erometer by increasing the dispersion of the grating readily 
suggests itself, but unfortunately the interference pattern loses sharpness in 
the same ratio and ultimately becomes too diffuse for practical ptirposes. 
Similar sensitiveness is secured when the air-paths and the glass-paths of the 
component beams of light are respectively identical, with the same inadequacy 
in the huge mobile figures, for the purpose of adjustment. In fact, if for sim- 
plicity we consider the incidence normal (J»/?«o, linear interferometer), 
the sensitiveness becomes 

de/dn^\*/[2eD CO& e. {Oi+2b/\^-N))] 

where tf is the angle of difiEraction for the wave-length X, e the thickness of the 
plate of the grating, m its index of refraction, D the grating space, n the order 
of the fringe, and 6, N, constants. Hence, other things bdng equal, dB/dn 
increases as D and e grow smaller, where e^o is obtained by a compensator 
counteracting the thickness of the plate of the grating. 

It occurred to me that the difficulty of diffuse interference patterns might 
be overoome,in part, by the use of compensators with curved faces, when the 
case would become similar to the conversion of the usual interference colors 
of thin plates into Newton's rings. Nattually a cylindric lens with its elements 
normal to the slit is chiefly in question, though an ordinary lens also presents 
cases of interest, chiefly because of the easy conversion of elliptic into hyper- 
bolic patterns, and the lens is more easily obtained. 

Other methods were tried. For instance, on using a Presnel biprism with 
its bltmt edge normal to the sUt, two sets of interference patterns, one above 
the other in the spectrum, are obtained. When the blunt edge is parallel to 
the slit, either side of the prism gives its own interferences, but they can 
not be made clearly visible at the same time. A doubly reflecting plate or a 
ikin sheet of mica covering one half of the beam will produce two intersecting 
patterns, but these also are of little use for measurement. 

64. Lens systems, — If but a single compensator is to be used, i.e., compen- 
sation in one of the component beams only, the lens in question must be of 
very small focal power; otherwise the adjustment will be impossible, as the 
two direct images of the slit will be in very different focal planes. Moreover, 
the focal power should be variable. AU this makes it necessary to use a 
doublet, preferably consisting of lenses of the same focal power, respectively 
convex and concave. If these lenses are themselves weak, say i meter in 
focal distance, both slit images may easily be seen in the telescope and be 
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suflBdently sharp for adjustxnent. If the lens first strode by light is ocmves 
and the second ooncave, their focal distances /i and/t» respectively, and tfadr 
distances apart A the focal power x/F of the combination nsed is 

since /i—/s—/. The position of the equivalent lens is rf»Z?F//i«/i«=/. D^d 
are both measured from the second or concave lens to the convex lens, and D 
would always be smaller than /. If the lens system is reversed, F remains 
the same as before for the same Z7, the system being again convex, but d is 
reversed. The equivalent lens again lies toward the convex side of the S3rstem. 
In other words, the equivalent lens generally lies on the same side of the 
doublet as the convex lens. 

In the actual experiment, however, the rays go through the lens system 
twice. In this case it is perhaps best to compute the distances directly. Of 
the two adjustments, the one with the concave lens toward the grating and 
the convex lens toward the mirror has much the greater range of focus relative 
to the displacement Z>. Supposing the mirror appreciably in contact with a 
convex lens, therefore, if fr is its principal focal distance measured from the 

concave lens, b+D^M its principal focal distance from the convex lens or 

_ _ . 

mirror, 

I 2//,-l/(/.+P) I 



(») 



b I -i}(2//,- !/(/,+£>)) /i 



where fi is the (numerical) focal distance of the concave and ft that of the 
convex lens. If we now write 

(3) 6-B(i-Z)(a//,-i/(/i+2?)) 

equation (2) is easily converted into 

SO that the usual value of the principal focal distance has been halved rela- 
tively to the new position of the equivalent lens. If , as in the present case. 



2D f-\-D 



2D(J+D) 



The following table shows roughly the corresponding values of D and M in 
centimeters: 



D 


M^C+D 


2B 


d 


2 


2450 


2500 


49 


5 


950 


1000 


47 


xo 


455 


500 


45 


15 


29a 


333 


41 


20 


di2 


350 


38 


as 


165 


300 


35 
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As 6 is smaller than B by equatioa (3), the equivalent lens is on the side of the 
ocmvex lens and at a distance 



behind the minor, or 



B-M =(/»- 2Z?*)/a (/+£>) 
B-b~f(f+3D)/2if+D) 



behind the concave lens. 

If the system is reversed,/i and /tare to be replaced by — /land —fti whereas 
D remains positive. Thus the equations become successively 



I_ z/(f,-D)-3/f, I 

b x-D{j/{f,-D)-2/Uyh 
6=B(i-Z>(i/(/i-I>)-2/,) 



^fi=ft=f. then 



!_ ^ , I .2D 

h-J- Pul^ 

2D f-D 



^"*+^=*wS) 



B'-bw'--'- 



f f-»D 



I f*—2D* 

2 f—D 



2 f-D 

Hence the equivalent lens has the same focal distance as before, but it is 
now placed in front of the system, at a greater distance than it was formerly 
behind it. Measured from the mirror (mirror distances, M) the data (in 
millimeters) are roughly as follows: 



D 


2B 


B-M 


2 


2500 


-51 


5 


1000 


-52 


10 


500 


-54 


15 


333 


-56 


20 


250 


-57 


25 


200 


-58 



The total displacement of the eqtdvalent lens on reversal is about x meter, 
falling off to 96 cm. in the extreme case. The image is larger if the convex 
lens is nearer the grating and the concave lens nearer the mirror. 

65. Effective thickness of the lenticular compensator. — ^The compensator 
with curved faces may change the interference pattern in two ways; viz, by 
changing the angle of incidence and refraction of the rays at the grating, and 
by changing the path-difference of successive rays passing through it. Both 
conditions aie virtually the same, or at least occur simultaneously. If there 
IS but one compensator, as above, the two effects must be small, since the rajrs 
reflected from each of the opaque mirrors, M and N, ol the interferometer, 
must eventually enter the telescope, to unite in two nearly identical images 
of the dit. It was rather unexpected to observe that the interferences are 
still obtained, even when the two dit images are quite appreciably different 
in size, but they are then confined to a single plane, as will be shown in § 69. 
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Since the beam ot light oonung out of the oolUmator and traversing the 
grating is a vertical ribbon of light, several centimeters high verticallyt but 
very thin in comparison (a few millimeters) horizontally, it is relative to the 
vertical plane that the marked effect must be expected. In figure 8i, G is 
the grating, cc the principal plane of the concave, cv that of the convex lens, 
M the opaque mirror. If the beam consists merely of the axial pencil c, the 
distorting cdf ect due to the introduction of the lens doublet is slight for any 
value of their distance apart, £>. The two lenses are practically equivalent 
to a plate. If a broad beam dd is in question and the rays retrace their path, 
the same is still true. But if, on changing 2?, the ra)rs do not retrace their 
path, so that the equivalent lens is convergent or divergent, then the rays 
after leaving M re-impinge on the grating at different angles than before and 
the interference pattern is correspondingly changed, principally in its vertical 
relations. 

Thus it is the lens S3rstem which changes the obliquity of rays lying in a 
vertical plane and passing through the grating, to the effect that the axial rays 
may represent a case of either maximum or minimum path-difference. The 
latter will be the case when the divergent pencil whidi usually traverses the 
grating becomes convergent in consequence of a sufficiently large value of the 
D of the lens system. 



61 





83 



yo 



s 




cM/ cv 



10 



66. Observations largely with weak lenses and short interferometer. — ^The 
film grating used (Wallace, 14,500 lines to the inch) was cemented with canada 
balsam to a thick piece of plate glass, so that the total thickness of plate at the 
grating was 1,734 cm. This introduces a large excess of path in one of the 
component beams ; but it is generally necessary, if the stationary interferences, 
due to the reflection at the two faces of the plate of the grating, are to be obvi- 
ated and if the ellipses produced are to be reasonably large for adjustment (cf . 
§ 69). The lens doublet was to be added on the same side as the glass speci- 
fied, so that the excess of glass thickness on one side was further increased by 
about 0.19 cm., on the average. Under these circumstances the ellipses were 
strong, but (in view of the large dispersion) with inconveniently long horizon- 
tal axes. 

On inserting the doublet (convex and concave lens, each i meter in focal 
distance) with its concave lens at the mirror and gradually increasing the 
distance D by moving the convex lens toward the grating, a series of forms 
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was obtained which passed from the initial horizontally long ellipse, through 
circles, vertically long ellipses, vertical lines, into hyperbolic forms of increas- 
ing eccentricity, as recorded in figure 82. 

On reversmg the system, keeping the convex lens fixed near the mirror and 
increasing the distance D by moving the other lens toward the grating, the 
original ellipse usually flattened out further, as shown in figure 83. Moving 
the lenses sideways parallel to themselves had no definite effect; moving 
them fore and aft together {D constant) produced results similar to the above. 
The vertical lines of figure 82 are liable to be sinuous or to resemble the grain 
of wood around a knot. In case of figure 82, as the eqtiivalent lens lies in 
front of the mirror, the rays reaching the grating are thus necessarily converg- 
ing. In figure 83 the equivalent lens lies behind the mirror, so that the rays 
at the grating are more convergent. Both positions furnish essentially 
convergent rays. 

If corresponding to figure 82, the convex lens is kept fixed near the grating 
and the concave lens gradually moved up to it, the order of forms is reversed, 
but not quite completely. They usually terminate in long, vertical ellipses, 
before reaching which the wood-grained forms are sometimes passed. The 
same is similarly true for the case of figure 83. 

With cylindrical lenses (respectively convex and concave, each i meter in 
focal distance) very little effect was observed when the axes of the cylinders 
were parallel to the slit. With the axes perpendicular to the slit, the ^ects of 
spherical lenses were virtually reproduced, except that the central fields 
partook of a more rectangular character. 

To carry out the purposes of the present paper with strong lenses, respec- 
tively convex and concave, the vertical sheet of Hght from the slit must be 
diverged into a wedge by the concave lens and then coUimated by the convex 
lens. The mirror, normal to the rays, reflects them, so that they retrace their 
path and become a sheet of light before the final reflection and diffraction at 
the grating. The following experiments were made with strong lenses: 

At first lenses of double the preceding focal power, />= ± 50 cm., were tried, 
but with no essential difference in the results. Thereupon strong lenses 
of focal distances /i=— 73 cm. and ft^i$.i cm. were used together, the 
convex lens being, as usual, near the mirror. For P— 7.5 cm., about, these 
gave fairly dear images of the sHt and it was easy to find the ellipses, which 
were now very eccentric, ahnost spindle-shaped in form. They could be 
obtained strong and dear without difficulty, and the nearly horizontal lines 
filled the whole spectrum. Reversal of lenses practically failed to give results, 
the rays after reflection being too divergent. 

On ihe large interferometer, where the distances between mirror and grating 
are nearly 2 meters, adjustment was more difBcult and the result (if paralld 
rays are retained) less satisfactory, because the slit images are not in focus at 
the same time. This is particularly the case when the convex lens is nearest 
the mirnn* and the concave lens toward the grating. Thus when/n ± 100 cm. 
and J?= 15 cm., the modified slit image may be twice as large as the other and 
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the interferences in the prindpal focal plane of the tdi^^ 
At P- 5 cm., however, the results are acceptable. When the concave lens is 
nearest to the nurror and the convex lens toward the grating, the modified sht 
image is smaller than the other. Adjustment is then easier and the usoal 
elUptic and hyperboUc fornis may be observed without trouble. In both cases 
the flickering of the arc lamp used passes the rays through difiEerent parts of 
the lenses relatively to the center, and the adjustment is thus easily destroyed. 
If the spectra from Af and iST, however, axe observed, not in tiie principal 
focal plane but in ad vance of it (toward the eye), interferencesof great interest 
will be observed, to be discussfid in § 69. 

67. Remarks. — A few es^lanatory observations may here be inserted. The 
occurrence of the elliptic or oval and the hyperbolic type of fringes may be 
most easily exhibited by laying off the order of the fringe in terms of the dis- 
tance (in arbitrary units) above and bdow the center of the image of the slit. 
If we call the latter y and consider the allied colors of thin plates, for instance^ 

n^2€ii cos r/X or more generally n'^{efi/\)f (y, r) 

(where is the thickness of the plate, m its index of refraction, X the wave- 
length of Ught in case of a dark locus of the order n) is to be expressed in terms 
of y, which itself determines e cos r , r being the angle of refraction in the plate 
of the grating. The phenomenon will thus be coarser for red light than for 
violet light, since m decreases when X increases, and any two curves, r and v, 
figure 84, may be assumed as the lod of the equation in question. If, now, 
horizontal lines be drawn for n» i, a, 3, etc., they will determine the number 
of dark bands in the spectrum for any value of y. 

If the central ray is also a line of symmetry and intersects the grating nor- 
mally, it must correspond to a mairimiiTn or a miniTmitn of n. These conditions 
are shown in the diagram at M, where the maximum number of bands occurs, 
and at m, where the reverse is true. The question is thus referred to two sets 
of lod, f/ and vo\ or r V and v'v', etc. In the former case e cos r varies with y 
in the same sense as /i/X; in the latter in the opposite sense and is preponder- 
ating in amount. Both may vary at the same rates in the transitional case, in 
whidi, therefore, the two curves r and are at the same distance apart for all 
values of y. 

Suppose, furthermore, that the same phenomenon is exhibited in terms of 
wave-length X, as in the lower part of the diagram, the spectrum being now 
equally wide for all values of y, while at any given y the upper diagram still 
shows the number of dark points (bands) between r and v. If now, we suppose 
that tmder any conditions these dark points are gitmped symmetrically with 
reference to any given color (which is probable, for a maximtun or a minitntim 
of any value of y will be so for all values), and that the successive dark points 
have been connected by a curve, the interference pattern will be of the elliptic 
type in case of aa\ a^a'", and of the hyperbolic in the case of a!a'. 

The other features of the phenomenon are secondary and therefore left out 
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(tf the diagram. Thtis, for instance, the distance apart of the bands shrinks 
frcm red to violet, and the orals, etc, are only appreciably symmetric, because 
they occtq>y so small a part of the spectrum. The horizontal distribution of 
dailc bands around the center is detennined by variaticais > cos r and is not 
Hnear. Whether the long axes of the ellipses are horizontal or vertical depends 




84 

upon the slope of the lines r and t. Maxima and minima will not, as a rule, 
occur dose together, though in certain wood-giain-shaped patterns this seenu 
to be the case. 

Li conclusion, Uierefore, the main feature in modifying the type of inter- 
ference pattern is the varying thifJmww of the compensator. For oval types 
the preponderating lens is convex; for the hyperbolic type it is ccmcave. 
Neither of these lenses is here appreciably affected in modifying the horizontal 
distributtm of path-diSerence, because the dispersion of the grating requires 
a horizontally parallel system of rays. 

68. ObsMvatloa with lens systems mi both skies. — ^The method shown in 
plan in figure 85 (LandL'convexlenses, (7 grating, M and JVmiirors, telescope 
at T) was tested. The outcome can not at once be foreseen, since the focal 
distances for different colors is different and ance sUght displacements of 
either lens must greatly modify the interference pattern. The latter, however, 
as obtained in every case, proved to be exceedingly fine lines, tipping in the 
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usual way with the moti(m of the micrometer and indicating a cent^ 

very distant in the field of the spectrum. In other words, the interference 

pattern is no longer automaticdly centered and is therefore useless. 

A modification of this plan is the method shown in figure 86 (horizontal 
section), where B is the beetm from the coUimator, L, U,L'^JJ^\ four condens- 
ing lenses of the same power (/" 50 cm.) , G the grating, Mand N opaque plane 
mirrors, T the telescope. In all the above cases the horizontal rays from the 
collimator traverse the grating in parallel and eventually condense to a single 
point in the field of the telescope. The same is true of all rays having the same 
axigle of altitude. These rays, therefore, act as a whole, since they pass through 
the plate of the grating at the same angle of incidence. On the other hand. 




85 



86 



relative to a vertical plane, the rays traverse the grating at different angles, 
each angle corresponding to a horizontal strip of the spectrum. It is by the 
easy modification of this obliquity that the curved compensator becomes effec- 
tive. In figure 86 the rays are also oblique relative to a horizontal plane; but 
the result, unfortunately, is not available, since each of these oblique rays must 
have its own complete spectrum. Consequently the diffracted pencil will con- 
sist of an infinite ntunber of overlapping spectra, the extreme cases lying within 
the same angle a shown in the figure. A large telescopic objective would then 
reunite these spectra into a white image of the slit, while a small objective will 
show colored slit images, passing from impure red to impure violet. Naturally, 
the interferences will also overlap, and therefore vanish. 



69. Telescopic interferences. — If interference patterns of small angular 
extent are to be obtained, it is essential that the rate at which obliquity 
increases from ray to ray be made as large as practicable. Probably, therefore. 
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an opportunity for realizing these oonditions will be found within the telescope ; 
%,€., after the rays pass l^e objective. The endeavor would therefore be 
directed to bringing two spectra, f ocussed in two planes , one of which is behind 
the other and consequently of different sizes, both vertically and horizontally, 
to eventual interference. 

The experiment was made on the long interferometer (fig. 87), the distances 
between mirror M and grating G and from the latter to the mirror N being 
nearly 3 meters each. C is the lenticular compensator, consisting of two lenses, 
respectively concave and convex, each having the same focal distance , / » ^ 5 o 
cm. The distances apart, D, of the lenses may be varied. The glass plate C\ 
which is tevolvable about the vertical, is thick enough to exactly counterbal- 
ance, if necessary, the thickness of the glass plate of the grating and of the lens 
system C A sharp wedge sliding transversely may also be used. It is best to 
rq>lace C by two plates of glass, one thick and the other thin, so that the lat- 
ter may be removed. 

The telescope directed along the axis R will therefore, in general, see two 
white slit images, A and A' (fig.88), not both in focus at once, A' coming from 

c/if 





a' 

Lie' 



88 



Af being larger, il from iV (parallel rays) smaller. The focal plane of A' wUl be 
towards the grating as compared with A , and A ' is larger than A , in proportion 
as the distance apart of the lenses C is larger. Similarly, the two spectra 
are observed along the diffraction axis, 27, not in focus at once and of 
different areas. 

To obtain the interferences the slit image A must be placed anywhere within 
A^ and they will occur at the top of the spectrum if a and a! are vertically in 
coincidence; in the middle if 6 and V coincide, etc. 

The plane of the new interferences is no longer the principal focal plane , con* 
taining the Praunhofer lines, but Ues in front of it; i.^., towards the eye of the 
observer and away from the grating. This distance, measured along D ios the 
given small telescope used, was fully i cm. The focal planes of the two spectra 
are usually not so far apart. A' corresponds to a virtual object behind the 
observer. 

If the vertical plane in which the interferences lie be taken as the image, the 
object woidd be situated about 3 meters beyond the objective of the telescope 
used. This would place it 30 cm. in front of the mirror M or N, where there is 
but a single beam in each case. In fact, the telescope may be brought quite 
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Up to the grating. Hence inteiierenoe is produced in the tdescope itself , wheie 
rays are relatively very divergent, a condition whidi aooounts for the smallneas 
of the interference pattern. This understanding of the case is tentatively 
shown in figure 89, where O is the objective of the telescope, Af the larger image 
from the minxxr with the lens compensator, and N the imi^ from the other 
mirror (parallel rays). If the corresponding ra]rs be drawn through the extrem- 
ity of Af and N, their fields of interference, F and F\ would begin in the plane 
Zand/'. For axial rays it would be at i. Thus the locus as a whole would not 
be a plane, and this seems to be the case. If the telescope moves toward the 
grating, IF moves toward the right in the figure, as though the virtual object 
beyond the grating were fixed in position. At all events, the problem is to find 
the interference diagram of two symmetrical plane parallel spectra, of different 
areas and placed at definite distances apart. 




The appearance of the fringes is indicated in figure 90, where 5 is the height 
of the spectrum, usually quite out of focus. There are many more Unes than 
could be drawn in the sketch. The ends a and a' seem to surround small ellipses, 
but these are not quite closed on the outer edge. The center of symmetry 
is at C*. The demarcations are stronger and broader vertically if the distance 
apart of the lenses C (fig. 87) is small; fainter, but nevertheless dear and nar- 
rower, if this distance is large. Horizontally the fine lines thread the spectrum. 
The best results were obtained when the lenses C are less than i cm. apart, the 
middle band being about half as high as the spectrum. Two contiguous lenses 
gave a design which nearly filled the spectrum vertically. For practical pur- 
poses the lens compensator C is to be attached to the mirror M, just in front 
of and moving with it. It makes little difference here whether the concave lens 
or the convex lens of the doublet C is foremost. 

If the micrometer M is moved, or if the telescope is slid to the right or left, 
or forward, so as to take in other parts of the spectrum, the neaiiy closed 
at a and a' become finer and finer crescent-shaped lines, 
always open outward, till they pass beyond the range of 
vision. The whole phenomenon remains on the same level 
of the spectrum. On moving the telescope forward as far 
as G (fig. 87), the ocular has to be drawn outward (towards 
the eye) till it is fully a cm. beyond the position of the 
principal focal plane. The whole spectrum is now seen 
with the interferences from red to violet (no ellipses), but 
having the same relative position as before. The central 
horizontal band measures about one-fifth the hdght of the spectrum, while 
the fine parallel horizontal lines extend to the upper and lower edges. The 
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appeanipoe is now ctuiously like a bhint wedge (fig. 91), with a band at 6 
nearest the eye, and the lines (U extending quite to the rear. This impression 
is probably an illusion, due to the shading; the lines grow finer and are more 
crowded toward the bottom and top of the spectrum. The illusion of a 
retetrant wedge is not possible. 

To use this interference pattern for measurement, the cross-hair is supposed 
to pass throu|^ the region c (fig. 90) symmetrically. Very slight motion of the 
micrometer mintxrJIf then throws c either to the right or the left of the cross- 
hair. In this case the lens doublet, C, is attached to the mirror and moves with 
it, as stated. To obtain the extreme of sensitiveness, the path-difference of NG 
and GM must be all but zero; i.e., the grating plate G and the lens doublet C 
(fig. 87) must be all but compensated for equal air-distances by the compen- 
sator C. In this case of full compensation, the interference pattern, in the 
absence of a doublet C*, would be enormous and difiEuse, seen preferably in the 
principal plane of the telescope, but useless for measurement. The introduc- 
tion of a lenticular compensator, balanced by a compensator in 6W, transforms 
the faugepattem into the small interference fringes in question, with the advan- 
tage that the high mobility of the coarse design has been retained. In other 
words, an index suitable for adjustment has been found, compatible with 
extreme sensitiveness. In fact, it is difficult to place the micrometer mirror 
ilf so that the r^on c (fig. 90) is exactly bisected. As the plane in which these 
interferences are seen most distinctly is i cm. or more anterior to the principal 
focal x>lane, the Fraunhof er lines are tmf ortunately blurred and a cross-hair is 
needed as a Une of reference. 

I may in conclusion refer to a amilar series of experiments now in prog- 
ress, in which the compensators placed in the M and N pencils (fig. 87, 
C C0> instead of being of different shapes as above, are plates of different 
lands of glass (crown and flint, for instance). Here the successive differ- 
ences of dispersive power, from wave-length to wave-length, produce effects 
dosely resembling those discussed, with the advantage that difficulties 
inherent in the curved s]rstem are avoided. 
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70. Introducdou. — In view of the long-armed interferometer available, it 
seemed interesting to test the refraction of air at different wave-lengths, X. An 
iron tube of inch gas-pipe, 138 cm. long, was therefore placed in one or the other 
of the component bcsams. The tube was closed at both ends by glass plates, 
about one-eighth of an inch thick, kept in place with resinous cement. A 
lateral tube communicated with an air-pump and drying train, so that the 
tube could be alternately exhausted and refilled with air. By using sun- 
light, the different lines of the spectrum were obtained with sufficient clear- 
ness, and the method consisted in finding the reading of the micrometer for 
successive Praunhofer lines, both for the case of a plentmi of air and for a 
vacuum. If AA^ is the (monochromatic) displacement of micrometer corre- 
sponding to the latter difference of pressure, m being the index of refraction 
of air, e the thickness, 

(i) AiVx-^(Mx-i-X^^) 

To determine /ixi we must know dfij dX. It has been omitted above, because 
it enters differentially and because of its small value. It appears as a con- 
stant decrement of AiVx, as X is constant and diix/ ^X is negative. In the present 
case, where m is actually to be measured, dfL^/dk enters directly and is essen- 
tial; but it follows from any two experiments when /i is found for different 

colors. 

Tablb 8. — ^Values of B. Inch iron gas-pipe, 138.0 cm. long. D line. 
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71. Observations with arc lamp. — ^In table 8 results are given as obtained 
with the electric arc, in which the soditmi line usually appears with sufficient 
distinctness in the spectrum to be available as a line of reference for measure- 
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ment. Disr^;ardiiig earHer results, the following are mean values of the ten 
independent data for AAT (each comprising a reading for vacuum and for 
plenum): 

io*Xss8.9cm. ^==22.3® /> = 74.5cm. io'A^ii = 37.69cm. /«■ 138.0 cm. 
Thus 

/ \ ^^ I ^M / \P 273 

where mo refers to normal pressure and absolute temperature (r). If /lo is 
given for the D line, d^/dX is determinable. It will be sufficient for the present 
purposes to put fj^=^A+B/\\ or \.d^/d\^ — 2-B/X* 

B referring to r and p. Mascart's * value for /lo— i (agreeing with Fabry's) 
is io-*X 292.7, whence 

5=10-^x1.34 at T andp 

If the value B be computed from Mascart's observations between C and 
E, D and F, respectively, 

-J 2.iXio"* ^ w 14 D 2.3X10"* . ^ ,. 

^""^ — Q^:^ — 14=1.64X10-" Bdp- — ^— ; — -« 1.65X10-" 

1. 28X10-' i.39Xio-« ^ 

so that the mean value io"J?» 1.65 may be taken. Since the last decimals 
of fi are in question, it will not be correct to more than 5 to 10 per cent. 

The value found above (io"B»i.34) is therefore somewhat too small. 
True, since from equation (3) 

(4) ,W) = "-"X"6° 

an error of lo^^ cm.in AiV is an error of 0.13 X 10-" or 10 per cent in B. Very 
dose agreement can not therefore be expected in either result. One is tempted 
to refer the present low value of £ to flexure of the glass end plates of the 
tube, which, when the tube is exhausted, become slightly saucer-shaped and 
introduce a sharp concentric wedge of glass into the component beam, whereby 
the interference pattern is changed, probably in the direction of smaller 
values, as found. But the direct experiments below do not show this. In 
any case, the measurement of B lies at the limits of the method. An advan- 
tage may possibly be secured by using two identical tubes, one in each com- 
ponent beam, the tubes to be exhausted alternately. The sensitiveness 
would then be doubled. 

72. Observations with sunlight Single tube. — ^These observations are 
given in table 9, the exhaustion throughout being 75 cm. and the temperature 
about 16^. In the first set sunlight was used without a condensing lens; in 



* See exoeUent summary in Landolt and Boemstein's Tablet, 1905, p. 214. 
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the second set the son was focussed with a weak lens (0.5 meter in focus) at 
the point formerly occupied by the electric arc. The spectrtim (particularly 
in the second case) was farilliant and the Unes dear. The focus of sunlight is to 
be placed just outside the focus of the coUimator lens, in order that a nearly 
linear pencil may be available to penetrate the long refraction tube twice. 
The distance of the collimator lens to the grating was about a meters. The 
spectrum is then a bright band in the telescope, the width being limited by the 
height of the ruled part of the grating. The strip of white light on the grating 
should not be more than a few millimeters wide. It must therefore be nar- 
rowed by an opaque screen (wide slit of the given width) in the path of the 
beam (see fig. 92 below). 

Table 9. — Dispenioii of air. Tube /« 138.0 cm. Bar. 77.35 cm. at 19.5*. ^ 75.0 cm 



Line. 


Temp. 
i6.o* 

u 


io»AJV lo+MB 


C 
D 
h 


3«.5l 
39- 

394J 

3«.5] 

38.9 

39.3J 


1.5 


C 
D 
h 


I6.0* 


M 


Improved seeing, weak condensing lens. 


C 
D 


,6/ 


38.«\ 
39.2/ 


i 
1. 51 


C t 16.4^ 

D 1 

h 

F 


3«.9 

?39.3[ 
40.1J 


1.65 
M 


C ; I6.4* 

F 1 


38.8\ 
40.1/ 


1 
1. 61 



The equation for £ in this case, if the symbol 6 refers to differences for two 
given values of X, is 

«AAr/#76 r 
3^o"" — — 



Hf 



P 273 



if the value of £ is to hold for normal conditions. 

The data are shown in table 9, series i and 2 being obtained without con- 
densing lens. These are inferior, as regards definition of lines, to the subse- 
quent set, in which condensed sunlight was used. In all cases there is some- 
times an irregularity (marked by ? in table 9) in which the observation is 
obviously discordant, but the reason could not be found. Possibly values of 
r and p taken were not the actual values. The data for BXio^* given in the 
table are mean values. Some of these are low. Later values, where the F 
line is included, come out larger, the range being from 1.3 to 1.8 or 1.5, on 
the average. It is desirable to use the whole of the available range of the 
spectrum (sufficiently luminous from C to F) to obtain an acceptable value 
of the coefficient B and additionally to improve the method by using two 
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identical tubes, alternately ezhatisted as suggested above. The attempted B 
measureineiit is at the Iknits of the method, as has already been instanced 
in the discussion of errors in the preceding paragraph, and it is not to be con- 
cluded that data which happen to agree with Mascart's result from a correct 
application of the present method. Li fact, there is no reason for ezduding the 
exceptional values, and the present results are to be regarded as preliminary. 

73. Two (differential) refraction tubes. — ^In the following experiments two 
identical iron tubes (138 cm. long, of inch gas-pipe) were installed, one being 
placed in each of the component beams of light, which subsequently interfered, 
and the tubes were exhausted alternately . There are apparently three advan- 
tages in this arrangement. In the first place, the sensitiveness is doubled; in 
the second, the flexure of glass plate should be the same at each tube, in each 
experiment, and thus fail to disturb the interference pattern. Furthermore, 
by using the tubes in parallel (i.^., exhausting both at the same time), any 
irregularity of flexure effect, etc., should be determinable, as the air in both 
tubes will be identically circumstanced. Finally, the air being inclosed in a 
thick metalUc envelope at both beams is not subject to incidental disturb- 
ances. An unexpected difficulty, however, was encountered ; for there is reflec- 
tion of direct spectra from the eight glass surfaces, and this must be specially 
met. The direct spectrum is easily eliminated by inclining the grating tmtil 
the reflected interference spectra are at a different level; but reflections of 
this spectrum are not so eadly dealt with. Fortunately they are weak. Even 
so, they are very annoying, as they overlap the interference pattern and dull 
it. They could be eliminated by attaching the glass plates obliquely to the 
axis of the pipes, but this remedy was not thought of at the outset. 




Figure 92 is a diagram of the dispodtion of the parts of the apparatus. 
L is the beam of white sunlight from the collimator limited laterally by the 
wide sUt (i inch) S. Gis the grating, T and V the two refraction tubes, 
M (micrometer) and N the opaque mirrors, R the refracted and D the dif- 
fracted (spectrum) beam of Hght. C is virtually a four-way stopcock (or two 
3*way glass stopcocks) leading respectively to the exhaust pump E and dry 
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air supply A, from the tubultires # and / of both reEraction tubes T and T*. 
These are therefore alternately exhausted. 

Preliminary results are given in table xo, the arc lamp with its sodium line 
being used in the absence of sunHght. It will be seen that AN, apart from 
temperature (whidi is here higher than above), has been doubled. The 
deflections were symmetrical within 0.15X10"* an. 

Tablb 10. — DispenioQ of air. Differential tubes, each 138 cm. long. D line in dectric arc. 

^74 cm. 



Barometer. 


Temp. 


io»AJV 


0«t-i)Xio* 


BiXio"* 


75.93 cm., 22* 
76.02 cm., 19.5* 
iSingU tube) 


21.5* 
18.0* 
23.0* 


754 
75.3 

70I 

76.A 

37.* 


291.6 
291.8 
293.6 


147 

149 

1.80 



The values of B found in the first two series of this table, if the standard 
value of /iQ— I «■ 0.0002927 is assumed, is somewhat small, but as near to the 
true values as may be expected. Again, if £Xio^^»i.65 is assumed, the 
/iQ— I values given in the table are similarly small, being 0.3 per cent short of 
standard values. A single-tube experiment made for comparison (series 3), 
similarly, came out too large in each case. It follows from this that p and t 
observations are not sufficiently guaranteed. It is hardly probable, however, 
that with a micrometer reading to ic^ cm. and estimated to io~^ cm. (vernier) 
the precision can be much enhanced; for since 



J. X*AAr 76 r . . 

273 p 



e 



dBo 
dp 



2 e 273 p* 



dBo ^\* AN 76 I 
ar 2 e 273 p 



or at the C line and D lines, respectively, 



hp^i cm. hB = 



0.8X10-" 



_ (0.5X. 

^>.7X 



10 



-M 



«r«i*^ 



hBi 



«fo.aX 
""I0.2X 



10 
10 






Now, unless the measurement can be made in terms of rings, it is difficult 
to detect a few millimeters of pressure difference by displacement only. 

The interesting question now occurs whether the two tubes, if identical 
for a plenum of air, remain identical (no shift of the interference pattern) 
throughout all the stages of identical exhaustion. On trial, nothing could be 
detected, the fringes remaining stationary during the whole period of exhaus- 
tion, or during the influx of air following a high vacuum. Hence there is no 
perceptible difference effect of flexure of the glass ends, and the ultimate 
question of accuracy depends on the measurement of r and p. To eliminate 
the possible effect of flexure, an air column of negligible length, in which the 
glass effect only is present, will have to be tested; otherwise there is no possi- 
bility of separating the air and glass effect. 
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74. Differential and ringle refraction tubes. Sunlii^t--The direct ezperi- 
meats for the ooeflSicient B were now resumed and conducted with sunlight, 
with the results given in table ii. The first two scries were made with the 
two identical tubes specified, exhausted alternately, one tube containing a 
plenum of air, while the other was nearly empty in each experiment. The C 
and F lines alone were used for measurement. In spite of the large displace- 
ment (AiV= 0.076 to 0.078 cm.), the results were not as satisfactory as was 
expected, owing to the fact that sharpness of vision is made difficult by the 
stray reflected spectra to which reference has already been made. But the 
data for B obtained with one exception (No. 2 in the first series) are consistent 
and reasonably good. In every other respect the work was satisfactory and 
could have been improved by using oblique cover-glasses. The values of B 
obtained are therefore disconcerting. 

Tablb II. — ^Dispersion of air. First and second series. Differential Tubes, each 138.0 cm. 
long. C and F lines. Third and fourth series. Single Tube, good adjustment. 



Barmn. 


p 


Line 


io»Aj\r 


io^*B 


Temp. 


Barom. 


p 


Line 


io»AiV 


io»*J5 


Temp. 




cm. 




cm. 




""C 




cm. 




cm. 




»C 


77^51 


74.0 


C 


76.4 


I.O 


17.4 


l-?} 


74.0 


C 


384 


0.99 


18.0 




F 


78.0 


• • • • 


• • . • 




F 


39.2 


• • . • 


• . . • 




74.0 


C 


76.1 


1-3 


17.4 




74.0 


C 


38.2 


I. II 


18.0 






F 


78.2 


• . . • 


• . . • 






F 


39-3 


. . . • 


• . • • 




74.0 


C 


76.3 


I.I 


17.4 




74.0 


C 


38.3 


1. 18 


18.0 






P 


78.0 


■ • • ■ 


• • . . 






F 


39.3 


■ • • • 


• • . • 




74.0 


C 


76.2 


I.I 


174 




74.0 


C 


38.2 


1.06 


18.0 






F 


78.0 


. ■ . • 


. * . • 






F 


39.0 


• • • ■ 

0.99 


. . • • 


76.27\ 

23,' J 


74.0 


C 


75.8 


1.0 


21.4 


'If^] 


76.0 


C 


39.3 


18.1 




F 


774 


• ■ ■ • 


• * . • 




F 


40.1 


. a . • 


. • • • 




74.0 


C 


75.4 


I.I 


21.4 




76.0 


C 


39-2 


.99 


18.1 






F 


77.2 


■ ■ • • 


• • ■ • 






F 


40.0 


• « • ■ 


• • . • 




74.0 


C 


75-4 


I.I 


21.4 




76.0 


C 


39.0 


•99 


18.2 






F 


771 


• • • • 


• • • ■ 




76.0 


F 
C 
F 


40.0 
39.2 
40.0 


.99 


• ■ ■ • 

18.2 

• • • ■ 



I then went back to the single-tube experiments (in series 3 and 4), and 
these are the smoothest results obtained. The C and F lines were used as 
before. In the last series, for instance, the micrometer reading is the same 
to lo"^ cm. throughout. In spite of this satisfactory behavior, the value of 
B obtained is again of the same low order, all the data, both for double and 
single tubes, being consistent throughout in this respect. Series 3 and 4 agree, 
although p is changed from 74 cm. to 76 cm. of mercury. 

In table 12 I have summarized the data in comparison with the standard 
results, computing mo— i and JSot for each of the cases, reducing all values to 
o**C. and 76 cm. of mercury. The diflFerence of /no— i for the F and C lines, 
which is 3.2 X lo"* for the standard data, is but 2.3 X lo"* on the average in the 
present results. Similarly, the mean values of the latter are 10*^X4.1 and 
io-*X3.2 larger for the C and F lines, respectively, than the standard results. 
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These conditions are particularly puxcling, since in (73, mth the use of the 
arc lamp, both results were nearly normal. I therefore endeavored to detect 
the causes for this difference of behavior. 

Table la. — Summary of Table 11. "St." refers to standard data. A^(p^^i). 



Line, etc. 



10^ Diff. from St. 

F 

io*Difr. from St. 
io*Diff.FandC 



XXio« 



65.63 

« • • ■ • 

48.61 

• • • • • 



St. 



291.8 

• • • ■ • 

295.0 

• • • • • 

3.2 



Series. 



(I) 

IO*il 



295.0 
-3.2 
297.3 
-2.3 
2.3 



(2) 

IO*il 



396.0 

-4.2 

298.0 

-3.3 
2.3 



(3) 

IO*il 



296.3 

-4-5 
298.7 

-3.7 
2.4 



(4) 
io*i4 



296.5 

-47 

298.6 

-3.6 
3.1 



oer. 
(i)to(4) 
^•X 10" 



(Mt-I) St. 



I.I8 
1.20 
1.28 
1.08 



5«Xioi<^.|5«Xio"P. 



1.85 

2.37 
2.22 

2.55 



1-33 
1.56 
1.70 
1.50 



The standard of length was first compared with a normal meter, showing 
that the z « 238.0 cm. for the M tube should be replaced by 137.75 cm. and 
for the N tube by 137.59 <^^' As this correction affects all the results, mo~ i 
and B, in the same ratio, it contributes nothing to modify the discrepancy 
in question. The correctness of the micrometer screw was assumed, as it was 
of good manufacture. 

The test next was made to see if the lines taken as C and F actually had 
the accepted wave-lengths. A revolvable arm, with its axis at the grating 
and 135.5 CD^* long, was therefore installed for the direct measurement of the 
diffraction of the grating. The results obtained for the wave-lengths of the 
lines taken showed that no mistake had been made in their selection. 

To endeavor to obtain further evidence, the values of B were computed for 
the mean data of table 11, by using the standard values for /<o— i in case of 
the C and F lines and the AN/e given by the observations. The results so 
obtained are given in the last columns of table is, for each of the four series 
and the C and F lines at normal temperature and pressure. The mean results 
are thus — 



J5oXio^*«i.i9 from observations with sunlight directly 

between C and F lines. 
3.35 from standard mo~** i — .0003918 at C line. 
1.53 from standard mo— i = .0003950 at F line. 



BoXio" 
BoXio^^ 



The B values of table zo show a march to be referred to temperature and 
pressure. So the present unsatisfactory differences are probably pressure- 
temperature effects beyond the discrimination of the method. 

One reason for this discrepancy which suggests itself is the possible distor- 
tion of the glass plates at the end of the exhaust tubes during the exhaustion. 
There may be a residual temperature effect due to the heating of the air by 
the beam which passes twice through it, above the indicated temperature of 
the surrounding tube of iron. But as mo'-i is already too large compared 
with standard values, this would make the case worse. Similarly, a larger 
thermal coefficient than the normal value (1/273) would further increase 
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the data for /i«— i. For the case of the F lines, the B values found by com- 
parison with the standard mo^ i Oast column of table 12) might be taken as 
correct within the error of method. Nothing, however, has been found to 
account for the correspondingly large values of B^ for the C Hne. 

75. Dist<vtioa of i^ass absent—- To test the effect of possible distortion of 
the end plates of the tube, a shallow cell was constructed but 0.8 cm. deep, 
closed by plates of the same glass. The diameter of the tube was identical 
with that of the long refracting tubes. Tests made with the electric arc and 
sodium line gave the mean values 

Plenum io'AiV=5.47; 6.6 cm. 

Vacuum 5.25; 6.4 cm. 

Thus the effect of exhaustion is 0.0002 1 cm. The long tube gave, on the aver- 
age, 0.039 cm. for 138 cm. of length. Hence the air effect should be 

0.039X0.8/138=0.00022 

which is practically identical with the value found. Hence there is no per- 
ceptible distortion referable to the glass plates. 



Tablb 13. — ^Dispersion of air. D and F lines. Single Tube, length 138 cm. Barom., 75.40 
at 28^ p^lA cm. Temp. 30^ St. refers to standard data. A^itr-u 



^ • 


l0»AiV 


xo.^^« 


I0"5o 


1 

Line, etc. 


XX 10" 


St. 
loM 


Mean 


St. Mo~I 


Lme. 


lO^B.,/^ 


IO"Bo,P 


1 


ctn. 








ctn. 










' F 
D 


39-4 
38.2 


312.8 
303.8 


2.24 

.... 


F 
10* Diff. from St. 


48.61 


295.0 


304.0 
-9.0 


2.10 

• • • fl 


19.2 


. F 
D 

1 ^ 


39.0 

38.3 
390 

38.3 


310.1 
304.6 

310.5 
304.6 


1.38 

* . . • 
1.49 

.... 


D 
io« Diff. from St. 
io«Diff. FandP 


58.93 


292.7 

2.3 


299.4 

-6.7 

4.6 


1.78 

. . . • 

1.83 


2.06 
2.06 



76. Further observations with sunlight. — In the absence of other than 
inferential reasons to account for the difficulties met with, a final series of 
observations was made between the D and F lines and a single tube, with 
the results given in table 13. The mean value of B^ found directly, viz, 1.70 
Xio***, would be admissible; but the corresponding values of mo— i as com- 
pared with the standard values are again too large and worse than above. 
The same is true of the values of JSo found by comparison of £kN/e with the 
standard values of mo— r> and their coefficients come out differently for the 
C and F lines. In fact, the discrepancy of |io— i is now about 3 per cent, 
whereas observations for AiV/tf should not be in error more than (2 X 1/400 » 
0.0025) 0.5 per cent. There is thus something variable at the limit of appli- 
cation of the present method which has persistently escaped detection. I 
have thought that a distortion associated with the form of the interference 
pattern in passing from C to the F line may be in question, as the discrepancy 
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varies in different, otherwise satisfactory experiments; or the failure to com- 
pletely exhaust the tube may leave a small error whidi becomes appreciable 
infi. 

77. Conclusion. — If allowance is made for the fact that AN at the 
micrometer is measured for air, at barometric pressure p^ and absolute tem- 
perature T, the equation for /i«— i at normal conditions would be 

AN 76 _r I oBq 

^ ^"T p'Jjli-p'AN/gp "X«" 

where the correction factor i—ANp'/pe would not appreciably modify the 
results. 

It is difficult to see, therefore, why the promising results of {4, which are 
quite as near the standard data as the method warrants, did not bear conds- 
tent fruit in the sequel. The direct values of £oX 10^^ are usually too small, 
sometimes too large, and range from i to 2. On the other hand, mo^i usually 
comes out too large, whereas it should be correct to a few tenths percentage. 
None of the causes examined, temperature, pressure, thermal coefficient, 
flexure of glass, etc., quite account for such a result. If £«X 10^* is computed 
from standard results for /i«— i and observed at different spectrum lines, the 
data are nearly correct for some lines, but too large for other lines, so that a 
single constant does not reduce the series. It does not seem probable, however, 
that equation (i) is inadequate; for the results obtained with equal care at dif- 
ferent times for the same mo** iotBq are not in accord. The discrepancies, in 
other words, are not persistent in value and are therefore due to some inci- 
dental causewhich has not been detected. It has seemed to me that the change 
in shape of the interference pattern on passing from red to violet, which in 
case of ordinary glass mirrors is marked, may be responsible for some of the 
difficulties encountered. This pattern, which for optically fiat surfaces would 
remain elliptical, becomes more and more irregular as the distances, e, of the 
mirror and grating are increased. The distorted image shrinks laterally from 
red to violet fully one-half, so that it is not certain that the center of figure 
is actually a fiducial point. The question, however, would have to be tested. 
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THB CHAN GB OF THE REFRACTION OF AIR WITH TEMPERATURE. 

78. Apparatus. — ^In the earlier report (Cam^e Inst. Wash. Pub. 149, III, 
Chap. 15, p. 223) I began some experiments on the change of the refrac- 
tive index of air with rise of temperature. The question is interesting, inas- 
much as the temperature coefficient has not in most investigations been 
found identical with the coefficient of expansion of air, as Lorentz had obtained 
it and as would otherwise be anticipated; but a value, over 3 per cent larger, 
first put forwaid by Mascart, seems preferable. My earlier work was left 
unfinished, however, because the design of the apparatus, in which the refrac- 
tion tube was heated in an independent annular steam-bath, was unsatis- 
factory. It seemed to be impossible to reach the temperature of the steam 
in that way, even after half a day's waiting. In the present work, therefore, 
the apparatus is modified, so that the steam may play directly on the long 
refraction tube. In this way the temperature difficulty was quite eliminated. 




The tube containing the air column was made of inch brass gas-pipe, 71.7 
cm. long (between windows) and 2.5 cm. in internal diameter {A, fig. 93, 
which shows one end of the apparatus). The ends were closed with the usual 
brass caps a, in which round windows, about 2 cm. in diameter, had been cut 
on the lathe. The ends were closed by plates of glass g, secured between two 
jackets of rubber and " vulcanized" fiber. L shows the axis of the beam of 
Ught. 

BB is the steam chamber, steam entering at 5 and leaving by a similar tube 
at the other end of the apparatus. Steam is thus directly in contact with the 
tube. The projecting end of A is inclosed by a recess packed with wadding, 
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CC, As the walls of the brass pipe were thick and the ends relatively short, 
there seemed to be no objection to this arrangement. Care was taken to 
conduct the escape steam and hot gases away from the interferometer. 

The displacement interferometer was of the linear type described above, 
the mirrors M and N and the grating G being attached directly to the wall of 
the pier and without an intervening rail. Unfortunately the pier in a large 
city is also in incessant vibration, so that the interference patterns quiver. 
It is this insuperable difficulty which has prevented me from reaching results 
as accurate as were anticipated. A few of the data, however, will be added 
as an example of the efficiency of the method. 

Tablb 14. — ^Refraction of air at different temperatures. Tube, 71.7 cm. long, 

2.5 cm. in diameter. 



Barometer. 


Temp. 


75.3 


iO»XAiV^j 

1 

1 


Barometer. 


Temp. 


P- 


io»XAiV 


77.04 cm. 


19.7* 


19.3 


75.12 cm. 


I9.9' 


74.3 


19.3 


22* 






19.4 


20« 






19.1 


I 






19.3 


VI 






19.0 
19.2 


76.25 cm. 


ai.7* 


75.5 


19.1 










20* 






19.3 


76.98 cm. 


100.4* 


75-5 


15.0 


II 






19.2 

19-4 
19-4 
19.3 


1 8.7' 
VII 






I5-0 
15.0 


77.22 cm. 


I9.I* 


75.7 


19.8 


76.55 cm. 


100.2* 


75.3 


15.0 


20' 






19.7 


\fi 






15.0 


IV 






19.8 






15.4 








19.7 
















197 










76.25 cm. 


22.2* 


75.5 


19.I 


75.12 cm. 


997* 


74-3 


I5-0 


20* 






19.2 


20* 






15.0 


V 






19.4 
19.6 

19-5 


VIII 






14.9 
15-0 
151 



79. Observations. — ^The data are given in table 14, where the temperature 
and barometric presstu^ are shown in the first column, the differences in the 
pressure p between the plenum of air and the exhausted air in the refraction 
tube in the second column, while the third shows the values of AiV, the dis- 
placement of the micrometer corresponding to p, as found in successive inde- 
pendent experiments at the temperature given. For such long distances 
between grating and mirrors the ellipses are visually distorted, and much 
depends on finding a satisfactory sharp interference pattern. This was the 
case, except in series 3 and 5, when for incidental reasons (outside tremors) 
the patterns were disagreeably flickering. The observations are usually for 
room air, as the special drying of air in series 3 and 5 made no perceptible 
difference. At 100*^ care must be taken to obviate convection currents of 
air, so far as possible. The endeavor was made to keep p as nearly as possi- 
ble at the same value, apart from the barometer pressure, which does not 
enter into the equations. In series 4 the values of AN* are relatively large. 
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but qtiite consistent with each other. The reason for this could not be made 
out. But for the inevitable tremors the observations would all have been 
acceptable. 

80. Computation. — Since the ends of the air-tube are perpendicular to 
the beam of light 

(X) AJV=,(m-x-X^J) 

where AN is the difference of the displacements of the micrometer in the 
presence and absence of air in the tube, e the effective length of the air coltunn, 
and |i the index of refraction of the air for the given wave-length X. The 
equation presupposes a knowledge of the dispersion of air dfi/aX; but, as this 
is small, the term may be temporarily omitted. If X is constant, it corre- 
sponds to a constant correction of AN throughout the eiqperiments. 

Again, if we have an equation of the form of Mascart's, mts referring to 
o^ C. and normal barometer, and iVo to the absence of air in the tube, 

.V M-i ^/> i+0(p-7^) ^ Np''N. ^ANp 

^^^ M»-i 76 1+at Nn-N. ANn 

where a and fi are two constants. If the tube is not quite exhausted {SB 
remaining), the observations for a plenum (barometric pressure, B) and 
exhausted air being made at the same temperature, 

or nearly 

B-BBji-pB) ^NB -NiB ^ ANB--iB 

B Nb-N. ANb 

Thus if one neglects the small correction i — fiB of BB 

(3) ANB^^NB^iBg^ 

the nucrometer displacement ANb in case of complete exhaustion at the 
barometric height, B, and the displacement ANB^iB corresponding to partial 
exhaustion B—BB, are proportional to those pressures. Since 6B was quite 
small, this equation was assumed, and p—6Bis thus nearly the height of the 
mercury column of the partially exhaxisted tube. In the table this is briefly 
called p, and differs from the barometric height. 

Finally, for two partial pressures p and p' and temperatures i and f of the 
air 

AN* and AAT' being the micrometer displacement corresponding to p, t, and 
p\ f, respectively. Hence if care be taken to make p^p\ nearly, 

AN ^ AN' AN-AN'N6 
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if, for brevity, f-t^U and AiV-AAT'-iAT; or 

U pis not quite equal to p', fi{p'--p) may still be neglected, but AAT/^ and 
^'/p' must replace LN and A/V', orAN(i—ip/p) replace AN where 5p= 

On applying equation (5) to series i, 2, 3, for which p is nearly constant, 

W"«79.5* 3^—0.00483 a»o.oo38o 

applying it to series 4, 5, 7, similarly, 

^■■79.8^ liV^«*o.oo404 a»o.oo404 

The mean value is thus a»o.oo39a. The reason of this difference is found in 
series 4, where AN is excessive. In fact, if we compare percentage errors of 
a and 6N 
/ic\ da/a AN ^ . 

so that an error of 5 per cent in 3^ would be an erro r of over 5 per cent in a. 
For the case where the fringes tremble this is inevitable. If the mounting were 
without tremor, however, Uf should be guaranteed to 5X10^ cm., corre- 
sponding to the evanescence <^ a single interference ring, so that a should be 
determinable to i per cent, even in case of a tube of the length 71.7 cm. given. 
If 3^ is small or f small, equation (5) becomes, approximately, 

^-a«lorAAr'-AAr(i-att) 

This equation may be used to find the successive values of AN in the table, 
if the second, for instance, is supposed to be correct. It appears that the 
first and fifth differ about equally (^o.oooi cm.) from the second, but the 
error of the fourth (— o.oooaS) is excessive. Hence if this second datum be 
taken as the mean of series i, 2, 5, and combined with the two data for 100**, 

AAr«i9.28 aAr»o.42i 5<=78.6* ^'«ioo.3'* a=o.oo38s 

This is the more probable result of table 14 and would agree with Mascart's 
value, 0.00382. 

Somewhat later, the independent series of observations 6 and 8 were carried 
out. The interference pattern at 99.7^ was exceptionally quiet and dean, but 
at lower temperatures this was not better than usual. The results are 

io'5iV=4.iS W=79.8^ a«o.oo372 

somewhat below the preceding value. 

81. Pinal experiments at I00^ — Somewhat later, at a time when the labo- 
ratory was relatively quiet and after the same effective improvements had 
been made in the mounting of the interferometer mirrors, the experiments 
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at loo^ were repeated. The optical measurements were satisfactory, or at 
least just short of the counting of interference rings for measurement. The 
arc lamp, moreover, which is unsteady, would scarcely sufGice for this purpose. 
The results obtained were as follows (table 15) : 

Tablb 15. — Refraction of air at different temperatures. 



Bar. 


Temp. 


P 


li^AN 


Bar. 


Temp. 


P 


IO»AJV' 


75.6 cm. 


21.8* 


74.0 


19.3 
19.2 

19.3 
19.1 


76.72 cm. 
20.5* 


100.3* 


74.0 


15.I 

15.4 
150 

15.I 


76.65 cm. 


21. 8* 


74-0 


19.6 
194 

19.5 
19.2 

19.3 








15.5 
15-0 

15-2 

15.4 
15-2 

15.3 

15*2 



If the mean values of AN and AAT' be taken and a computed 

io'AW=» 19.22 lo'AW'ss 15.22 8N^ 4.00 

the result is 

a » 0.0036 1 



«/ = 78.S' 



As tfaeae eiqieriments were the smoothest and were made under the most 
satisGactory conditions, they are probably the most trustworthy. I have not, 
therefore, been able to obtain evidence for a value of a (between o^ and 100^) 
greater than the coefficient of expansion of gases, though it must be confessed 
that the method in its present surroundings is not sufficiently sensitive to 
furnish a definite criterion. 

Later results at low temperatures (series 3) like the above series 4, table 
14, again gave a high result for AA^, in each case consistently. It is probable 
that the interference pattern changes between the case of a plenum and of 
highly exhausted air, owing either to flexure of the glass ends or to some other 
cause, or possibly depending only on the form of the pattern which happens 
to appear. In such a case the lines of symmetry for N (plentun) and N (ex- 
haustion) would differ, introducing a S3rstematic error very difficult to obviate. 
Thus different values of AN often follow a difference of adjustment of the 
mirror at the micrometer, while all cases for the same adjustment are practi- 
cally identical. 

82. Experiments at red heat— To investigate the feasibility of such experi- 
ments, an inch steel tube (bicyde tube), 68 cm. long, with flanges brazed on 
at the ends, and an exhaustion tube near the middle, was heated in an oiganic 
combustion furnace to low red heat. The ends just projected outside the 
furnace and were closed by plate-glass windows with a jacket of asbestos 
between (applied wet and dried); or, finally, with a jadket of aluminum 
cement, day, plaster, etc. These short but rdativdy cold ends are, of course, 
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an objection to the method, but no better device was found. Even so, the 
windows frequently cracked and had to be replaced. Such an apparatus 
naturaUy leaks, particularly at low temperatures, where the viscosity <^ air 
is relatively small, so that the experiments as a whole are merely tentative. 
To maintain the exhaustion as high as 70 cm., it was necessary to keep the 
air-pump at work. To reduce this annoyance the exhaustions were at first 
not carried above 60 cm. of mercury. With the interference fringes, however, 
no serious difficulty was experienced after the tube had taken definite shape. 
Distortion of fringes was inevitable, but centers of symmetry for measure- 
ment were always available. 

The first experiments were made without exhaustion, at low and hig^ 
temperature (low red heat). The difference of displacement 6N between 
cold (25^) and hot was (for instance) in two different experiments 



as' 


loW —35.0 cm. 


3S-2 cm 


red hot 


ioW'-28.s 


28.6 


or 


lo'aiNT- 6.5 


6.6 



at atmospheric pressure. The 6N so obtained makes no allowance for the 

change of refractive index of the hot glass ends, nor for any displacement or 

rotation or warping of the ends during the course of the experiment, which 

required a lapse of an hour or two. 

In the next experiment, therefore, the method of exhaustion was attempted* 

the partial vacuum used being about 16.6 cm. when the full barometer read 

76.64 cm. Thus p^6o cm. An example of the results obtained is given in 

the following data. 

Cold Tube. 



Pressure 76.6 cm. 
Pressure 16.6 
p» 60.0 


loW —34.8 cm. 
22.7 

IO*AiV=-I2.I 

Red-hot Tube. 


34.7 cm. 

22.5 

12.2 




Pressure 76.6 cm. 
Pressure 16.6 
f = 60. 


loW =24.6 

20.1 

io*AN 4.5 


24.5 26.8 

19.4 20.0 

5.x 6.8 


26.0 cm. 
20.0 
6.0 



In the two experiments at the end readjustment was necessary, as the red-hot 
tube warped during the exhaustion. In the last case the glass cracked. The 
first two data should therefore be taken, so that 

io*AA/'— 12.1 cm. io*AN''«4.8cm. lo'W— 7.3 cm. <«2S*p=6ocm. 

If equation (5) above is solved for f the result is 
f ^ *' I m AAT 

or if a= 1/273 

This result is certainly small, as one would estimate the temperature (red 
heat) at several hundred degrees higher. Unfortunately the relativdy cold 



REVERSED AND NON-REVERSED SPECTRA. 



139 



ends of the tube and the leakage at the windows both contribute to a low 
yahie<j£f. But these do not seem to be adequate reasons. It is more probable 
that the longitudinal radiation of the air on the one hand and the value of 
i/a^ays assumed (if this is too small) may be the chief causes for the low 
value of f. It is not, of course, possible to come to any further decision; but 
the ex per im ents are distinctly unfavorable to the large value of a (small 
i/a) above considered. 

The method is not adapted for very high temperatures, since equation (7) 
may be written 

and therefore, since T'AiV'= rAiV, 

^=-rAAr/(AA^')' 

where (r referring to absolute temperature) AN"' rapidly reaches the limit of 
accurate measurement. 

83. Further experiments at high temperatures.— A variety of experiments 
were now n:iade to obtain a more nearly tight joint at the ends, by using 
various days, aluminum, etc., as cements, but 
without success. Finally, an improvement was 
obtained by using plaster of paris in the way 
shown in figtue 94. A is the end of the hot 
tube in the combustion furnace F. The flange / 
is set somewhat back, so that x)acldng of plaster 
p may secure the window g to the end of the 
tube. The plaster is put on wet and allowed to 
dry thoroughly. Lying outside of the furnace, 
it is never heated to redness. The joint is at 
first fairly good, though it gradually deteriorates at high temperatures, and 
must be replaced. In this way the following results were found: 




Tablb 16. 

p. ic^AN p. 

Just below red heat 74.5 12.4 Cold tube (33*) 74.0 

13.5 

13.0 



lo»XAiV p. i€^AN 

17.6 Low red heat 73.5 8.9 

17.7 8-5 

17.8 8.6 

18.1 8.8 

17.8 

Thus, from the first and second series, ^^ 154^; from the first and third series, 
/'»33o^. As in the first experiments tried, both of these data are much too 
low. Here they can hardly be referred to the leak, since this was smaller. 
The ends are exposed not more than z or 3 cm. each, or a total length of about 
70 cm. of tube. 

Some adjustment is needed at the mirrors, to place the slit images in coinci^ 
dence for the case of an exhaustion, as compared with a plenum of air. This 
adjustment is slight, but unfortunately its effect on AN' can not be estimated. 
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Cooling of gas as resulting from longitudinal radiation might be suggested, 
but, as it was not enoountered in the case of the steam tube, it would not 
seem to be mfnacing here. 

Finally, it will be seen from equation (8) that the effect of a leak is to make 
AN' too small. It will be laiger as the vacuum is more perfect. Henoe f 
should be too huge for this reason. A small if can not be due to a leak. The 
exhaustion effect, since the gas expands into a vacuum, can not be serious. 
None of these incidental difficulties seem adequate to account for the large 
temperature discrepancies consistently obtained. All things considered, it 
seems to me most probable that the temperature coefficient, as the gas enters 
the r^on of red heat more fully, continually decreases, and that this is the 
real explanation of the low temperature values obtained. 

The apparatus was now taken apart and provided with a fresh jacket. 
After drying, the cold apparatus again appeared in good condition. The 
results with the barometer at 75.55 cm. were 

Cold (22*) p io»AAr Red hot /> lo'AiV' 
73-0 17-7 730 8.0 

. . • • a7.0 •>.. •••• 

.... X7.0 ■•.. ■•«• 

Unfortunately the glass cracked after the first experiment at red heat. 
The data for A^ (cold) agree almost exactly with the preceding results. The 
high temperature would be I' — 383^, again enormously too low. Nevertheless, 
if the values of a were in question, as the temperature must have been at 
least 850^, this would come out as low as a«o.ooi5. The misgivings already 
enumerated apply here as before. As the experiments are very laborious 
they were abandoned at this point, for it did not seem that further work 
would materially enhance the result; nor was it thought necessary to actually 
measure the high temperatures. 

84« Flames. — In the earlier report on the refraction of flames an abnormally 
low result of /i was obtained for the ignited gases. I have since repeated this 
work with additional improvements. It appears that it is quite possible to 
look through the peak of the blue case (symmetrically) without destroying 
the interference pattern as a whole, though this naturally quivers excessively. 
The last of the new results showed for the presence {N') and (N) of the flame 
the micrometer readings : 

N', flame 0.039 0.029 0.029 0.029 0.029 
N, air .0297 .0295 .0294 .0296 .0296 

Hence the mean difference is 0.00056 cm., or per centimeter of breadth 

(2.3 cm.), 

W= 0.00024 cm. 

If the space occupied by flames were vacuum, the difference would have been 
0.000268 per linear centimeter. Thus AN' =s 0.00002 cm., which lies within 
the error of observation, but is otherwise quite of the order to be expected 
for the hot gases in question. 
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85. CcMiclusion* — Though the experiments made are of a tentative charac- 
ter, the inference seeoos warranted that, so far as my work goes, the tem- 
perature coefficient a of air at low temperature is identical with the coeffi- 
cient of expansion of gases. At high temperatures the value of a seems to 
decrease rapidly, in proportion as the gas is more highly ionized at red heat. 

It has occurred to me that such ionization might load the gas in relation 
to the Ught-wave passing through it, and that the observed excess of index 
of refraction over the value anticipated at high temperatures might be 
explained in this way. But air ionized by the X-ra3rs shows no such effect. 
Neither does the refraction of flames at high temperatures, so far as can be 
made out, show a large value of the refractive index of the ignited gases. 

It is difficult to see how the experiment at red heat can be improved, unless 
a'quartz tube is made for the purpose. But even here the difficulty of obtain- 
ing adequately plane parallel ends and a tube of sufficient breadth is formid- 
able. The attempt to grind in reentrant glass cylinder-like stoppers at the 
end of the tube was thought of, but did not succeed. 



CHAPTER XII. 



ADIABATIC BXPAHSION OBSERVED WITH THE niTEKFEROMBTER. 

86. Introductory. — In the preceding report^ I tested a number of receivers 
in which air was expanded adiabatically, by pasang one of the component 
beams of the displacement interferometer through the air contained. The 
vessels then used were not very satisfactory, being, as a rule, not long or 
capacious enough to insure trustworthy results. Moreover, the interferometer 
did not at that time admit of the introduction of long or bulky apparatus, 
whereas in the new form a length of almost 150 cm. is available. Tlie main 
purpose of the research will thus be to ascertain how long and thin a tube may 
be made to be serviceable for expansion experiments. Furthermore, it seemed 
worth while to repeat the work preliminarily with a large, staunch tank since 
found in the labcKratory. This was a heavy cylinder of cast brass, about 27.1 
cm. (inside) and closed by plates of heavy glass, each 0.56 cm. thick and 20.3 
cm. apart (inside), the whole containing a volume of air of about 11,713 
cubic centimeters, to be increased to 12,800 cubic centimeters, because of the 
efiBux pipe. The expansion pipe was 2 inches in diameter and closed by a 
2yi' inch brass stopcock, with a plug practically floating in oil to prevent the 
ingress of air from without. The glass plates were sectu*ed by iron bolts, a 
layer of resinous cement (equal parts of beeswax and resin) between glass and 
the flat end faces of the cylinder being introduced to prevent leakage. 

To expand the gas in the receiver, the 2-inch pipe coimnunicated with a 
tall, galvanized iron boiler used as a vacuum chamber, 29.4 cm. in diameter 
and 147 cm. high, thus containing a volume of 99,800 cubic centimeters, or 
100,200 cubic centimeters with the influx pipe. It was in communication 
with a large air-pump and provided with a mercury gage for the measurement 
of the partial vacuum produced by the pump. The air flowing into the air- 
chamber after exhaustion was dried in the usual way and the influx controlled 
by a fine screw stopcock. There was a special opening for a thermometer. 
Vacuum and air-chamber were rigidly connected by a brass union with a 
rubber washer. There was no appreciable leakage so far as the atmosphere 
without was concerned. The 2-inch stopcock, however, was not quite tight 
within, so that air passed very slowly from the air to the vacuum chamber, 
in proportion as their pressures were different; but as the air-chamber is in 
service, either at atmospheric pressure (the influx cock being open) or, after 
exhaustion, at approximately the same pressure as the vacuum chamber, this 
leakage was of no appreciable consequence. Otherwise the interference pat- 
tern would not have been stationary. 

While this apparatus was not long enough to fully realize the advantages 
of the method of displacement interferometry for the purposes in question, 

* Carnegie Inst. Wash. Pub. 149, Part II, Chapter IX, 1912. 
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it was useful for testing the ring method in oomparison with the former. The 
equivalent of a vanishing interference ring is here not immediately given in 
terms of the wave-length of Ught, since the rings move through the spectrum. 

With the exception of a few incidental experiments of my own, optic 
methods of the present kind have not hitherto been used. They are here par- 
ticnlariy applicable, since the number of the rings vanishing in a given region 
of the spectrum has merely to be counted after the sudden exhatistion and 
during the x)eriod of slow influx of air. 

Succeeding parts of the chapter will refer to other available forms of ap- 
paratus with similar ends in view, and the additional purpose of ascertaining 
how long and narrow an apparatus may be shaped, without seriously inter- 
fering with the adiabatic measurements; for if the apparatus is increased 
indefinitely in length and diameter, it is obvious that the suddenness of the 
exhaustion through any available pipe will be more and more impaired. The 
same is true if the apparatus, for a given (sufficient) length, is too narrow, 
though for a different reasoiL 

Tablb 17. — ^Values of y. BvSky air cbamber, F—99,800 cub. cm., Vi- 11,620 cub. cm. 

( V4-»)/V— 1. 116. C—952.6; i+x— 1.0341 ; e—20.3 cm. 



Series. 


/ 


P^ 


P 


1<^AN 


T 


Number , \ 

of rings.! '^ 

■ 


1 

I 


224 

■ • • ■ 

• • • • 

• • • • 


cm. 
75.88 


cm. 

56.38 
56.88 


cm, 

1.15 

.95 

.92 

1.02 


1. 15 

1.39 
144 

1.28 


30 

29 
29 

29 


1.49 
1.50 
1.50 
1.50 


i " 


224 

• • • • 

• • • • 

• • • p 


75.88 j 47.68 

..... 

I 


1.53 
1.33 
1.45 
1 47 


1.29 

1.53 
1.38 

1.36 


46 
46 
46 
46 


1.58 
1.58 
1.58 
1.53 


III 


22.8 ■ 75.70 
23.2 . . . • • 

23.6 

24.0 

1 


38.50 


1.95 
2.25 

2.05 

1.91 


1.38 
I.14 
1.29 
1.42 


161 

160 

61 

62 


1.54 
1.54 
1.53 
1.50 


IV 

I 


«22.5 76.75 
*22.5 

23.6 1 

23.6 ' 


30.35 

1 


2.65 
2.20 

2.73 
2.49 


1.28 
1.65 
I.2I 

1.39 


77 
76 
78 
78 


1.58 
1.59 
1.54 
1.54 



^ Count broken owing to flicker of arc; obtained from rhythm. ' Sunlight. 

87. Experiments with short, bulky air-chambers. — ^An example of the data 
obtained is given in table 17, where the ratio of specific heats, 7, computed 
directly both from displacement of ellipses and 7' from interference rings, is 
shown in detail. The original pressure of the air-chamber is that of the barom- 
eter, fo. The pressure of the vacuum chamber is given under p. The dis- 
placement, AN, from four independent observations in each case and the 
number of interference rings vanishing from exhaustion to plenum are the 
data chiefly of interest. It has not been possible, according to the table, to 

* Carnegie Inst. Wash. Pub. 149, Part II, § 83, p. 129; f 85, p. 135. 1912. 
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place the micrameter with an accuracy of more than o.oooa on. or 0.0003 
cm. in successive cases, AN being the difference of two readings, each uncer- 
tain to io~* cm. But the effect of this is to throw out y by about the same 
number of tenths, so that the roughness ct values in the table is inevitable. 
On the other hand, however, 7 obtained by displacement is usually too small, 
whereas the value computed from the evanescence of rings is always mudi 
too large. Thus in the first series there should have been an evanescence of 3 1 
rings, in the second of about 50 rings, in the third of 64 rings, in the fourth of 
85 rings. The reason for this discrepancy is very hard to determine, but will 
be considered in the next paragraph. The mean values of y from displace- 
ment and from rings are usually more nearly correct than either, as if the 
errors were equal and opposite in the two cases. The error is, in some way 
which has not been made out, associated with the placing of the micrometer. 
Thus, without apparent cause, the micrometer reading with a plenum of air 
may differ by several 10** cm., so that if these discrepancies are in opposite 
directions the value of y shows such large divergences as in series 4, for in- 
stance. In other words, the error appears to be extraneous to the method of 
experiment. 

It has been suggested that the number of vanishing rings observed is approx- 
imately about 10 per cent too small throughout, and that the corresponding 
data for 7, though excessive, are nevertheless of the same order of value. 
Experiments were made to determine whether the change of wave-length, X, 
influenced this result. This was done by allowing the center of ellipses in 
one case to move from the D line towards the red, in the other from the yellow 
into the D line. The mean wave-length would in the last case be smaller, and 
one may estimate the former as 

where AATo is the displacement of mirror which passes the center of ellipses 
from the C to the D line. This was found to be lo'AiVo^ 28.1 cm. Hence 

AN 
X«Xd+3.3SXio-«X^;^^-io-«(58.93+"9AA0 

Even in the final case, therefore, where lo'AiV^ 2.5, X/) would not be in error 
by more than 0.5 per cent. Using sunlight and at 

^=76.75 cm. /> = 48.6s cm. t = 294.s® (abs. temp.) 

the number of rings R were counted when the ellipses traveled into the D 
line and from the D line, respectively, with results of which the following 
are examples: 

Prom D line, i^ = 47 46 46 Mean R « 46.3 

Into D line, jR=4S 47 46.5 46 Mean i? = 46.1 
In(Hfferent, R=46 46 Mean i^» 46.0 

These results agree with the second series of table 17, and there is thus no 
appreciable difference. 
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One may note iJmt the restdts for 7, when rings are oo^mte^ 
too laige» but always of the same order. In fact, if J? were increased by the re- 
daction factor r 91^/2 izp^ the vahies of 7 would all be nearly correct ; but there 
is no reason for such a correction. Moreover, since the data for 7 obtained 
from AAT (ellipses brought back to fiducial position) and from R (ellipses dis- 
placed) are each separately consistent with each other, the discrepancy can 
not be dne to leakages of air, as these would aSect both measurements in the 
same way. The only source of error which is not common to both (apart from 
the di^lacement of ellipses) is the possible distortion of the glass upon exhaus- 
tion; for» in case of AAT, measurement is made at a plenum and at maTimnTn 
exhaustion only, but at varying pressures for the case of rings. Thus if the 
rings needed are supposed to increase in the ratio of 

^/^*i.3 1-6 a-o a.S 

roughly, an approximate adjustment of the two sets of observations would 
also be obtained. Moreover, the effect of flexure would be an increase of the 
path of the beam in glass and so counteract the negative effect of decreased 
density. 

88. Effect of strained glass.— To detect the possible effect of the inward 
flexure of the two plates of glass, a metallic ring about 25 cm. in internal 
diameter was provided. To this, two glass plates of about the same thickness 
(0.8 cm. each) as in the above vessel were cemented free from leakage and 
kept in place by clamps. The distance apart of the two plates within was 
but 1.8 cm., so that the micrometer displacement due to exhaustion of air 
was reduced to a small value. Hence, if the flexure of the glass plates due to 
exhaustion and the reverse were optically appreciable, it should here be 
detected. 

To compute the residual air effect for the lamella of air, #» 1.8 cm. thick, 
we may write 

(l) C^.=P/(M" l) =^/(Mi- 1) 

where C» 953.6, ^0 is the temperature of the isothermal experiment, 11 and 
li« the index of refraction of air at the pressures p and />o- Furthermore, 

(a) /*— i=M«—i— AAT/tf 

if AN is the micrometer displacement for the pressure difference p—po at ^o- 
finally, if n is the number of rings vanishing or of fringes passing at the 
sodium line, then 

Thus if p-p^^hp, then 
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80 that n and 6p are proportional quantities. The following results were 
found: 





V 


No. of 

rings 

observed. 


No. of 

rings 

computed. 


Middle of glass plate . . 

A cm. above middle.. . . 
8 cm. above middle.. . . 
At edse 


30 cm. 

45 
60 

45 

45 

45 


7-2 

10.0 
isa 
9.8 
10.0 
10.5 


6.5 

9.7 

13*0 

9.7 
9.7 

Q.7 




y*# 



The observed data are the means of 5 or 6 trials. As it is difficult to observe 
the rings without interruption in an agitated laboratory, there is no doubt 
that observed and computed values are coincident. The first and last rings 
are not easily counted, and individual data were found to agree with the 
computed results perfectly. Finally, if the glass strain were effective (for 
there is actual flexure), it would be shown in the observations made by pass- 
ing the beam through different parts of the plate of glass, between the center 
and the edge. No consistent difference was found. 

Hence an appreciable strain effect is abo absent, and the reason for the 
discrepancy in the two sets of values from AN and from n, in table 17, remains 
outstanding. 

89. Equations. — ^In the preceding report* the equation for the value of y 
is deduced as 

^^ __Jogp/^ 

AW-(.+,)^(.+(0") 

Here po and p are the pressures in the air-chamber (barometric) and the 
vacuum chamber respectively, before exhaustion, ^9 the original tempera- 
ture of the air, AN the displacement of the micrometer corresponding to the 
shift of the ellipses on exhaustion. If the air-chamber is quite tight, AN may 
be taken at any time. C and i+x are the optic constants 

C«^/^i(Mi-i) = 952.6 

for dry air, being the optic gas constant, if mo^z replaces po, the normal 
density of the gas. To allow for the dispersion of air an empirical equation 
(convenient in the present calculation), 

/i- 1 =J?/X'=o.oooaioi/X*»** 

was constructed. The deduction as5aiTnes that the centers of ellipses are 
brought back again to the fiducial line D, of the spectrum, the micrometer 
displacement in question being AN. 

* Carnegie Inst. Wash. Pub. 149, Part 11, pp. 166-168. 
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In the case where rings are counted, however, the center of ellipses leaves 
the D line by a short distance, less than one-tenth of the interval between the 
C and D lines. In such a case, if iiw^^A^+bJ>? for air and Mg=^g+&gA* 
for glass, the nucrometer displacement to bring the ellipses back again from 
X' to X should be 

aiV=3(^a6.+^A)(iA*- i/x'«) 

^A and e^ being the lengths of air and glass* in the beam. Here 

^m = 2o.3 cm. 6.=«io-^*Xi.6s #.6««io-"X33-S 
*j= 2 cm. fcj = io~"X 48 ^gfcg«=io-"X96 

so that the effect of air, where b^ is variable with pressure, is but 0.3 per cent 
of the glass effect and may ia the first approximation be n^lected. The 
equation may therefore be written: 

X* X* ^ejbg X 6ejbg 

If the mean data from series I be inserted (5^ '=960X10'* when X refers to 
the D line) 

gX_ 960X10-^X10-^X0.3473 ivy^ ^ft 

X 6X96X10"" 

For the case of the C and D lines 5X/X=3.35/58.9=o.oS7, roughly, about ten 
times the preceding distance. 

In fact, the observations made for the estimate given in the preceding para- 
graph (semi-displacement), 

compared with the present 



^_ 10-^X0.3473*^ ^ ^>yT 

X S76XIO-" 



expected 



vtiki «^rt(;Hi[v 



The discrepancy observed between the method of measurement in terms 
of the displacement {AN to bring the ellipses back to the fidudal position) 
and the method of counting rings can not, therefore, be explained as the 
result of a change of wave-length X in the latter case; i.e., the equation 

AN=(n,-n)X/2 

where fit — n is the number of vanishing rings of the mean wave-length X, is 
at fault for some other reason. Curiously enough, the ring method is essen- 
tially simple, as it reduces to t =■ wf / v ^ ^0 and« are the number of rings 

* Thickness of glass plates of air-diamber, 1.3 cm.; of the plate of the grating, 0.7 cm. 
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vanishing when a plaaum of air and fhe adiabatically eiiiausted air, respec- 
tively, an introduced into one of the beams. Since 

this is equivalent to 

AiV-(nt-ii)X/a 

90. Experiments witfi lone tubes. Diameter, one inch. — The difficulty 
encountered in the case of the preceding experiments was the small value of 
the displacement AiV obtained. As a consequence, every little incidental 
disturbance produced a large effect in y- It is the purpose of the present 
experiments to remedy this defect by using long tubes by which AN may be 
increased over ten times. It was particularly of interest, moreover, to begin 
with relatively thin tubes, and inch gas-pipe suggested itself for the purpose. 
The value of y to be expected will necessarily be too small, as the air must 
undergo reheating before theexhaust cock can be closed. The question, how- 
ever, is whether consistent values of y will be found, even for these extreme 
conditions and for large variations of pressure. Obviously the window plates 
will not produce discrepancies, as has been directly shown in paragraph 88. 

The gas-pipe installed was 143.4 cm. long within. To make the junction 
with the vacuum diamber, a straight pipe of the same diameter and about 
7S cm. long was needed between the main pipe and the 2>^-inch stopcock. 
The connecting pipe, together with the tube itself, is probably the chief cause 
of the resistance to flow and the low value of y found, but it was not possible 
to shorten it. 

The large stopcock inevitably leaked slightly when the pressures were 
different in the two chambers; but immediately after exhaustion this made 
no appreciable difference, as the two pressures are then nearly the same. In 
fact, no rings vanish from the spectrum from this cause. Just before exhaus- 
tion, however, after closing the gas-pipe by the fine influx stopcodc, appreciable 
leakage is shown by the spectrum. Hence the exhaustion must be made 
immediately after the influx cock is closed. Some low results at the outset 
are referable to this difficulty. 

The tube was, as usual, filled with dry air after exhaustion. The results 
are given in table 18, in the same way as in the preceding case. The experi- 
ments themselves were throughout satisfactory, no difficulty being encountered 
at the inter fe rometer. The work, moreover, is equally trustworthy at low 
and at high exhaustions, a result which is rather surprising. In the latter 
case, as the total displacement, AN, is over 0.0276 cm., the y contained should 
be correct within i per cent. 

Only one attempt was made to find AN by the march of the interference 
fringes. Fully 276 were observed, and it is here necessary to count the fringes 
passing the D line, since the ellipses are displaced throughout the greater part 
of the length of the spectrum; but this introduces no inconvenience whatever. 
The difficulty is due to the time needed in counting so many evanescences; 
for during this interval the electric lamp is liable to fficker seriously, or some 
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will occur in the laboratory or without, tending to make the count 
uncertain. The rings disappear temporarily during the tremor. In a quiet 
laboratory, however, and with sunlight replacing the arc light, this would be a 
method of precision. Thus, for instance, at the highest exhaustions used, over 
900 fringes would have to pass the D line, a datum from which 7 could be 
accurately obtained. 



Table 18. — ^Values of 7. Iron gas-pipe, i inch internal diameter. C>-952.6. 

e« 1434 cm. i+ac» 1 .0341 . 



Series. 


/ 


/>t 


p 


10»AiV 


7 


No. of 
rings. 


7' 


I 


19.2 

« • • • 

■ • « • 


cm, 
76.84 


CM, 
57.84 


Cfn» 

8.75 
8.60 

8.35 
8.40 


I.18 
I.2I 
1.24 
1.24 


276 

■ • • 

• ■ • 

• • • 


1.38 

• • • • 
■ • • • 

• • • • 


II 


19. 1 

■ • • • 

• • ■ ■ 

• • • • 

• • • ■ 

• • • ■ 


76.28 


48.08 


".95 

13.15 

13.15 

13.25 
13.10 

13.25 


1.20 
I.I8 
I.I8 
I.I7 
I.I9 
I.I7 






III 


19.2 

• • • • 

• « • » 

• • • • 


76.28 


38.98 


18.05 
18.10 

17.95 
17.80 


I.I4 
I.I4 

I.I5 
I.I7 






IV 

1 


19.3 

• • « « 

• • • • 

• • • • 


76.28 


29.78 


22.70 
22.80 
22.65 
22.80 


I.I5 
I.I4 

I.I5 
I.I4 






V 


19.3 

• • • « 

■ • • • 


76.38 


20.88 


27.85 
27.60 

27.60 


1. 12 
I.I4 
1. 14 







If we compare the mean results for 7 with the exhaustion used (pressure p 
in the vacuum chamber, full barometric pressure p^ in the air-chamber), the 
results decrease slightly as the vacuum is higher. Thus 



If ^=58 cm. 
Then 7= 1.23 



48 cm. 39 cm. 
1. 18 1. 15 



30 cm. 
1. 14 



21 cm. 
1.13 



which is what might have been expected, except that the rate of decrease is 
much less than wottld be surmised. There seems thus to be no objection to 
the use of high exhaustions, which in turn give a better value of 7 from the 
large range of AAT obtained. 

The low mean value of 7 obtained has been referred to the resistance of 
the inch piping to the outflow of air. It is probably not due to the stop- 
cock, as incidental differences in the speed of opening and closing would 
otherwise have shown a marked effect. One may conclude that the air in 
the long inch gas-pipe expands adiabatically with a coefficient y between i.i 
and 1.2, in case of such exhaustions as the above. 
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91. The same. Diameter of tube, two iiiche8.^The experiments were now 
continued by enlarging the diameter of the tube to 2 inches. Brass gas-pipe, 
ia35 cm. long, to be closed with thick glass plates, was at hand. To connect 
the same with the vacuum chamber, a similar 2*inch pipe, 1x5 cm. long, as far 
as the a>^-inch stopcock, was necessary. Moxeover, as this was in the way of 
the light received from the grating, the beam was reflected by an oSset oon- 
sisting of two silver mirrors in parallel. No difficulty was found with this 
arrangement, and the sodium line was in view to give evidence if any acci- 
dental displacement should occur. 

Unfortunately, the ellipses obtained were somewhat irregular open forms 
(i.e., half ellipses), and the endeavor to secure small closed patterns did not 
succeed. This annoyance depending chiefly on the parts of the mirror and 
grating used, and on shifting accessories, is not easily controlled. The indi- 
vidual measurements of AN are therefore not as good as those recorded in 
table 18, where a displacement of io~^ cm. was assured. They suffice, how- 
ever, for the present purposes. 

The new data are given in table 19, i being the temperature of both cham- 
bers, fo the initial normal pressure of the air-chamber (2-inch pipe), and p 
that of the vacuum chamber. 

Tablb 19. — Values of 7. Brass gas-pipe, 2 inches internal diameter. 
C-952.6; i+x- 1.0341. «-i35.3cm. (K+»)/»- 1.049. 



Series. 


/ pt \ p IO*AiV y 

1 


I 


•c. 

17.0 

• ■ • • 
■ • • • 

• • ■ » 


cm. 
75-66 




CM. 
5646 

1 


C9n. 

7.15 

7-35 

7.25 

' 7.55 

I0a85 

10.95 

II. 10 
11.05 


1.35 
1.30 

1.33 
1.27 


II 

1 


17.0 

. • . • 
.... 
.... 


75.66 


47.36 
..... 


1.33 

1.31 
1.29 

1.30 


III 


16.1 

• « ■ ■ 

• • • • 
■ * • ■ 


75.86 


38.36 


14.93 
15.15 

15.10 

15-38 


1.31 
1.28 

1.29 

1.26 


IV 


16.2 

• A • • 

• • • • 

• • • • 


75.86 


29.36 


19-53 
19-57 
19.27 

19.75 


1.25 
1.25 
1.28 
1.23 


V 


16.4 

• ■ • • 

• • • • 

• • • • 


75.86 


20.36 


23-71 

23.95 
23.70 

23-75 


1.27 
1.25 
1.27 
1.26 



The effective value of 7 in these experiments is, for the lower exhaustions, 
above 7=1.3, showing a considerable improvement over the data for the inch 
tube, which were not much above 7 = 1.1. This was to be inferred, of course; 
but it was not expected that the increment of 7 due to increased diameter 
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would be so rapid. It would seem to be probable, therefore, that if a 4*incfa 
tube were used the conditions for obtaining a trustworthy value of y would 
be nearly met. 

As the exhaustions in a successive series are gradually increased (initial 
partial vacua from p= 56.46 cm. to ^=20.36 cm. in the vacuum chamber), 
the observed values of 7 gradually but slowly decrease, the mean values being 
(^=75.7 cm. to 75.9 cm.) 



^ = 56.46 
T= 1.32 



47-36 
I-3I 



38.36 
1.29 



29.36 

I.2S 



20.36 cm. 
1.26 



where the fourth value is too small, for incidental reasons. This general 
result is also to be expected; but it is rather remarkable that with such high 
exhaustions as those finally used the decrease of 7 is not more nuu'ked. 

The work, as a whole, progressed smoothly throughout, the only interfer- 
ence with precision being the incidental occurrence of open ellipses. To obtain 
other patterns would have required longer additional adjustment than the 
work at the present stage seemed to warrant. 

92. The same. Diameter of tubey four faiches. — ^The first experiments made 
with the 4-inch tube are given in table 20. The completed apparatus showed 
a slight leaky which could not be detected after long searching. The tube 
was therefore admitted for a tentative series of experiments. The exhaust 
pipe here, as above, was rigid and straight, but only 2 inches in diameter, 
with a 2>^-inch stopcock. To exhaust the air-chamber, the handle of the 
cock was suddenly jerked over an angle 180^ between the two closed positions. 
The plug virtually floated in oil, as shown elsewhere. 

Tablb 30. — ^Values of 7. Brass pipe, 4 inches internal diameter. 
C*952.6; i+^ca* 1.0341 ; «» 126.9. ( V-\-v)/V^i.i 19. Small leak in apparatxis. 



Series. 


1 


P^ 


P 


lo»AiV 


T 


I 


19.9 

• • • . 

• ■ . # 
«... 


cm, 
76.15 


cm. 
57.00 


cm, 

5.90 
6.10 
6.23 
6.15 


142 

1.37 
1.34 
1.36 


II 


23.0 

• • • • 

• • • • 

• • • • 


75.79 

• • « • • 


38.39 


12.40 

12.73 
12.60 

12.75 


1.36 
1.32 
1.30 
I.31 


III 


23.2 

• • • • 

• • • ■ 


75.79 


29-39 


15.50 
15.71 
15.77 


1.40 

1.37 
1.37 



As a whole, the results are disappointing; and they are irregular, for mean 
readings could not be made because of the leak. They are, nevertheless, 
interesting, inasmuch as with some of the above data they point out a special 
source of discrepancy. It will be seen that the 7 values tend to decrease in 
successive measurements, begixming with a high value, which is here nearly 
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correct. This can not be referred to the tempemtcixe of the 4-indi tube, 
because the initial optic density is necessarily measured. It must therefore 
be due to the temperature of the vacuum diamber. It follows, therefore, 
that the time allowed in these experiments, between observations, though 
sufficient for establishing the initial temperature of the air-chamber, is not 
sufficient for the much larger vacuum chamber. The two chambers are thus 
no longer at the same temperature, a condition which the equations implicitly 



The apparatus was now taken apart and thoroughly overhauled. After 
reassembling the parts, the diamber was found free from leakage. As the 
exhaust pipe was in the way of the beam of light entering the telescope, the 
offset, consisting of two parallel mirrors firmly adjusted, was used without 
annoyance, here as above. The work throughout progressed smoothly, though 
the ellipses were again not as satisfactory in form as would have been desirable. 

Tablb 21.— Values of y. Data as in Table 11, 4" bimss pipe. 



Series. 


1 


P* 


P 


io*Ai\r 


T 


I 


•c. 

16.5 

. . . • 

. . . • 

. . • . 


CtH, 
75.90 


Cfif. 
56.80 


CM, 

6.34 

6.15 
6.27 
6.50 


1.33 
1.37 
1.34 
1.35 


II 


16.6 

. . • • 

«... 

. • . . 

16.7 

. • a « 


75.90 
76^19 


47.60 

47*89 


9.25 
940 
9.30 

9.20 

9.55 
9.31 
9.45 


1.38 
1.36 

1.34 
1.39 
1.33 
137 
1.35 


III 


16.9 

. • . • 

. • . • 


76.19 


38.69 


12.87 
12.70 
12.80 
12.76 


1-34 
1.36 

1.35 
1.35 


IV 


17.0 

. • . . 

• • . • 

• • • . 


76.19 


29.69 


16.26 

16.23 
16.25 
16.04 


1.35 
1.35 
135 
1.38 


V 


I7.I 

• • • ■ 

• • • ■ 

• a • « 


76.19 


20.69 


20.00 
19.60 

1973 
19.69 


1.35 
1.40 

1.38 
1-39 



Table 21 contains the results. Changes in the values of ANf in a given 
series are most likely referable to the form of the interference pattern, indi- 
recUy to the flickering of the electric lamp. There seems to be no evidence 
to associate them with the manner in which the 2>^-inch stopcock is opened 
and closed. This was merely jerked around 180^, between the two closed 
positions of the plug, and, so far as can be seen, the rate of motion is adequate. 
The successive observations show no consistent difference, as was the case 
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in the preceding table. Hence this discrepancy has been eUminated. What 
18 most interesting is that the 4-inch tube shows no consistent difference in 
the 7 vahies for high or low exhaustion. Thus the mean values under increas- 
ing exhaustion, p, are 

/>»S6.8 47.6 38.7 29.7 20.7 
7= 1.3s 1.36 1.3s 1.36 1.38 

Accidentally the highest valtie of 7 belongs to the highest exhaustion. 

The chief anticipation of the work (i.^., that with a 4-inch tube the true 
value of 7 would appear) has not been fulfilled. The value obtained is still 
much below normal, successive results ranging w follows: 

Diameter of tube 2.5 5.0 10.0 cm. 

Mean 7 1.17 1.29 1.36 cm. 

Diameter of exhaust pipe 2.5 5.0 5.0 cm. 

The rdatively small increase between the tubes 5 cm. and 10 cm. in diam- 
eter is disappointing. At the rate obtained from the first two experiments 
(see fig. 95) a 3-inch tube should have been nearly sufficient. At the rate 
established by the last two observations, however, a tube at least 5.5 inches 




in diameter would be needed to obtain trustworthy values of 7. These differ- 
ences are possibly due to the exhaust pipe, which in case of the last observation 
does not increase in size. Hence a 3-inch pipe with a 4-inch stopcock may 
be estimated as being adequate for 7 measurement, provided the exhaust pipe 
is straight and clear throughout. 

The observations were broken off at this point, with the object of searching 
for some means of obtaining a more sensitive and regular interference pattern. 
If the method is to be ultimately successful, then lo"* cm. on the micrometer 
must be guaranteed. If the ellipses are not quite regular or not closed, this 
is not the case. A more sensitive method of defining optic density is thus in 
question. 



CHAPTER XHI. 



MISCKIJAlfBOUS SZPERIMBlfTS. 

93« Effect of ionization on tlie rebvction of a (as. — ^It seemed interesting to 
test this question carefully, although a negative result was to be expected. 
Accordingly one component beam was sunxnmded by a thick iron tube, while 
the other was allowed to travel freely in air, along a path energized by the 
X-rays. For this purpose the X-ray bulb was placed near the grating and the 
radiationdirectedtowardthemirrorA^ the beam G!Af being indosed. A thick 
sheet of lead, x foot square, was placed behind the bulb to additionally screen 
off radiation along GM. Under these circumstances the ionization along GN 
must have been enormous by comparison with GM. Quiet ellipses were pro- 
duced in the inte rf erometer, and the effect of opening the X-ray current and 
closing it again, alternately, was observed. Not the slightest deformation of 
the ellipses or any motion of the fringes could be detected. An ionization effect 
is therefore wholly absent. It might have been supposed, for instance, that 
the ions present might load the wave of light and produce an appreciable result 
in the interferometer (cf. fig. 9a). 

Since a shift of o.i of a ring would probably have been detected, AiV^ 
0.000005 cm. would have produced a perceptible effect. Hence, since ii-^i 
is, roughly, equal to A N/e, the value of the ionization effect could not exceed 

SXio* 

\7 o = X.oXlO^ 
2X138 

The ionization effect can not, therefore, exceed o.oi per cent of m*" i- 

To furth^ test this question, the iron tube, i inch in diameter and 138 cm. 
long, was provided with a fine axial wire about 0.02 cm. in diameter, passing 
through central holes in the glass plates at the end. The ends of the wire were 
drawn tight by hard-rubber rods on the outside, so that the tube became 
a cylindrical condenser. All holes were sealed hermetically with resinous 
cement. The interference fringes were clearly producible. 

The poles of an induction coil were now connected with the inner wire and 
the tube, respectively, to alternately change the condenser and discharge it, 
with the object of strongly ionizing the air within. On partial exhaustion the 
whole tube became Ituninous, on account of the discharge, in the usual way. 
The best results were obtained with a plentim of air when but two storage 
ceUs actuated the coil. Under these circumstances no sparks passed from oore 
to shell of the iron condenser tube, while the air within was intensely ionized 
by the silent discharge. On closing the current, from 0.5 to i per cent of the 
rings was swept inward at once. On opening it, the rings again emerged. This 
inward motion, however, was in the same sense as the effect of a decrease of 
154 
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denaty, sach as would result, for instance, from rise of temperature or from 
partial exhaustion. Hence the effect observed, though very definite, would 
correspond to a temperature effect due to electrical currents traversing the air. 
One should expect the effect of ionization, if appreciable, to be the reverse of 
this. With voltages high enough to produce sparks in the tube, the inter- 
ference figures naturally show violent agitation or quiver. If the displacement 
in question is one ring and B denotes differences, 6{AN)^^oX lo^ cm. 

If only temperature changes, one may write, roughly, AAT.r^ constant, 
r referring to absolute temperature, whence 

«T = T«(AAO/AAr= a93^^^ 

if results found for a similar tube, above, be taken. 

Thus 5t= 2.2X10"^ degrees centigrade is the average temperattue incre- 
ment, for the whole length of the tube. 

When but a single cdl was used to energize the coil, no effect could be recog- 
nized. In case of two cells, moreover, when the plenum of air was replaced 
by a partial vacutmi of i cm. or less, so that an arc was seen, no effect was 
observable, although the reddish light colored the field of the telescope. 

There are two points of view, however, from which the assumption of a tem- 
perature effect is not admissible. If the pipe is closed, so that the density of 
the air contained remains unchanged, there is no difference in the phenomenon. 
But there should not, for the case of constant density, be any effect, unless the 
nature of the gas is changed. Again, the effect is instantaneous and not 
increased on keeping the circuit closed. The simple explanation in terms of 
temperature made above must therefore be taken with reservation. At all 
events, the effect of ionization would be small and equivalent to a dilution of 
the gas of but 

X 2.2 X 10"* or about lo"* 

273 

. 
of its density, when sparks are about to occur. 

94. Mach's interferences. — It is frequently necessary to use the interferom- 
eter in such a way that but one ray passes in a given direction ; t.e, , the rays are 
not to retrace their path. Interferometers of this kind are treated above, but 
Mach's design offers advant^es, which will be presently pointed out. As a 
rule, in using these interferometers, the center of the elliptic interference pat- 
tern is remote and the lines are hair-like and found with great difficulty. These 
annoyances are overcome when the apparatus is put together as follows: 

In figure 96, L is the vertical sheet of light from a collimator impinging on 
the strip of plate glass gg, half-silvered on one side, toward or near the ends. 
The pencil L is thus reflected to the opaque mirror N and transmitted to the 
opaque mirror M (on a micrometer), and then reflected to the other end g' of 
the glass strip g^. Thereafter, both the pencils, Afg' and Ng', are available; 
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but it is generally more convenient to use the former {M^). reflecting it from 
the {dane opaque mirror m to the telescope at r. When L came from sunlight, 
or from an arc light, etc., the white images of the sUt were very bright. After 
putting them in coincidence, horizontally and vertically, by aid of the three 
adjustment screws on the mirror ilf , Ives prism-grating G may be placed in 
front of the objective of the telescope. A very brilliant spectrum thus appears, 
and the fringes are easily found by moving the micrometer sUde which carries 
M to the proper position. In my apparatus i^ was about 50 cm. long and 
gM^gN about 3 meters. The tdescope is suffidently near M to manipulate 
the micrometer, the mirror m being so placed that the beam just misses the 
strip gg^. 

cAr 




The interference pattern, found at once and satisfactorily centered, consisted 
of large, broad ctrdes. On moving the micrometer ilf from evanescence on one 
side of the center to evanescence on the other, the slide was found to have 
moved over about 2 mm. With a stronger telescope to magnify the fine, hair- 
like fringes, this distance would have been lax^ger. It is interesting to compare 
this datum displacement with the datum found in the case of the phenomenon 
above, where a range of over 0.5 cm. (double path-difference) was observed. 
In the present experiment the range is smaller, because the interference pattern 
falls below the limit of visibility before the possibility of interference is 
exhausted. Mg' slides along g' when M moves. 

95. A Rowland spectrometer for transmitting and reflecting gratings, plane 
or concave. — In the above experiments I had occasion to examine a variety of 
gratings, and it was therefore desirable to devise a tmiversal instrument by 
which this could be accomplished without delay. The method chosen is sim- 
ilar to that previously described,* but its details have been greatly simplified, 
on the one hand, and made more generally applicable, on the other. It seems 
permissible, therefore, to give a brief description. 

* Carnegie Inst. Wash. Pub. No. 149, Chapter I, 191 1. 
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In figure 97, GG and HH' are double sUdes Uke the carriage bed of a lathe, 
eadi about 1.5 to 3 meters long and 10 cm. wide, rigidly fastened together. 
Theyare plaoedatiight angles to each other on a flat table, the vacant distance 
between CT' and HH' being less than a meter. For ordinary purposes they need 
not be screwed down. A, B, D, K, are flat carriages, or tables, provided with 
screw sockets for supporting the different standaxtls, and capable of sliding to 
and fro with a minimum of Mction. i4 carries the micrometer slit 5. BandC 
are joined by the Rowland rail R, whose length is thus equal to the radius of 
the concave grating to be examined, or nearly so, so that the ends of R are on 
vertical axes at b and d. B also supports the table C (somewhat enlarged in 
the side elevation, fig. 98), on which the table t of the grating g may be adjusted 
on its leveling screws. To secure a common axis, b, e, the rod at ace is twice 
bent at right angles. Moreover, if c is turned to one side, the supporting rod $ 
may be screwed into the vacant socket h at the end of R, For the case of fig- 
ure 98, the angle of diffraction B is varied and \—D sin 9, where D is the grat- 
ing space. For the other case {c being turned aside and C screwed into and 
turning with b) the angle of incidence isvaried and X^^P sin ». This is much 
simpler in form than the early method used. 




Finally, the table C carries the essentially new addition to the apparatus 
(shown in front elevation in fig. 99), viz, the long slot //, adapted to support 
the right-angled reflecting prism E and at the same time to allow free play to 
the rail R within jf. Figure 99 then shows the progress of the rays (turned 90"* 
to the front in a horizontal plane) from the slit or collimator, S. They are 
doubly reflected at £, return in a vertical plane and then impinge on the grat- 
ing at G. The rays thereafter pass along the rail R (fig. 97) and are examined 
by a strong eyepiece at d (not shown), rigidly but adjustably attached to the 

near end of the rail. 

The displacement of K along HH' is accurately measurable on a parallel 
scale with vernier (not shown). K JCi and «« are the two symmetrical readings 
on opposite sides of the virtual sKt image at S (fig. 97). and R the radius of 
the concave grating, and «=«f— xi 

sin e^x/2R, or sin i-x^R 
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If a plane grating is used, a weak lens L is attached to the rail R and moves 
with it, so that its focus is in front of the ocular d (with cross-hairs). In this 
case 5 is a ooUimator. If a transmitting grating is examined, the collimator 
5 (fig. 99), etc., are merdy to be lowered, and the prism E is superfluous. It 
need not even be removed. Naturally, it is in the interest of accuracy to have 

all the standards Uke # and h as short as possible. 

Dx 
Finally, in the equation ^"*~d> ^ D^io^d, the values d and R are usually 

of the same order (175 cm.) for gratings with about 15,000 lines to the inch. 
In this case we may make the rail length R^d^ whence 

Even in case of the concave grating, when ultimate precision is not aimed 
at, some variation of the distance SS' — aSE, nearly, is admissible without 
destroying the definition. The carriage D with the prism £ may be moved 
fore and lit on the slides GG' until the focus at d is sharp . The values of x are 
usually of the order of 100 to 125 cm., so that an accuracy of Angstrom units 
is easily obtainable without special refinement. 
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PREFACE. 

In the present volume I have pursued the work cm the interferences of 
reversed and non-reversed spectra, begun in my last report (Carnegie Inst. 
Wash. Pub. No. 249, 1916}, in a variety of promising directions, such as the 
original investigation suggested. It will be remembered that the reversal 
(180^) here contemplated takes place on a transverse line of the spectrum 
(i.e., a line parallel to the Fratinhofer lines), which thereby becomes a line 
of symmetry for the phenomena. The apparatus has been extensively modi- 
fied, so as to admit of measurements relating to individual fringes. The 
object of such quantitative work, however, is to furnish a guide for the devel- 
opment of the experiments and to corroborate equations, not to collate 
standard data. These could hardly be satisfactorily obtained, moreover, 
unless the work were done with optical plates and mirrors, whereas the work 
in this volume and the preceding has been done with ordinary window-plate 
and usually with film gratings. 

A large part of Chapter I is devoted to the treatment of prismatic methods, 
developed with the additional ptupose of securing a greater intensity of light. 
A very curious intermediate case between the interferences of reversed and 
non-reversed spectra is the pronounced interference of spectra from the same 
source, but of different lengths (dispersion) between red and violet. The 
phenomena of crossed rays find a parallel occurrence in the present paper, 
in the behavior of duplicated fringes, when similar gratings or prisms disperse 
and subsequently recombine a beam of white Ught. A t3rpe of fringes is 
detected which depends merely on the grating space and is independent of 
wave-length. An interesting question as to the limits of micrometer displace* 
ment within which fringes of any kind are discernible (observations which 
were at first supposed to be due to the degree of uniformity of interfering 
wave-trains) is eventually shown to be a necessary result of dispersion. 
Finally, the direct interference of divergent rays obtained from polarizing 
media is exhibited. 

In Chapter II the interferences of inverted spectra, a subject merely 
touched in the preceding voltune, are given greater prominence. In this 
case one of the two spectra from the same source is inverted (180^) relatively 
to the other on a longitudinal axis (t.^., an axis normal to the Fraunhofer 
lines), which thus becomes a line of symmetry. In the development of the 
subject, spectra half reversed and spectra both reversed and inverted are 
treated successfully. In the latter case the conditions of interference are 
fulfilled at but a single point in the whole area of the spectrum field; and 
yet the phenomenon is pronounced and not very difficult to realize. The 
limits of micrometer displacement within which interferences may be obtained 
are again determined. At the end of the chapter it was thought useful to 
collate available equations in the treatment of phenomena of the present kind. 

6 
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The third and fourth chapters are inddental applications of the displace- 
ment interferometer and contain experiments on the expansion of metal tubes 
by internal pressure and on a promising method of measuring the refraction 
of glass, irrespective of form. To carry out the experiments in the last case 
with requisite rigor, optic plate-glass apparatus would unquestionably be 
essential. Nevertheless the tentative data obtained are noteworthy. 

I have b^:un in Chapter V the development of displacement interf erometry 
in connection with the older Jamin-Mach interferometer, an instrtmient 
which has certain peculiar advantages and is in a measure complementary 
to the Michelson interferometer. The work was undertaken in connection 
with the micromeasurement of the difference of heights of communicating 
columns of liquids, though the latter had to be abandoned in consequence 
of the excessive tremor in a laboratory surrounded by active city traffic. 
I shall hope, however, to carry out such work elsewhere. 

The chief result of Chapter V is the detection of the achromatic inter- 
feoences, as I have called them for convenience — interferences which are 
ultimately colors of thin plates seen at oblique incidence; but with the new 
interferometer, and obtained with white light, they are peculiarly strai^t 
and vivid and resemble a narrow group of sharp Fresnellian fringes with the 
central member nearly in black and white. They are capable of indefinite 
magnification and their displacement equivalent is a fraction of a mean wave- 
length per fringe. Notwithstanding their strength and deamess, they are 
so mobile in connection with micrometric displacement that in general it 
would be almost hopeless to attempt to find them but for the fact that they 
ooindde in adjustment with the centered ellipses or hyperbolas of the spectrum 
fringes of the displacement interferometer. 

The fine white slit-image whidi is dispersed to produce the latter carries 
the achromatic fringes when the slit is indefinitdy broadened or removed. 
Once found, moreover, they are not sensitive to small differences of adjust- 
ment if a change of focal plane is admissible. The diapter shows a curious 
method for the measurement of vertical displacements, possibly available 
for the detection of ether dri^, whidi, though just insuffident in connection 
with the spectrum fringes, would be promising in connection with the achro- 
matic fringes. Finally, the chapter contains some repetitions of the old 
experiments of Fizeau on the periodic evanescence of fringes due to the sodium 
lines. Ctuiously enough, the achromatic fringes also show periodic recurrence 
sometimes, whidi as yet remains unexplained. 

The peculiar adaptability of the new interferometer to the measurement 
of small angles, dther in a horizontal or a vertical plane, is developed in the 
final chapter. The ratio of the angular displacement of fringes to the angle 
to be measured (i.e., the rotation dther of the paired mirrors or of an auxiliary 
mirror in the apparatus) may be made enormously large, and the paper shows 
cases in which, with strong luminous fringes, the angle to be measured is mag- 
nified 500 times. Moreover, this is by no means a limiting performance. Again, 
while angles as small as a few tenths of a second or less are measured, angles 
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as large as several degrees come naturally within the scope of the method. 
Similar remarks may be made with respect to the ratio of angular displace- 
ment and micrometer displacement. Given, therefore, an apparatus which 
measures very small angles without constraint or forced approzhnations, the 
measurement of long distances is the next result in order; for it is merely 
necessary to place the angle to be measured at the apex of the distance triangle 
on the length of the ray parallelogram as a base. This may be done in a 
variety of ways, some of which are shown in the chapter. The sensitiveness 
noay again be made remarkably large. 

The fringes here in question are preferably the very luminous achromatic 
fringes. They have been identified as ultimately colors of thin plates, but 
they look lil^ Presnel's fringes. In connection with this work, however, 
another type of fringes was detected obtainable with a fine slit, white light, 
and in case of centered spectnmi fringes when the ocular of the telescope 
(or the eye) is out of focus. These are actually Presnellian interferences, 
but being noiade up of broad concentric hyperbolic areas, brilliantly comple- 
mentary in color, they resemble the lemniscates of biaxial crystals without 
the shadows. 

My thanks are due Miss Lena F. IThlig, who has assisted me efficiently in 

the preparation of this volume for the press. 

Carl Barus. 
Brown UNivBxsmr, 
Pravidenct, Rhode Island, June igx7. 
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MBTHODS FOR SEVSRSED AND NON-REVERSED SPECTRUM 

nrtERPEROMETRT. 

1. Iiitrodtictofy. — ^Thus far it has been impossible to use the fringes of 
reversed spectra individually, because of the tremor of the apparatus. It is 
therefore desirable to endeavor to obviate this annoyance as far as possible, 
and the end would appear to be most easily obtainable if the distances cor- 
responding to the same path-diSerence are made smaller. At the same time 
the results for small distances will be interesting for this very reason in 
contrast to the long-distance methods. 

Furthermore, the development of different methods, with a consideration 
of the peculiarities of each, will constitute an essential contribution to the 
theory of the phenomena; for from this the degree of importance which is 
to be attached to the original diffraction at the slit of the collimator (i.e., 
the limiting angle at the slit, within which diffracted rays must lie to be 
subsequently capable of interference, whether reversed or inverted) will 
appear in its relations to the total dispersion of the system. The slit, however 
&ie, is still a wave-front of finite breadth. 

2. Apparatus. — ^In the first experiment, the device with two identical 
reflecting gratings, GG\ figure i, was firmly mounted on a massive spectrom- 
eter, the four mirrors, m, n, M, N, being specially attached. White light 
recdved from the collimator L after two dispersions was viewed at the tele- 
scope T. Both gratings were on a slide ss, enlarged in figure a, set in the 
direction LT of the previous figure. The carriages, figure a, was provided 
with universal joints (a with a vertical axis, b and e with horizontal axes 
normal to each other), while the swiveling of the grating G was controlled 
by set-screws at d, relative to the axle at e. 

Unfortunately, the displacement of the mirror M, figure i (on a microm- 
eter), passes the corresponding pencil across the face of the grating G' and thus 
virtually includes a fore-and-aft motion of the latter. Thus the fringes pass, 
with rotation, from very fine, hair-like striations, through a horizontal maxi- 
mum of coarseness, back to vertical lines again, when homogeneous light 
and a wide slit are employed. The annoyances due to tremor, however, were 
not overcome. Moreover, there is difficulty in obtaining Fraunhofer lines 
normal to the longitudinal axis of the spectrum. This method was therefore 
abandoned. 

The design shown in figure 3, with a transmitting grating at G (grating 
space I?=3SaXio-* cm.) and a stronger reflecting grating at (7' (Z? = aooXio-* 
cm.) , was next tested, M being the naicrometer mirror. The mean distance of 
M from N was about 15 cm., from MN to G' about 10 cm. and to G 40 cm. 
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Later these distances were enlarged. First-order spectra were used and the 
fringes obtained easily and brilliantly, particularly with mercury lig^t, in 
both ETcen and yellow. They rotated as above, admitted a displacement 
M of about I cm. But they were still too mobile to be used individually. 

The same design, figure 3, was now mounted on a round, heavy block of 
cast iron B, 30 an. in diameter and 4 cm. thiclc, the distance G to MN being 
about 30 cm. A number of screw-soclcets, b, b, were drilled into B on the 
right and left, for mounting subddiary apparatus. G' as before was on the 
universal slide (fig. 9), movable in the direction LT. The tablets t, %', etc, 
of (7, M, N, and (j were mounted tentatively on standards of gas-pipe 1.5 cm. 
in external diameter and 6 cm. long. Slight pressure by the finger-tips showed 
a passage <A several fringes across the field, but the fringes were stationary 
in the absence of manual interferences and in spite of all laboratory tremors. 
A parallel arm <A tiie same pipe was therefore firmly attached to the stem di 




N and M, each arm terminating in a fine horizontal set-screw, s, s, bdow, 
adapted to push against the rim d the iron block. In this way adequately 
8tati(»iary conditions and an elastic fine adjustment for superposed longi- 
tudinal spectrum axes were both secured with advantage. Similar elastic 
adjustments have been recently applied. It was now posable to manipulate 
the micrometer at M by hand ; but a glass-plate compensator C, rotated by a 
tangent screw over a graduated arc, was also convenient. Later other types 
were attached, including an air-compensator, in which path-difference was 
secured by exhausting the air within a closed pipe provided with glass-plate 
ends. These contrivances were eventually superfluous, however, as it was 
found that on reducing the rotation of the micrometer-screw the latter could 
be used at once. 

In case of homogeneous Ught and a wide slit, fringes were visible in an ordi- 
nary telescope for a play of over a cm. of the micrometer-screw, passing, how- 
ever, between extremes of fineness. The slit images are not oi equal breadth, 
if first- and second-order spectra are superposed; but if the longitudinal axes 
are coincident, any position of the narrow image within the broader produces 
a wide vertical distribution of fringes, usually more or less horizontal. They 
are very eaaly found. The sodium flame is too feeble for use. The mercury 
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arc is tmf ortunately too flickering, so that the fringes jump about and are 
^useless for measurement. Excellently sharp quiet fringes are obtained with 
sunlight (white), in which the cross-hatched interference pattern is nearly 
linear at the line of symmetry of the reversed spectra. The fringes climb 
i^ery decisively up and down this line with the motion of the micrometer, 
reduced as suggested. The electric arc and a Nemst filament are equally 
available as a source of Ught. Finally, by suitably rotating the grating G\ 
£gure 2, on the axis e^ by aid of the set of screws d, fringes whose distance 
apart is over one-third of the width of the telescope field may be obtained 
•quite sharply. As this distance represents but 30X lo"^ cm., there is no diffi- 
culty of realizing io~* cm. in case of these long fringes. 

3. Measurements. First- and secoiidiK>rderq>ectra. — ^The steadiness of the 
fringes, even in an agitated location, induced me to make a few measurements 
for orientation. Accordingly, the Praunhofer micrometer, reading to lo"* cm., 
was provided at its screw-head with a light wooden wheel u;, figure 4, about 






^^ cAC^dlj" 



xo cm. in dianoeter and 3 mm. thick. A groove was cut in the circumference 
of the wheel, so that a silk thread t could be wrapped around it. The other 
end of the thread was wound around a brass screw 5, about 6 mm. in diameter, 
turning in a nut, preferably of fiber, which was fastened to the edge of the 
table by a small brass damp . In this way it was possible to control the motion 
of individual fringes crossing a fiducial line in the field of the telescope. This 
simple device worked surprisingly well, a smoothly running micrometer being 
presupx)osed. In fact, it was possible to set a&inge to a few millionths of a 
centimeter. Later the micrometer-head was grooved and a finer ttuning- 
screw suitably attached to the base B of the apparatus. (C/. § 70, below.) 

The fringes should be widened as far as convenient, by rotating the grating 
on the axle ^, figure 2, by aid of the set-screws d. In this case they dimb up 
or down the transverse strip as ^ in figure 4 is slowly rotated. Fringes moving 
horizontally are not serviceable, because they are too near together. It is 
not difficult to obtain the single vertical line, black or bright, on suitable 
rotation about e. On either side of this transitional adjustment the fringes 
move vertically (dimb or fall) in opposite directions for the same micrometer 
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displacement. The anow-sbaped forms are also often satisfactory, and may 
be obtained by adjusting the two bright patdies on the reflecting grating 
into coincidence, by the eye, in the absence of the telescope. The grating (? 
is moved fore and aft for this purpose on the slide 5, figure 2, tmtil the two 
bright strips become one. 

In making the first adjustment, I incidentally combined the firstKxrder 
spectrum fnsm N with the second-order spectrum from Af, as shown in figure 5, 
under the impression that the wider D groups from the latter were due to 
slight curvatures of mirrors. The fringes were nevertheless easily found and 
showed no anomalies, except that obsorvation had to be made near M ocN. 

It appears from figure 5 that the equations for this case imply 

sin f + sin ^i«2X/Di 
sin i — sin ^i» X/Di 

where the angles i and 9 are equal (^s* ^s)* Thus sin i^zK/aDt and sin 

9bX/2Ps, Dt being the grating constant (Di»2ooXio'* cm.). 

Hence 

sin i'B 0.4430 sin ^»o.i423 
$-26*14' 6k -8*11' 



while from the first grating, A^ssaXio*^ cm., 91—9*38'; whence 

The trial readings given in table i of the micrometer for a passage of 
30 fringes each were found without special precautions, which is equivalent 

Table i. 



Scale parts. 


io-*cin. 


197 

3I.O 


9.85 
10.5 


33.3 


II. I 


33.4 
34.6 

25-8 
37.0 
38.3 


11.7 
13.3 
13.9 

13.5 
14.1 



to an average of io"*X3o.i cm, per fringe. As the line of symmetry lay 
very near the two DJDt doublets, this is obviously an approach to half a wave- 
length. For accurate work DiDj and D'J)'t should be superposed, in which 
case the fringes would lie between and actually correspond to their mean 
wave-length. 

A number of measurements like the above were now made with different 
types of fringes. The mean values successively taken from 3 or 4 batches 
of 30 fringes each were 

io*<tf-39.4, 30.0, 31.3, 30.6, 39.7, 30.1, 30.0, 30.0, 30.8 cm. 

The results were less decided when long fringes were used. The mean 
value of the 10 sets is thus a^X io*=3o.i9 cm. per fringe. Actual or approx- 
mate coincidence of the D lines made no appreciable difference. 
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In the following results the reflection from the mirror M, figure 5, was 
used in the first order and from iST in the second order, after leaving G^^ Obser- 
vations were made near N, figure 5. The displacement corresponding to 
80 fringes was successively 0.0024, 0.0024, 0.0024, 0.0024 cm., so that the 
mean value 

io'6e=3o.o cm. 
agrees with the above. 

Similar trial observations (combined first order from N and second order 
from M) were made with red light near the C line in series of 6 with a mean 
value 6^Xio*=34.o cm. Again, near the b line (green), giving 5^Xio*=27.2 
and 27.8 cm. per fringe. These should therefore be distributed in terms of 
wave-length, as in table 2. 

Tablb 2. 





I0*A 


Ratio. 


io*te 


Ratio. 


c 

D 
b 


65*6 cm. 

58.9 
51.7 


I. II 
I. 

0.88 


34.0 cm. 
30.2 

275 


1. 13 

I. 

0.91 



and they are as nearly as may be expected in the ratio in question, seeing 
that the total displacement for 60 fringes does not exceed 0.004 CQi* For 
accurate data it would be necessary to count many hundreds of fringes, and 
to correct the de values by multiplying by sec (fl»— tfi)/2. I have not done 
this, as the red and green fringes are not so distinctly seen as the yellow. 

4. Continued. First-order spectra. — ^The apparatus was now readjusted in 
such a way that first-order spectra were available from both mirrors. This 
puts the grating G' at a greater distance from the line M and N than before, 
for the angle Ot is smaller. A series of trial results were investigated in the 
same manner as above, the mean values from 4 successive pairs of 80 fringes 
each being, in three repetitions, 

^X 10* a 29.0, 29.4, 29.5 cm. 

and from 5 pairs of 100 fringes each, 

5tfXio*=29.i cm. 

This makes an average of 

3^Xio*=29.2S cm. 

somewhat smaller than half a wave-length of the D light used. Unfortu- 
nately, the screw at s (fig. 4) here worked jerkily, to which the low value is 
probably due. 

In this case sin $i^\/Du where A=352Xio-* cm. or ^'1=9^38'; sin ^t«" 
X/A, where A«2ooXio-* cm. or ff'i = i7V» whence 

a a 26*47' and 6-7*31' 
In a later series of experiments, the play of the screw 5 was improved, so 
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that it fan more smoothly. The following values were found in two repeti- 
tions, from 4 paiiB of 80 fringes eadi: 

teXio*»3o.i, 30.0 cm. 

and in $ pairs of zoo fringes each* 

2^X10^*39.5 cm. 

If the mean value of these data is compounded with the above mean, the 
average is 

teX 10^*39.56 cm. 



5. GNitiniied. Seoood-ordcr spectnL^The saxne phenomenon was not 
sought in the two second-order spectra from G'. Magnificent arrows were 
obtained, useful throughout about 5 mm. of the micrometer-screw, after which 
they lost deamess. This limited range could no doubt be immensely increased 
if optical plate glass were employed in place of the ordinary plate used. The 
data for pairs of observations, including 60 or 80 fringes, were (5 repetitions) 
ieXio'^030.3, 30.5, 30.0, 30.8, 31. 1 cm. per fringe, giving a mean value of 
dtfXio*->3o.s cm. In the last two measurements the sodium doublets 
coincided. 

In this case sin ^t » 2X /At where Dt * 2 00 X i o*^ cm. and Di«352Xio'^cm. 
(first grating). Thus 

4r-4S''44',«-26*28' 

If the above mean data are sununarized the results appear as follows (X^ 
58.93 X lo-^ cm.) : 

G^ first order, (7' first order, mean ^Xio*« 29.56 cm. 

G first order, G* first and second order, mean ^X 10*— 30.2 cm. 

G first order, G' second order, mean dtfXio*»3o.5 cm. 

And if computed as he^\/2 cos 5/2, these become 

Tablb 3. 



aeXio^ 


Diff. 


29.53 cm. 

29.78 

30.27 


+0.03 cm. 

+ .42 

+ .23 



The maximtmi error of 4X 10"^ cm. is equivalent to but a little over i per cent 
of the distance between fringes, and it would be idle to suppose that the appa- 
ratus, figure 4, could be set more accurately. In fact, the largest error occurs 
in the second set, which were first made and in which the play of the apparatus 
was inadequately smooth. 

6. Theory. — Hence the theory of the apparatus (fig. 6) may be r^;arded 
as justified. Here the rays Y and Y' come from the first grating ((? transmit- 
ting), and after reflection from the opaque mirrors M and N (the former on 
a micrometer) impinge on the second reflecting grating G\ with a smaller 
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grating space, and thereafter interfere along the line T, entering the telescope. 
Totieatthecasetheminx>rsJlf, etc., may be rotated on the axis 7nonnalto 
G' in the portion Mi. G'n and G'm show the reflections of ^ in the mirrors 




\ 







AT and Mi. We thus have a case resembling the interferences of thin plates, 
and if tf » is the normal distance apart of the noirrors Mi and U, the displace- 
ment tkBm per fringe is given by 

X»3AeMCos 2/2 

where h is the angle between the rays incident and reflected at the mirrors. 
This is the equation used above. If the mirrors and the reflections of the 
gratings G' make angles <r/2 and <r with G\ the actual lengths of the ra3rs (pro- 
longed) before meeting to interfere terminate in e and i respectively. Let the 
image of G^' be at a normal distance e apart. Then «= 2^^ cos 0-/2, for the figure 
idbt is a parallelogram. If the distance c^ is called C we may also write 

X— ^cos ft+C'sin %\ 

since C^2em sin 0-/2 and the angle of diffraction ft= (0+^) A* 

7. Convensator measurements. Sharp wedge.— With the object of testing 
the interferometer tmder a variety of conditions, measurements were made 
with a number of different compensators and the experience obtained may 
be briefly given here. The first of these was a very sharp wedge, such as 
may be obtained from ordinary plate glass. The piece selected, cut from an 
old mirror, on being calipered, showed the following dimensions: Length, 
5 cm. ; thickness at ends, 0.375 ^^^ 0.367 cm. Hence the angle of the wedge 
is a == 0.0016 radian, or about o. i^. No difficulty is experienced from the devia- 
tion of the rays for so small an angle, though sometimes the fringes are unequal 
and the lines presumably curved. This wedge was attached to a Ftaunhof er 
micrometer moving horizontally, and the normality of the rays passing through 
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the glass was found by rotating it around an axis perpendicular to the rays 
until the direction of motion of the fringes was reversed* In view of the small 
angle a and the micrometric displacement, it was easy to count sin^^ fringes, 
or fractions as far as about x/30 of a fringe, even though the beam traversed 
the glass twice. In the first experiment tiie following data of the horizontal 
displacement, r , of the wedge were found for successions of 7 fringes : 

0.2044 CQ^- 0.304a 0.3043 0.3067 
0.3058 cm. 0.1976 0.1946 0.18888 

Mean, o.30o8 cm. Per fringe, ^ao.0387 c^i^- 

The last three results are low, the discrepancies probably resulting from 
slight wabbling of the micrometer slide. In another series made with care 
as to the normal adjustment, the horizontal displacement, r, of the wedge 
for successions of 11 parallel fringes was 

0.3033 cm. 0.3997 0.3974 0.3003 0.3991 0.3078 
0.3081cm. 0.3101 0.3170 0.3183 0.31SS 

Mean, 0.3014 cm. Per fringe, ^"0.0374 cm. 

If « be the distance from apex of the wedge, its thickness is e=^xa, or per 
fringe ^^aBx. The index of refraction was found to be ii^i.S26 by total 
reflection. Thus, without correcting for dispersion, 

and with the above values 

io-*X5-893 -. 

a = — S0.0030 radian 

3X0.536X0.038 

This is larger than the calipered value because the rays go through the wedge 
twice obliquely. The reduction, however, would be too complicated here 
and will be treated later. 

The irregularities above are referable to the micrometer, which was not very 
accurate, and no particular care was taken with details. The method is inter- 
esting as allowing of the complete control of a single fringe; i.e., the equivalent 
of 30X10"* cm. As this corresponds to 0.038 cm. on the micrometer, the dis- 
placement &IP SB 0.001 is equivalent to xo"* cm. Furthermore, the method pre- 
sents an expeditious means of finding a=X/30i— i)^ when a is very small. 

8. C<Mitinuation. Rev<dviiig plate. — ^In the next place, the revolving com- 
pensator C, figure 3, was employed. This also proved to be an admirable 
device for controlling the fringes, and it was mudi more rapid than the pre- 
ceding. Unfortunately the computation is inconvenient, as the normal 
position can not be ascertained with sufficient accuracy. To find it, the plate 
was revolved tmtil the fringes changed their direction of motion. This is an 
indication of the insertion of the minimum thickness of glass, but is not sharp 
enough for precision. Hence data in A, table 4, are not coincident, i denoting 
the ang^e of incidence. Another somewhat better and thicker plate was now 
inserted with the results shown in B. 
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Table 4. 



A. Same plate as in the preceding work, 
tf»a37o cm. 


B. 


Thickness e "■0489 cm. 


No. of 
fringes. 


■ 


i (probable 
value). 


No. of 
fringes. 




• 


• (probable 
value). 



10 
20 

30 
40 

1 ^" 


0* o" o* 

44 5.8 7.3 
7.4 8.0 9^ 

9J5 9.7 II.I 

114 12.6 

13.0 13.8 


0** 

54 
7.8 

9.5 
11.0 

12.3 



10 
20 

30 
40 

• • 


0* 

6.0 

7.9 

9.5 
10.9 

• • • • 


0* 0« 

5.5 4-9 
7-3 7.0 
8.9 8.5 

10.3 9.9 

• ■ • • • • ■ 


o' 

5.2 
6.8 

8^5 
9.6 

.... 



The seoond series here is practically the mean of the 
two, though the reason for these large discrepancies is 
not clear to me, even in consideration of the wedge- 
shaped plates. The mean of the results may, however, 
be used for computation. 

The path-increment introduced by the glass of thick- 
ness ^=0.489 cm. and index of refraction f( = 1.526, at 
an angle of incidence i and refraction r f or n fringes, 
b^inning at f = 0, may be written (see fig. 7, where I is 
the incident ray) 

'cos (i — f) 



s 



nfi 




«X = e^\ I j ^ e\ 

Vcosr / N 



COST 



-0 



This is a cumbersome equation. If the angles i are small, the cosines may 
be expanded and then approximately 

2nX=K0*-i)f«+(*-f)0 
which, since i^fir nearly, may be further simplified to 

«X=eOi— i)fV2M 
Thus for the second set (mean) 

f=3.6* 4.8'' SQ** 6.8* 
10^—6.7 6.4 6.9 6.5 cm. 



The wave-length thus comes out very much too large, but in consideration 
of the inadequacy of the fiducial position, f ao^ this is not tmexpected. 
Thus the probable values of i in the tables (computed f xom X correct) agree 
with the third series. In addition to this the effect of slightly wedge-shaped 
plates, etc., can not be ignored. For the first set (mean values) the results 
are similar, being 



io^X=6.8 7.0 6.9 



7.0 



7.0 cm. 



if computed by the approximate equation. This is again too large, but the 
probable value of i computed from the correct X, as before, agrees nearly 
with the first series of this set. 
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9. Continuation. Air colunm. — An air compensator was now installed 
OQDsisting of a tube « « 15 cm. long and about 2 cm. in diameter, closed with 
glass plates. The fringes were easily found and sharp. Unfortunately the 
pump was not quite tight, so that, on breaking the count of fringes at low pres* 
sures, it was difficult to state when the conditions had become isothermal. 
Hence the results in table 5 are rough. Temp. 19.7^ 

Table 5. 



No. of 
fringes. 


Exhausted 


dp 
dn 


M0« 





75.1 cm. 


.... 


.... 


30 


41.8 


II. I 


59.7 cm. 


67 





II. I 


60.0 





75.1 


.... 


.... 


30 


43^ 


10,7 


57.6 


70 





10.6 


57.1 





75.1 


. . . « 


« • ■ • 


40 


32.1 


10.7 


57.8 


68 





11.2 


60.0 



The mean value thus appears as X= io-*X5.88 for sodium light The equa^ 

tions used are 

(i) nX«eO*— i) 

where n is the number of fringes counted, e the tube-length, and m the index 

of refraction of air. Again, 

(2) p-CO*-i)* 

where p is the pressure, tf the absolute temperature, and the constant C 
computed from normal conditions (76 cm. and o^ C.) is (Mascart's values) 
Cb 952.6. Hence 

^ e p e dp dp 



(3) 



Cni^ Cdind) Ci^dn 



when d is constant. It is this asslmiption which is not quite guaranteed above. 

To obviate this in the following experiments, the total number of fringes 

were counted (table 6) from exhaustion to plenum. Thdr number was definite 

to the fraction of a fringe. 

Table 6. 



Temp. 19.3® 


C; C-I5cm. 


No. of 
fringes. 


Exhausted 
to IP). 


dp 
dn 


^i<^ 





75.8 cm. 




.... 


69.5 





1.090 


58.8 cm. 





75.8 




.... 


69.5 





1.090 


58.8 





75.8 




.... 


695 





1.090 


58.8 
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These results are correct to 0.5 per cent and are as dose as the estimation of 
p^ c, 1^, and fractions of a fringe will warrant. If restdts of precision were 
aimed at, a long tube should of course be used. What was particularly 
marked in these experiments was the motion of fringes in the passage from 
any approximately adiabatic to isothermal conditions and on approaching a 
plenum of air. 

Since the refraction depends on density, there should not (apparently) be 
any motion at all; but the thin tube is always more nearly isothermal than 
the much larger barrel of the air-pump. As a consequence there is residual 
expansion from the former to the latter. 

10. Continuatioiu Babinet coiiq>en8ator. — The behavior of an old Babinet 
compensator, placed nearly normal to one of the beams, figure 3, was peculiar, 
though the fringes were dear and easily controlled. The dimensions of the 
light-handed quartz wedge were roughly calipered and found to be: length, 
4.2 cm.; thickness at ends, 1.017 and 0.934 cm. Thus there is a grade of 
0.083/4.2=0.0193, or something over i® of arc. A vertical displacement of 
2.5 cm. of this wedge was available behind the stationary cotmteracting 
left-handed wedge. y 

The fringes were not uniform and they required an inclination ^ 

to the vertical of the rulings of the grating G'. The fringes were 
evidently curved lines, intersected by the vertical strip within 
which they are visible. Consequently they appeared as in figure 
8, with linear elements in the middle, shortening into dots at dther 
end of the strip. On motion of the compensator wedge they 
moved toward or from the center of symmetry, as is also indicated g 
in the figure. Tiled forms were frequent. The most interesting 
feature, however, was their alternate appearance and evanescence 
in cydes. While the wedge was moved over 2.5 cm. of its length, 
7 of these cydes appeared and vanished, each con^sting of about 
36 to 40 fringes. The disappearance was not always quite com- 
plete, but the fringes could not be restored by any adjustment for 
coinddence of spectra. 

An attempt was made to find the angle of the quartz wedge by the first 
method. Data, 0.0023, 0.0024, 0.0024 cm., were found for the displacement 
of the micrometer per fringe. Hence, apart from dispersion, 

io'*X5-893 -. 

a« — = 0.022 radian 

2 X0.S442 X0.0024 

which, as in case of the glass plate, is again slightly above the calipered value. 

In another somewhat thinner Babinet compensator the constants were: 
length, 3.35 cm.; thickness, small end, 0.494 cm., large end, 0.496 cm. The 
prism angle is a»o.o62 73.35 so.0185 radian, also about i^ 

In this case there was no periodic phenomenon, but in its place the degree 
of longitudinal coinddence of the axes of the two spectra continually dianged. 
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The fringes at once sharpened, however, on readjustment of either mirror, 
indicating a continuous small change of deviation, due to curvature, probably, 
in the quartz wedge. In the preceding periodic case, no readjustment of 
deviation sufficed to restore the fringes. The wedge was now detached and 
used alone. In spite of the rdativdy large angle (i^, no difficulty was ex- 
perienced in adjusting or contxolling the fringes; but the face curvature just 
suggested appeared as before, so that readjustment for varying wedge-angle 
wasjrequired from time to time. 

11. Micrometer displacement of the second grating, Q' (fig. 3).— In the 
preceding report (Carnegie Inst. Wash. Publication 249, Chapter III, § 28) it 
was shown that if the an^^e between the gratings (7 and (j' is ^^ and the angle 
between the mirrors M and N (which in a symmetrical adjustment would be 
x8o^— (^1+^, 01 and 9s being the angles of diffi:action at (7 and ^' for normal 
incidence at (j) is decreased by a, so that the adjustment is non-symmetrical, 
then the displacement h$ of the grating G' per fringe will be very neariy 

Xcos* Bt 



2(0 — f>)sin $t 

if a and f are small. Here a is effectively the angle between the mirrors M 
and N, since, if M is rotated x8o^ on the line of symmetry (normal to the 
grating G), the two mirrors would intersect at an angle a. The result of fore- 
and-aft motion thus depends on the angle a-*i^, and if a»f, dtf » 00 per 
fringe; i.e., fore-and-aft motion would produce no result. This is necessarily 

Tablb 7. 



f at increasing; if ■■ decreasing. 


No. of 

fringes. 


Total 
displace- 
ment. 


Mean he 
displace- 
ment per 
fringe. 


i3 
3 
3 

• 

§4 

^4 


0.0234 cm. 
267 

293 

.0302 

317 
318 
346 
330 

.0285 

285 

287 

315 
288 


0.0088 cm. 
.0080 

.0073 



the case when but a single grating is used, as in the earlier methods. In the 
case of two gratings, however, it is not only difficult to make a perfectly 
symmetrical adjustment of mirrors and grating, but it would not be of any 
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special advantage. Hence the fore-and-aft displacement e of the grating G' 
win probably be accompanied by a slow motion of the fringes, from which 
the angle a^^p may be computed. 

The experiments recorded in table 7 were made with the grating G^ on a 
nncrometer-sUde moving normally to the face of the grating. With the 
noirrors, etc., placed so that optical paths were nearly equal, the adjustment 
screws on M and N su£Bced to bring the fringes strongly into view. Succes- 
sions of 3 and of 4 fringes were tested, as these required an adequately large 
displacement of the micrometer, which was nooved both forward and backward. 

The mean of the three results is d^ =0.008 cm. per fringe. The data are 
not smooth, because the micrometer placed between the mirrors M and iV is 
in an inconvenient position for manipulation. The difiEerent sets of values, 
moreover, correspond to difiEerent adjustments and therefore to slightly difiEer- 
ent values of a— s^. As an order of values only is wanted, it was not considered 
worth while to remedy the deficiencies. 

In accordance with the equation given, if ^ = 0.008 cm., X » 58.9 X io~* cm.. 
^= 20® be inserted, 

X co^ ^, ^. ^ 

« ~ ^ = _ — ; — _ —Q Qopj radian=o.S4 
2a^sm^2 

The adjustment is thus about half a degree out of symmetry, a result 
which in case of improvised apparatus is inevitable and moreover without 
significance in the precision of the method. 



12. Prism method. Reflection. — ^The grating G was now removed and 
replaced by a silvered prism, as shown in figure 9 (P, prism; M, N, mirrors; 
(7, grating; T, tdescqpe). A small prism angle, ^, is essential (^ = I8^ about), 
as a large divergence of rays would 
not be accommodated on the interfer- 
ometer, figure 3. The fringes were found 
without difiSiculty, in the second order, 
the arc lamp being used. They are also 
easily dist(»rted, if the edge of the prism 
is not parallel to the rulings of the grat- 
ing. In such a case the symmetrical 
arrow-shaped forms become one-sided 
and, as it were, curved or faintly 
fringed beyond the Umits of the strip. 
To get the best adjustment, the lamp 
should shed about the same amount of undeviated light from both faces'] of 
the prism, on a screen temporarily placed behind it. The illuminated strips 
on the grating must coincide to the eye while making the f ore^-and-af t adjust- 
ment. Finally, the grating is to be slowly rotated on the axis normal to 
itself, imtil fringes of satisfactory shape and size appear. Naturally this 
is done through the telescope, and a readjustment of the longitudinal axes 
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of the spectra is necessary after each step of rotation. Fringes so obtained 
are as good as those obtained by any other method. 

The range within which the fringes are sharp is small, not exceeding 2 mm. 
of displacement of the micrometer mirror, M. A partial reason for this will 
appear from figure 9 and results from the fact that the illumination on the 
grating due to M moves laterally across the stationary strip due to N. Clearly 
if the latter were also on a micrometer it might, in turn, be displaced relatively 
to the direction of M and restore the fringes to full brilliancy. The range 
in this case may be increased till either illuminated strip gets beyond the 
edges of the grating. This test will presently be made. 

If the piism angle is ^ and the angle of difEraction for normal incidence is 0^ 
the angle 5, between the incident and reflected ray at M , is 

Thus e tan h/2 is the displacement of the strip of light on the mirror Af, 
if e is the normal displacement of the latter. Hence the corresponding dis- 
placement X on the grating is 

X^2€WL (4/2)/C0S B 

If b be the distance from the prism to the light spot reflected on M, and c 
the distance from there to the bright spot on the grating, ip may be com- 
puted as 

C sin 2\c 

sm ip = = — 

^ b b 

for the spectra are in the second order. 
The data are: 

io*X = 58.93 cm.; 6=38.0 cm.; ^ = 20.4 cm.; 1? = 200X10"* cm. 

Whence 

^=18*12' (^=36*6' «= 17^^54'; 5/2 = 8*57' 

Hence 

2S X 0.1556 



0.808 



= 0.096 cm. 



if ^=0.25 cm., as found. Thus the rays of the same origin, or rays capable 
of interfering, arefound in a vertical strip on the grating, not more than i mm. 
wide. It is interesting to note that the fringes vanish by becoming coarser 
and wider, corresponding to the narrowing of effective edges in contact. 

The attempt to produce these fringes with homogeneous (sodium) light and 
a wide slit again failed, although much time was spent in the endeavor. Even 
with a narrow slit and accentuated sodium lines (impregnated arc) the phe~ 
nomeuon may be produced between the doublets, however dose together, but 
it fails to appear with the same adjustment when two corresponding lines 
coincide. I was only able to produce it in a continuous spectrum, between 
the two doublets and with a fine slit. It is very important to ascertain the 
reason. 
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Both mirrors, Af and N, were now placed on micrometers moving nearly 
QOtmal to their faces. Beginning with a coincidence of the illuminated strips 
on the grating, the M micrometer was moved until the fringes disappeared. 
The N micrometer was then moved in the same direction, tmtil the reappearing 
fringes passed through an optimum and finally vanished, in turn. There- 
after the M micrometer was displaced again, always in the given direction, 
and the same cyde repeated, etc. It was possible to pass through about 
8 cycles with each micrometer before the illtunination reached the edge of 
the grating, each cyde corresponding to a displacement of about 2 mm. for 
a single mirror; but a total displacement of 2.5 cm. was registered, which 
would obviously have been increased much further if the grating had been 
wider. The data given in table 8 give a concrete example: 







Table S 


I. 






Position 
oiN. 


Advance 
ofN. 


Remarks. 


Position 
otN. 


Advance 
oiN. 


Remarks. 


2.42 cm. 
2.20 

« • ■ • 

2.20 
1.98 

• • • • 

1.98 
1.75 

■ • « • 


• • • • 

• • ■ • 

0.22 cm. 

■ • • • 

• » • • 

.24 

« ■ • • 

• • • ■ 

.^3 


Broad arrows 

Jf advanced 
Narrow arrows 

if advanced 
Upright lines, in- 
dination changed 
Af advanced 


1.75 cm. 

1.54 

.... 

1.54 
1.37 

• • a • 


.... 
.... 
0.21 cm. 

.... 

.... 

1.7 


Vertical lines 

Jf advanced 
Vertical lines 

if advanced 



As both mirrors move in the same direction, the two illuminated strips on 
the grating gradually separate tmtil they are quite distinct. Meanwhile the 
fringes pass with rotation from the original sagittate forms to very fine hair- 
like striations; whereas the part of the spectrum within which the former 
occur is less than the distance apart of the soditun lines (doublets), the hair- 
lines are visible within a strip of spectrum many times as broad as the sodium 
doublet. Ten such lines may be visible. In good adjustments the sagittate 
forms are seen to be a nest of very eccentric, identical hyperbolas, as in figure 
10, A, arranged or strung on the same major axis. The vertices a are therefore 
thick and pronounced, but taper rapidly down into hair-lines, 6, b\ on both 
sides. Frequentiy but half of the coarse vertices, a, abundantiy fringed on 
one side, b or b\ appear. Neverthdess this does not seem to be an exhaustive 
description of the phenomena; for it is not uncommon, when partial hyi)er- 
bolas appear, to find the striations (which are always faint) in the same 
direction on both sides, as in figure 10, B; i.^., the striations are apt to be 
non-symmetrical on the two sides, as if they constituted a second difEraction 
phenomenon superimposed on the first phenomenon. Roof-shaped forms 
(fig. 10, C), stnxD^y dotted, are also common, often irregularly awned. 

Figure 11 may be consulted to further duddate the subjects under con- 
sideration. G is the grating, PP' the prindpal plane of the objective of the 
tdescope, a and b are two rays interfering at the focus /, and leaving the 
grating paralld and symmetrically placed to the axial ray of. The passage 
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of fhe coarse sagittate pheoomeDa into the hair-like striatioiis, as a and b 
move farther q>art, inay then be acooonted for in accordanoe ¥^^ 
theoryof diflEraction; f>.,if thedistanoeapartof aandfrisdandtheprindpal 
focal distance ofisRf 

where s is the distance between the two fringes of wave-length X. Hence a 
will increase as d decreases, agreeing with the effect of fore-and-aft motion^ 
or with the effect of simultaneous, large (s.s cm.) displacement of both 
mirrors, neither of which destroys the symmetry of the interfering rays. 





^ 




10 

The motion of a single minor, M orN^tor instance, does destroy the sym- 
metry, and it was shown in § la that the limiting range of displacement of 
0.25 cm. moves either a or 6 0.096 cm. out of symmetry. The interferences 
thus vanish without much changing in form or size, and vanish in all focal 
planes. 

The breadth of the blades of Ught aa^ and bb\ figure xi, capable of inter- 
fering is ji^ on the grating and 

X cos 0-^ 0.096X0.808"" 0.078 cnL 
normally. Since the rays are parallel after leaving the collimator, this would 
be about half the breadth of the effective beam on the objective of this appur- 
tenance. Thus a Xao776 "» 0.1 55 cm., increased by the width of the refracting 
edge of the prism, is the width of the strip of white Ught which, after separa- 
tion by the knife-edge of the prism, furnished the two component beams which 
potentially interfere on recombination. It is reasonable to suppose that the 
dements of these beams come from a common source and that the width in 
question is produced by the diffraction of the slit. 

This datum is more appropriately reduced to the angle at the slit a, within 
which lie the rays capable of interfering with each other after the interferom- 
eter deavage. As t^e collimator used was /» 2a cm. from slit to lens, 

a^2XCOS tf//s=o.iss/22 ■■0.0070 
Hence the angular width of the wedge of white light, with its apex at the dit 
of the collimator and containing all the rays which can mutually interfere, 
is about 0.007 radian, or less than half a degree of arc. One would infer that 
a long (/) collimator (ue., one with weak objective) is advantageous, as the 
Uade of paralld rays issuing is proportionally wide and the range of displace- 
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meat at M or N* larger. Similarly, divergence subsequently imparted by 
dispersion (prism, grating), before the rays reach the mirrors, M, N, should 
have the same effect. The results obtained for dispersion bear this out, but 
not those for a long collimator. Moreover, the width of the slit, so long as 
the Fraunhofer lines do not vanish, is of no consequence. It thus seems 

I tenable (to be carefully investigated below) that the positive effect of dis- 

persion has a deeper significance, bearing directly on the structure of the 
interfering wave-trains — ue., the length of the coordinated, uniform wave- 
train is possibly greater as the dispersion to which the wave-train has been 
subjected is greater. Two parts of it will therefore fit over a correspondingly 
longer range of path-difference. 

A number of other results point in the same direction. Thus, I may again 
point to the impossibility of obtaining fringes with homogeneous light and a 
wide slit, whereas two identical sodium lines (Di and D\)t superposed, show 
the interferences strongly. The lines actually become helical in shape and 
much broader. The range of displacement of N may be decreased from 0.2 5 

\ cm. to o.io cm. by narrowing the beam emerging from the collimator with a 

slotted screen, while the fringes themselves are coarsened by this process. 
With the screen removed the fringes are not only sharper and finer, but 
apparently they may be seen to slowly move laterally across the fiducial 
sodium lines. This is in accord with the increased range of displacement of 
the mirror. The observation, however, is complicated by the fact that the 
sodium doublets are not quite in the same focal plane. The fringes mtist, 
in a reduced case, lie midway between them, in the line of symmetry of the 
spectra. 

13. Prisoiatic refraction. — ^The method indicated in figure 12 (P, prism; 
M,N, mirrors; G, grating; 7, telescope) was next tested for small distances and 
the experiments begun in the third order of spectra of the grating G. The 
prism was a small right-angled sample, with faces only about i cm. square; 
but it sufiSced very well. Its distance from the grating being about 13 cm. 
and the illuminated spots on the mirrors 18.8 cm. apart, the mirrors were 
nearly normal to each other. In fact, as ^ in the third order is about 62° 
and t' about 28®, 5=34® and a- =90°. Hence, on displacing the micrometer 
mirrors MorNy the illuminated strips move relatively rapidly across the face 
of the grating. Nevertheless, the fringes are easily found and controlled. 
Their range of visibility is larger than in the cases of the preceding paragraph. 
They remain in view for normal displacement of M of 3 to 4 mm., passing 
from hair-like striations, through sharp arrows, back to the hair-like forms. 
The range has thus been increased by the dispersion. The arrows are of 
the type shown in figure 13, with re&trant sides and part of the outline 
accentuated. 

In the second order of spectra from (7, the phenomena were much the same, 
but far more brilliant. The arrows were now evenly wedge-shaped and very 
slender. The fringes entered as nearly vertical hair-like striations, and, after 
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passing the opthnuni, vanished as inflated arrows. The range of visifaDity 
was, as before, about 3.5 mm., so that the change of order has not had any 
further marked effect, such as might be anticipated. As in the preceding 
paragraph, if the impinging oollimated beam is narrowed, the range of visi- 
bility decreases; in fact, the arrows themsdves are reduced to slightly oblique 
lines. Within the limits given the fringes are well adapted for interferometry. 

First-order spectra are not available because of the large value of i* in the 
case of the right-angled prism. 

Taking the results of the last two paragn^hs together, the increase of the 
range of displacement is due to the dispersion of the prism. The breadth of 
the pencil, difEracted at the slit, after leaving the odlimator and prism. 




13 




increases. It was shown in the earlier report that inversion of spectra on a 
longitudinal axis does not preclude the possibility of interference. Taken as 
a whole, therefore, the present results have a direct bearing on Huygheos's 
principle. 

14. Prism methods without grating. — ^A more interesting method, in some 
respects, in which the grating is entirely dispensed with, is shown in figure 
14. L is the beam of white light from a collimator, P a refracting prism (here 
with a 60^ prism angle), M and N the opaque mirrors, with either or both 
on a micrometer, P' a silvered reflecting prism (here right-angled). The 
telescope is at T and should have high magnification. The rays L are refracted 
into abc and a' V c' and the two spectra observed by the telescope at T. 
Each of the prisms should be on 3 adjustment screws, as well as the mirrors. 
P must be revolvable slightly around a vertical axis and capable of fore-and- 
aft motion. P' is preferably a large prism placed on a tablet. The rays band 
V are made collinear before P' is inserted, and both the rays c and c' must 
come from near its edge. 



REVERSED AND NON-REVERSED SPECTRA. 



27 



The fringes are strong and large and lie within a remarkably wide trans- 
verse strip. This may be lo or 20 times as wide as the A A doublets, which, 
in view of the small dispersion, are hardly separated. For the same reason, 
xnoreover, the range of displacement of M within which fringes are visible 
rarely reaches 0.5 mm. Within this the fringes grow from the fine hair-lines, 
tisually oblique, to their maximum coarseness. Apart from the small range 
<£ displacement, these fringes are available for measurement. If both mirrors 
M and N are on micrometers, they may be brought forward or the reverse, 
alternately, and the range increased 5 or 10 times. 

To change the form of the fringes, the first prism, P, may be tilted slightly 
on an axis parallel to LT, figure 14. The fringes then pass through a Tnaximimi 
in the vertical direction O^^ear phenomenon). Fore-and-aft motion of P 
rotates the fringes, partially, toward the horizontal ; but, as a rule, the com- 
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ponent beams b and V pass beyond the edge of P' and the fringes vanish. 
Just before this (the spectra separating), the strip within which the fringes 
lie widens enormously. In other words, the breadth of the phenomenon 
depends on difEraction, not on dispersion, so that even though the prism P 
scarcely separates the V lines, the striated strip has about the same width as 
when it is produced by highly resolving gratings. 

It is preferable to use sunlight directly (without a long-focus condensing 
lens), as there is a superabundance of light. The best results are attained 
with a large collimator. A spectacle lens with a focal distance of i meter is 
excellent. The range of displacement of M is not increased, but the spectra 
and fringes become very sharp. If, with the large collimator, the spectra 
are just separated in the field of the telescope, by fore-and-aft motion of P, 
a magnificent display appears, resembling a thick, twisted golden cord. With 
further separation confocal elliptic fringes often cross the gap, as in figure 15. 
Here a and j3 are graphs suggesting the wave-lengths of the two spectra, g 
being the gap or deficient overlapping. The appearance in the telescope is 
shown at 7, 5 and 5' being the spectra. When the fringes are erect, huge 
vertical furrows may lie in the gap. When the gap is closed, the linear phe- 
nomenon reappears. These enlarged fringes vanish, however, within 0.25 
mm. of displacement at M. On the other hand, when the spectra are made 
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to overiap considerably (by fore-and-aft motion of F) the fringes become 
fine and vertical and the parallel blades of light, which interfere at the focus 
of the tdescope, are 0.5 to i col apart at the objective. 

In further experiments, screens 5, s' (%. 14) were placed in the paths of 
the pencils h b\ so that they were compelled to pass through vertical slits 
0.5 sun. wide in the screens. In this way the interfering rays were identified. 
The first vertical hair-line fringes came from rays about 5 mm. behind the 
edge of the prism P'. Hence the pencils were here about 1.2 cm. apart when 
they entered the telescope. The largest and last of the fringes came from 
dose to the edge of P'. The experiment was varied as follows: Supposing 
both screens $ and s' placed as far to the rear as the visibility of fringes per- 
mits; let the fora:ier, s, be slowly pushed forward. The fringes then contract 
from the very broad set, figure 16, case i, to the strong and narrow set a 
(which is a mere line for a full wave-front), and then expand again to case 3. 
If, now, s is left in place and s^ moved forward slowly in the same way, the 
identical contraction and expansion, cases 1,2,3, are reproduced. The screen 
s' may then be left in place and s in turn slowly moved forward with the same 
results, etc. (there may be 6 alternations), until finally the effective parts of 
the pencils b and b' are beyond the edge of the prism P\ In case 2 the two 
sUts 5 and 5' are obviously symmetrical to the interfering rays, whereas in 
cases I and 3 the diagonally opposite edges of the slits 5 and s' limit the eflS- 
dent pencils to a sheet. If the edge of the prism were truly a knife-edge, the 
last fringes would be very large, since the distance cc', figure 14, would vanish. 
If the fringes are vertical (obtained by tilting P around an axis paralld to 
LT), the case 2 is given by 2 or 3 strong vertical lines, whereas i and 3 
consist of 10 or 20 Unes, all of about the same width and distance apart. If 
the slits 5, 5' are finer (i mm.), the fringes are throughout sharper. A angle 
displacement, i, 2, 3, corresponds to about 2 mm. When the edge of P' is 
approached the case 2 (rften shows vertical strands of fringes, a strong central 
strand, and two or three fainter ones dther side of it. The cases i and 3 are 
not stranded. 

A similar result (passage of case 2 into 3, fig. 16) may be produced by 
moving P forward, the case 3 appearing just before the pencils b V leave the 
edge of P'. Again, when M is moved rearward, when both b and V are near 
the edge of P', the cases 2 and 3 are obtained. In general, the width of the dif- 
fraction pattern increases without dianging the size of fringes, as the width 
of the available wave-front decreases. A similar result will be described in 
coimection with figure 48, Chapter II. Naturally, if the displacement is 
considerable, it is accompanied by some rotation of fringes. 

15. Displacement parallel to rays. — It now becomes of importance to test 
the range of displacement as modified by the angle of reflection, increasing 
from d » o. It is therefore desirable to make a few direct measurements. The 
angle d at P, figure 14, was found to be about 49^ 45', so that the total angle 
at Mis J=4o® is'. M and N are both on micrometers, with the screws normal 
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to thdr faces. P' is on a micrometer with its screw parallel to hb\ so that 
this prism is shifted right and left. The range of displacement was found at 

M, about 0.04 cm.; % = 2X0.04X0.939 =0.076 cm. 
P', about y=so.o7 cm.; 2^=0.140 cm. 

where jp»2«co6(9o — 6) /a and 2y are the corresponding path-differences 
between the inception and evanescence of fringes. With a very fine slit, 
2y was possibly smaller (see fig. 17). 

The question at issue is thus, in the first place, how the value of 2y compares 
with x; for in the former case the angle B is effectively zero. In other words^ 
when M is displaced from M to M ', over a distance e, the pencil 6, figure 17, 
changes to bi, and is soon lost at the edge of P\ whereas, when P is displaced 
in the direction bb\ over a distance y, the rays b and b' do not change their 
point of impact at the prismatic mirror P\ If PP represents the principal 
plane of the objective of the telescope and F its prindpal focus, there should 
be no accessory effect for the case y as compared with the case x. 

Results bearing on this subject are given in table 9, in which the displace- 
ment «, observed at M and at N, as well as the displacement y at P\ are 
recorded when a plate of glass of thickness E is inserted normally to the 
rays 6, b\ The corresponding air-path difference computed from £, m* B^ 
and X should be 0, nearly. This is about the value (2y) observed, remembering 
that to set the micrometer, fringes of a particular pattern must be selected. 
The rotation of fringes being but 90^ or less, there are no fiducial horizontal 
Hnes. 

Tablb 9. — Reversed spectra. Refracting prism. 0—49^45. B»4.6Xio~u (assumed). 
3C»2g cos (90**-^)/2; s«£ Qt-i +2g/X*). 
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Furthermore, though m was detennined by the total reflectometer for each 
of the two plates used, B, the Cauchy dispersion coefficient, had to be asBumed 
from similar results in my earfier work. Finally, the first plate (£«o.736 
cm.) was sUghtly wedge-shaped and some adjustment for cdnddence of 
spectra was needed. The second plate (£« 0.434 cm.) was optically nearly 
plane parallel. One may therefore conclude from these details that ly^s as 
nearly as could be expected. 

The values of x, computed from 6 and e, however, certainly fall bebw s, 
being about 6 per cent and 3 per cent short of it in the two cases, respectively; 
or, again, x is 0.019 cm. and 0.014 (about 5 per cent) smaller than the mean 
values observed for ay. This extra 5 per cent of path-difference can not be 
an error of observation or of adjustment, but must be interpreted as the path- 
difference added when the pencil shifts towards the edge of the prism (x) 
instead of being stationary as in y. In case of inverted spectra, moreover 
(next chapter), x is usually in excess of z, and the shift is the other way. The 
defidency in x, though not equally marked, is present in observations both 
on the right and left sides of the prism P\ 



16. Breadth of efficient wave-fronts. Apparent uniformity of wave-trains. 
Rotation of fringes. — It follows from figure 17 that if ilf is displaced to M\ 
over a distance #, the pencil b is displaced parallel to itself over 

jB^esin 6/2 

where 5»9o^— 0. The pencil c is then displaced parallel to itself over a 
distance 

i^stsaip'/2^s 

ance •«49* 45', </2"2o*7', and therefore 5=2tfXo.344»o.7«, nearly* 
If the rotation of fringes is but 90*, either s (or 5/2) is also the breadth of 
the strips, or patches of like origin, which, when sliding over each other more 
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or less, produce the fringes. This may be treated from a graphic p<»nt of 
view as follows, a theory not being aimed at : 

In figure i8, let a and h be two patdbes of Hght of Uke cdor and origin at 
the objective pp, figure 17, produdng interferences at the focus F. Hence 
the fringes will be arranged in the direction/, figure 18, at right angles to the 
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fine joming a and b. Since a and b here correspond to c and c' in figure 17, let 
a be continually displaced to the right, as indicated by the arrows, figure i8. 
In proportion as the positions ab, a'b\ a'b", are taken, the fringes must pass 
by rotation from /, into /', into f, etc. — i.e,, over about 90®. In the present 
escperiment, c, figure 17, can never pass across c', for they are essentially 
separated by the edge of the right-angled prism P'. Hence the rotation can 
not exceed 90^, for the vertical through a can not cross the vertical through b. 
This is not the case when a grating replaces P^ as in figure 12; nor is it 
the case when, as in Chapter II, inverted spectra are treated, and the patches 
a and b sfide along the edge of the prism. In such cases figure 18 may be 
continued symmetrically toward the right (mirror images), and the limit of 
rotation is therefore 180^. All these suggestions are borne out by experiment. 

Moreover, if the first prism P, figure 14, is tilted sUghtly on an axis parallel 
to LT^ a (fig. 18) will be lowered and b raised. If a and b are on the same 
level, the fringes are always vertical and pass through a vertical maximum, 
when ob is a minimum. On the other hand, if a and b are not in the same 
level, as in the figure, fore-and-aft motion brings the rays c and c' (fig. 1 7) 
to or from the edge of the prism P'. Hence the case ah passes into a"6", or 
the reverse; in other words, the fringes pass through a horizontal maximum 
when a& is a minimtnn, etc. This is also shown by experiment. 

Moreover, if a, figure 18, is the angle (in the observer's vertical plane) of 
db to the horizontal, the horizontal distance between c and cf will be ab cos a, 
which is zero when a»9o^, and both c and c' are at the edge. Suppose the 
fuU breadth of the strips are at the edge, so that the fringes present the 
strongest, coarsest, but narrowest field of case 2, figure 16. Then if either 
cKst d retreats until the fringes vanish, the width of the appreciably effi- 
cient strip cd will be ah cos a^t^s^o.^e^ nearly. This is probably the 
best method of estimating the width in question. Usually, however, away 
from the edge, the succession i, 2, 3, figure 16, is obtained. In such a case 
the breadth of efficient strip is //2 "=0.35^. 

The experiment made by moving screens with slits, forward or rearward, 
successively, by which the appearance and evanescence of fringes may be 
repeated through several cycles, is next to be explained. Here it is merely 
necessary to remember that the spectra c and c' are reversed, or that the 
colors of like origin and wave-length are successively farther apart. When 
the screens are alternately moved, therefore, the same phenomenon is in turn 
produced in slightly different colors. But as ab contintmlly increases, whereas 
the efficient breadth of the strips does not, the fringes soon pass beyond 
appreciable smallness. 

When, as in the earlier methods, but a single grating is used with two 
successive diffittctions through it, the patches a and b are obviously in the 
same level when the longitudinal axes of spectra coincide. Hence the fringes 
are essentially vertical. 

In the experiment with screens, 5, 5', figure 14, it is obvious that path- 
difference remains constant. The distance from the same wave-front in the 
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pencils b and b', figtire 17, to the principal plane pp, is always the same; but 
pencils different in lateral position are successively selected. On the other 
hand, when the prism P' is moved in the direction y, parallel to bb\ path- 
difference only is introduced, while the pencils selected remain the same. 
Supposing the ordinary conditions of visibility (magnification, etc.) to remain 
unaltered throughout, the wave-fronts are, as it were, explored in depth as 
to their uniformity — %.€., the distance is apparently recorded throughout 
which a wave-train consists of identical wave-dements. Effectively, however, 
the rapidity with which fringes decrease in size beyond visibility is directly 
in question. Finally, when the opaque mirror M (or N) is moved from M 
to M\ both effects occur together. P&th-difference x^2e cos 6/2 is introduced 
and the pencil is displaced from b to b'. 

The x-elkct is thus probably the same as if P' were displaced to the left 
and 5 were brought forward. Hence it is of great interest to determine the 
extent in which the values of y and x are different. It appears as if the dis- 
tance within which the wave-trains are tmif orm is definitely limited and that 
it increases with the breadth of effective wave-front just instanced, while 
both increase with the amount of dispersion to which the incident white 
pencil has been subjected. Diffraction at the slit of the collimator may be 
regarded as the first dispersion. This seems to me to be a very important 
observation, and a S3rstematic investigation of the lengths of uniform wave- 
trains, so understood, in their dependence on dispersion, is desirable, even if 
the geometry of the system should prove to be adequate to explain the 
phenomena. 

17. Film grating. — ^The method of two gratings was now again resorted to, 
except that the first at G, figure 3, was a film grating. This attempt failed 
in my earlier work, when but a single film grating was used for the two dif- 
fractions, because of insufficient Ught.* In the present case, where two 
gratings (C being reflecting) are employed, the method succeeded at once. 
The first grating constant was D = 10"* X 167 cm. ; observations were therefore 
necessarily made in the second order of G\ so that the spectra are not as 
intense as with prisms. But the fringes are perfect and may be made as large 
as desirable — ^with but two in the breadth of the spectrum, for instance. They 
come in and go out of range with inflation of form, and they are free from the 
awns seen in the preceding paragraph (with prism), probably because the 
light is less intense. 

The phenomena in general are the same in character; but the range of 
displacement of either mirror is enhanced, conformably with the increased 
dispersion at G. This range was found to be about 6 mm. under the best 
conditions (arrows). If both M and N are successively displaced in the 
same direction, the total displacement available between the hair-like fringes 
at the extremes is about 1.5 cm. for each mirror. 



* I have since obtained the fringes with a single fihn grating. 
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At these extremes the two patches of light on the grating G' may have 
been separated by several millimeters. The nature of the transformation 
f rcxm arrows to the oblique striations would be well reproduced if eqtiidistant 
vertical wedges were moved from right to left, or the reverse, behind a 
vertical slit. 

The distance between G and G' was about 10.2 cm., and between the spots 
of light on mirror M and gratings G and G', respectively, 22.2 and 12.6 cm. 
This corresponds to ft = 20.5° and ft =36.2**, so that 6 = 15.7*^ and <r = 56.7^ 

It is obvious that if the slit of the collimator is displaced right or left, the 
range of displacement, within which the interferences lie, will have different 
positions on the micrometer, because the path-differences are changed. A 
flickering arc may also introduce annoyances. 

The present method has an advantage for ordinary practical purposes, as 
it does not require a ruled-glass grating at G, 





The surprising success obtained with the film grating at short distances 
induced me to test similar methods at long distances. Figiu^ 19 is an appa- 
ratus of this kind, in which L is the white beam incident from a collimator, 
G and G' are the transmitting gratings, M, N, m, n, pairs of opaque mirrors, 
T the telescope. The undeviated ray, d, is screened off. The component 
paths a+6+c, a'+V+c' were each about 4 meters long. The method of 
adjustment again consisted in bringing the shadow of the thin wire across 
the slit into the same position of the spectra seen in the telescope when the 
spectra coincide. For this purpose the adjustment screws for horizontal and 
vertical axes on M, N, nij n must be actuated together. To facilitate this 
tiresome work, with the observer at T, long levers brought from m and n, 
with their ends near his hands, as well as a lever from G' (fore-and-aft motion) , 
were very useful. Since the adjustment screws at M and N are already 
within reach, it is thus easy to bring any Fraunhofer line to the middle of the 
field and to make these fidds overlap, with the guide-wire central in both. 

The attempt made with sunlight, to find the fringes when both G and G' 
are film gratings (D = 167 X lo"* cm.), did not succeed. The light, moreover, 
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is not as bright as desirable, oiTdng to the strong dispersion. When the grating 
G' was replaced by a niled-glass grating (Z? = 3S2Xio"* cm.), the dispersion 
was not much reduced, but the light was better. The fringes were now found 
after some searching and seemed to be of DiDt breadth, a strip of oblique 
lines of the usual character. But they were not brilliant and were hard to 
recover when lost. The Fraunhofer lines were still disagreeably blurred. 

On exchanging the gratings (ruled-glass grating at G and film at G'^ , though 
the dispersion was smaller, the brilliancy of spectra was greatly improved. 
The fringes came out fairly sharp. However, on cutting down the incident 
beam at the collimator and near (7 to a breadth of not moire than 0.5 cm., the 
fringes were acceptable and capable of high magnification. They remained 
visible for a displacement of 5 mm. at the micrometer at M. With fore-and- 
aft motion of G\ the fringes rotated as usual from fine vertical hair*lines, 
through the horizontal (probably arrow-shaped forms of maximum size), 
back again to hair-lines. Here the excursion of G' was about 1.5 cm. On 
tilting the grating G' in its own plane and readjusting M , the rotation is 
through the vertical maximum (the linear phenomenon). With a slotted 
screen (0.5 cm.) at the collimator, the slit may be widened until the Fraun- 
hofer lines just vanish. If the sUt is but 0.2 cm., the fringes become bulky 
and the play at M is but 2 mm. 

The film grating may be used by reflection, on adapting the apparatus in 
figure 12 for this purpose, by supplying a ruled grating or prism at P and the 
film grating (with its ruled side toward P) at 6^. If a ruled grating is put at P, 
the spectra and fringes are good ; but naturally there is deficient illtmiination. 
Nevertheless a strong telescope may be used and a range of displacement of 
4 mm. at M is available. This may be increased indefinitely by using a 
micrometer at M and iV alternately. The chief difficulty was the (incidentally) 
unequal brightness of spectra. 

Again, the method of figure 14, apart from the drawbacks to which that 
method is incident, subceeds almost perfectly, both in the first- and second- 
order spectra. The fringes are strong and dear. An Ives grating of high 
dispersion (Z? = 167 X 10-* cm.) was tested. 

The method of figure 20, with auxiliary mirrors m and n to accommodate 
the dispersion of G, was also successfully tried. Here G was originally a 
concave reflecting grating. It was replaced by a film grating used as a reflect- 
ing grating, with entire success. Tlie ruled side of the film should be free 
(without cover-glass), but the reversed side cemented on plate-glass as usual 
and the latter placed towards the telescope at T. The prism P, in other 
words, admits an abundance of light, so that even the loss in reflection from 
the film is not serious. Sunlight should be used without a condensing lens; 
or, if the latter is added, the light leaving the telescope is to be narrowed 
laterally. 

18. Non-reversed spectra. — ^The prismatic method of cleaving the incident 
beam of white light is available for the superposition of non-reversed spectra. 
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tmder caaditions where the paths of the component rays may have any 
length whatever. It is thus an essential extension to the method (fig. 21) 
given in the preceding report {PP\ prisms; M, N, mirrors; Gp, Ives prism 
grating; T, telescope), where the path-differences were essentially small and 
the spectra reversed. 

In figure 22, P is the first prism cleaving the white beam L, diffracted by 
the sUt of the collimator. M and N are the opaque mirrors, the former on a 
micrometer. For greater ease in adjustment, the second prism P' is here 
rights-angled, though this is otherwise inconvenient, since the angle h = 90° — tp 
is too large. The ra3rs reflected from P' impinge normally on the reflecting 
grating G (jD = 200X10"*) and are observed by a telescope at T. P, P', M, 
and N are all provided with the usual three adjustment screws. P' must be 
cax)able of being raised and lowered and moved fore and aft. The fiteld is 





brilliantly illtmiinated. When the path-difference is sufficiently smallj'^the 
fringes appear and cover the whole length of superposed spectra strongly. 
They are displaced with rotation if M is moved normally to itself. 

As first obtained, the fringes were too closely packed for accurate measure- 
ment. But the following example of the displacement e of the mirror M, 
for successions of 40 fringes replacing each other at the sodium lines, shows 
the order of value of results: io*e= 1.55, 1.40, 1.60, 1.55 cm., so that per fringe 

5^=39X10-* cm. 
The computed value would be (^, the prism angle) 



he^ 



58.93 



io"*=36.4Xio-* cm. 



2 cos 6/2 2X.81 

assuming S=9o^— ^. The difference is due both to the small fringes, which 
are difficult to count, and to the rough value of 5. The range of measurement 
is small (if M only moves), not exceeding 1.6 mm. for a moderately strong 
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telescope. But one-half of this displacement is available, as the fringes 
increase in size (usually mth rotation) from fine vertical hair-lines to a nearly 
horizontal maximum, and then abruptly vanish. This is one-half of the 
complete cyde. 

If we regard the component beams, abc and a'b'c\ as being of the width 
of the pencil diffracted by the slit of the collimator, it is dear that the maxi- 
mum size of fringes will occur when c and c' are as near together as possible; 
furthermore, that as M moves toward P', c continually approaches c', until 
b drops oflE (as it were) from the right-angled edge of the prism P'. To get 
the best conditions — %.€., the largest fringes — c must therefore also be moved 
up to the edge of P and very sharp-angled prisms be used at both P and P'. 
The largest fringes (lines about lo times the D]Pt distance) obtained with 
the right-angled prism were often not very strong, though otherwise satis- 
factory. Much of the light of both spectra does not therefore interfere, being 
different in origin. 

Results very similar to the present were described long ago* and found 
with two identical half-gratings, coplanar and parallel as to rulings, etc., 
when one grating was displaced normally to its plane relative to the other. 
The edges of the two gratings must be close together, but even then the 
fringes remain small and the available paths also. Strong, large fringes, but 
with small paths, were obtained by the later method t of two identical trans- 
mitting gratings, superposed. 

If the prism P' is right-angled (a special case of fig. 2 1) , it may be rotated 
as in figure 23, so that the rays c and c' pass off towards the observer. They 
are then regarded through a prism-grating G and a tdescope at T. This 
method admits of much easier adjustment. With the component beams 
a b, a!b\ coplanar, horizontal, and of about equal length in the absence of 
the prism P', the latter is now inserted with its edge vertical (rotation) and 
the white slit images in T (without G) superposed, horizontally and vertically, 
G is then added and the micrometer at M or iV manipulated till the fringes 
appear. As above, they are largest when c and c' are as nearly as possible 
coinddent and vanish as horizontal fringes at the maximum ; for the effective 
parts of c and c' are component halves of the same diffracted beam from the 
slit. It is interesting to observe, seeing that interference also occurs when 
one of the superposed spectra is inverted on a line parallel to its length, that 
such diffraction is demonstrable in case of homogeneous light, even when a 
slit is absent. Both beams must be nearly at the edge of P' in order that 
strong, large fringes may be seen. 

The case of figure 22 was subsequently again tried on the large interferom- 
•eter, the distance P to M—N being about 2 meters. G, in these experiments, 
was a concave grating and T a strong lens near the prindpal focus of G. The 
adjustment for long distances is not easy. The equilateral triangle of rays, 
a, a\ b\ 6, should be first carefully leveled, the edges of P and P' being on 

• Phil. Mag., XXII, pp. 1 18-129, I9"; Carnegie Inst. Wash. Pub. 149, chap. vi. 
t Physical Review, vii, p. 587, 1916; Science, xlu, p. 841, 1915. 
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the median line. With G placed at the proper distance, the two spectra seen 
at T will usually be quite distinct in the field. They should show the shadow 
of the black line across the slit, at the same level in the spectra. The longi- 
tudinal axis of the spectra may then be made collinear by slightly tilting the 
edge of P' to the vertical, on a horizontal axis, with the adjusting screws. 
M and N are then rotated on a vertical axis till the D lines coincide. Small 
changes may be completed at M and N. The fringes when found are usually 
strong, but very fine, less than the DiDt distance in width. I have been able 
to increase them to a width of zPuDj, but they are then faint. The two 
illuminated strips on the grating may even be an inch apart, but the fringes 
are as usual large when this distance is the smallest attainable (virtual 



23 
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coincidence). The grating may be moved fore and aft without effect. Ab 
N is moved on its micrometer, the interferences are first seen as vertical 
hair-like striations, which gradually enlarge, rotate, and vanish just before 
reaching the horizontal and at maximum size. The range of displacement did 
not exceed 0.15 cm. for this rotation of 90°, so that the total displacement 
for 180" of rotation would be about 3 mm. Since N and T are close together, 
the manipulation is convenient here, but with another lens at 7' the phenom- 
enon could be traced further on the M side. 

To secure a smaller angle of incidence and refiection, S/a, at M, figure 34, 
the combination of a silvered 20" prism P and a 30° prism P' was tested. M 
and N are the opaque mirrors, G the concave grating with its focus at T tor 
inspection by a stror^ lens. L is the incident beam of white sunlight from the 
collimator, which is split into the component pencils abed and a'h'c'd' and 
interfere at T. The results, however, were about the same as above, the 
range of displacement at M for go" of rotation of fringes being about 0.15 cm. 
As a and h make angles p and f' with the line of symmetry LV, 

was about 10°, 

At a subsequent opportunity I made further trials with the paired prisms 
of 20" and 30°, but failed to increase the fringes above about iJiDj/a width. 
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Two xmcrometers, one at M and the other at N, were installed, and moved 
forward in alternate steps, within a range of over 2 cm., naturally without 
modifying the fringes. These are now observed on both sides (N^andAf), each 
with the micrometer which is manipulated. One may note in passing that the 
two screws are being incidentally compared. To set the 30® prism properly it 
would have to be provided with a fine fore-and-aft, right-and-left sfide adjust- 
ment, in order that its edge may be set sharply in the line where the two 
component rays intersect. An attempt was made to increase the dispersion 
by allowing a spectrum to fall on the first prism (20^), but without success. 

It is noteworthy that the 30* prism at P' is no marked improvement as 
to range of displacement over the 90^ prism at P\ previously used. In other 
words, the effect of decreasing the angle of reflection 5 at M is, unexpectedly, 
of small importance, in relation to the range of displacement at M. This result 
already treated in § 16 will be accentuated in other ways bdow (Qiapter II). 

19. Noo-reversad spectnu Restricted coincidence. — ^In figure 35, the white 
ray L from the collimator is diffracted by the grating G and the two spectra 
a and a\ thereafter reflected by the parallel opaque mirrors M and N, to 
be again diffracted by the grating G\ The rays are observed by a telescope 
at r. If the gratings G, G' have the same constant, it is obvious that the fidd 
of the telescope will show a sharp white image of the slit, for each minor. 
li M N GG' are adjusted for symmetry by aid of the adjustment screws on 
each and the rulings are parallel, the two white slit images will coincide 
horizontally and vertically. If now a direct-vision spectroscopic prism or 
a direct-vision prism-grating G^ is placed in front of the telescope, the super- 
posed white slit images will be drawn out into overlapping non-reversed 
spectra, which will usually show a broad strip of interference fringes. 

In my first experiments, G and G' were film gratings of high disperdon 
(D»i67Xio"*). The field was therefore too dark and the fringes were 
obtained with difficulty because of the cumulative distortion of images from 
the gratings. When found, the fringes were very fine parallel lines, filling 
an irregular strip in the orange-yellow region, and it was already obvious 
that an enormous play of the micrometer-screw at M would be permissible. 

A number of film gratings were now tested and the best samples selected 
(D«i75Xio-^), although the dispersion was still too large and the D lines 
not clear. To secure more light, a beam of sunlight 15 cm. in diameter was 
condensed to a focus on the slit by a large lens of about 2 meters in focal 
distance. The illumination was now adequate and the fringes were found 
at once, as they should be; for they are always present, though not in the 
same colored region. These fringes, found with more accurate adjustment, 
were also larger than before. 

Figure 25 shows, if a6, a'V and erf, c'd' are pairs of corresponding rays of 
the same order but different wave-lengths, X and X' respectively; that for 
the given position of G and G' only the rays a a! issue coinddently at T. 
The rays cd, c'd' issue at eu ^'1, and, though brought to the identical focus 
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by the tdesoope, the distance e\ff\ may be too large to admit of appreciable 
interference. Hence the colored strip ^thin which interferences occur will 
comprise those wave-lengths which lie very near X, whereas the colors lying 
near X', etc., will be free from interference. 

If, however, the mirror M is displaced parallel to itself to M' by the microm- 
eter-screw, the rays d'dl' and dd' will now coincide at ^'i, whereas the rays 
from ah and a'V will no longer issue coinddently and may not interfere. 
Thus the interferences are transferred as a group from rays lying near X to 
rays lying near X'. It is obvious, therefore, that with the displacement of M 
the strip carrying interferences will shift through the spectrum and that an 
enormous play of the micrometer-slide at M will be available without the loss 
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of interferences. In fact, a displacement e of over 3 cm. of M normal to itself 
produced no appreciable change in the size or form of fringes, but they passed 
from the green region into the red. In consequence of the film gratings used, 
the strip in question was naturally sinuous and somewhat irregular, but the 
fringes th^nsdves in the clearparts were straight, parallel, strong lines. They 
did not thin out to hair-lines at their ends, nor show curvature, as one would 
be incHned to anticipate. On the contrary, they terminated rather abruptly 
at the edges of a strip occupying about one-fourth of the visible length of 
the spectrum. 

It follows, therefore, from figure 25, that the displacement of M does not 
change path-length or path-difference, for the rays are inclosed between 
parallel planes, as it were. Since the double angle of reflection is 6 » 180^ — 2 9, 
where B is the angle of diffraction of G and G\ the displacements of M 
over a normal distance e will shorten the path of M in accordance with the 
equation 
(i) »X«2ecos 6/2«2^sin ^ 
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where n is the number of fringes passing at wave-length X. This equation 
is not obvious, since for constant X, the distance between G and G\ noeasured 
along a given ray (prolonged) for any position oi Mor N, is also constant. 
The equation naay be corroborated by drawing the diffracted wave-front, 
which cuts off a length 2e sin $ from d". 
Since an $^\/D if D is the grating space, the last equation becomes 

n - 2e/D 
or per fringe 

ie^D/2 

a remarkable result, showing that the displacement of the minor M per 
fringe is independent of wave-length and equal to half the grating space. An 
interferometer independent of X and available throughout relatively enormous 
ranges of displacement is thus at hand. It will presently appear that it is 
also independent of the angle of incidence at G, 

In case of the given grating and sodium light, 6^ 19^ 37'. Hence if fe is 
the displacement per frmge, 

e-X/asin • — io-*X88cnu 

Actuating the micrometer at M directly by hand (this to my surprise was 
quite possible without disturbing the fringes, except for the flexure of sup- 
ports) , the following rough data were successively obtained from displacements 
corresponding to zo fringes: 

io*Xfe=6s 95 90 80 60 cm. 

Without special precaution the fine fringes can not be counted closer than 
this, so that the data are corroborative. 

If the incidence is at an angle i, as in figure 26, the rays entering at G 
obviously leave at the same angle i (symmetrically) at G\ In other words, 
rays enter and leave in pencils of parallel rays. The optic path of the com- 
ponent N ray, /+g, is 

fc/cos^ 

where k is the normal distance between G and G' and ^ the angle of diffrac- 
tion on the left. Similarly the optic path of the M' rays c+d which meet 
f+g in r is 

fc/cos e' 

where $' is the angle of diffraction on the right. If now M' is displaced to M, 
c+d is changed to a+d of the same length; but if the wave-front w is drawn, 
it appears that the optic path of the M ray has been shortened to 2e sin ^, 
where e is the normal displacement of M' to M, Hence the path-difference 

^ ^^"^ h/oos e'-2e sin B'-h/oos tf'=nX 

n being the ordinal number of fringes of wave-length X. Furthermore, since 
k, t, $\ and S' do not change, the displacement per fringe is as above 

he—\/2 sin B' 
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For the angles in question the usual equations are given: 

sin e'- sin t =X/P sin ^+sin * =X/Z? 

so that 

5e=X/2(X/Z?+smi) 

which is thus not quite independent of X unless i is very small. It is obvious 
that the optic paths of a+d and c+k are identical. Hence the path-differences 
of the rays r, 5 are the same. U now the grating G' is shifted to d, over the 
distance e\ the same path-length is cut off from both r and s, and hence the 
fringes do not move. The locus or strip of fringes, however, is displaced in 
wave-length, bodily, as shown in figure 25. 

The equation in nX, which may be written (5, a differential symbol) 

nX=fc6(i/cos 6)—2e (X/D+sint) 

suggests the phenomena to be expected both when X is constant and t varies 
and when i is constant and X varies. The former require a wide, the latter 
a narrow slit. 

Some time after, with an improved micrometer, not directly manipulated 
by hand, I obtained the following data from a succession of 50 small fringes 
(arc lamp) : 

eXio*= 3.7 3.9 4.0 
5eXio«=74 78 80 

Again, from successions of 30 large fringes: 

^Xio"** 2.6 2.6 
5^Xio-* = 87 87 

All of these are below the value computed for soditun light, from imperfect 
adjustment. The march of values in the first series is probably incidental, 
for I was not able to eliminate the effects of flexure in my improvised 
apparatus. Again, the precise symmetry of the apparatus is not guaranteed. 

Simple as the method appears in figure 25, it is in practice quite difficult 
to control. Fringes may be lost and thereafter hard to find again, and this 
in spite of the large range of displacement. The cause was eventually located 
in the circumstances under which the incident pencil L strikes the grating G. 
If L shifts to right or to left the symmetrical rhombus of figure 25 will be 
converted into a non-S3anmetric rectangle or into a figure as in figure 26. 
K G and G\ M and N were rigorously parallel this should not produce any 
effect; but as they are not and as the surfaces are not optically flat (film 
gratings) the effect is very marked and probably of the same nature as a 
rotation of C?' on an axis normal to its face. It requires but slight displace- 
ment of L to right or left to make fringes in the yellow change to hair-lines 
in the green or the red; or they may even be lost altogether. These fine 
fringes may sometimes be enlarged, at other times made smaller, by adding 
or thickening (rotation) the compensator. Naturally in all these cases the 
overlapping spectra are perfect. The only method of finding the fringes 
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af tor the parts are symmetricany placed relatively to the light is to move L 
successively and gradually toward one side or tiie other and to test each 
case with compensators z to 2 mm. thick, placed in the 6 or 6' pencils. It 
would be advisable to place the slit on a right-and-left miaometer. When 
found, however, the fringes, if reasonably treated, are very persistent, strong, 
and easily enlarged. 

Finally, the fore-and-aft motion of G* must produce a bodily shift of 
fringes, while the strip as a whole is displaced in mean wave-length ; for 
figure 25 shows at once that if G' were displaced to (7\, the X rays W would 
lose their coincidence in T, while that property would now be possessed by 
the X' rays, dd\ If (7 is on a fore-and-aft micrometer, therefore, one might 
suppose a second method of inter f erometry to be available in which symmetry 
is retained throughout and (since the angle at which the rays W meet is 
5 «* 2 9) subject to the equation 

nX«2^cos 5/2«2e'cos B 
where #' is the displacement corresponding to n fringes passing in wave- 
length X. 

This equation, however, is inapplicable, as already explained, because the 
pencils W are not reflected, but diffracted into T. In the symmetrical appa- 
ratus, therefore, no perceptible motion of fringes is produced by the fore-and- 
aft motion of G\ because in all cases the rays W meet the grating with a 
constant phase-difference. If the phases are identical they remain so while 
G' is displaced. The strip of fringes as a whole, however, is slowly though 
imperceptibly displaced through the spectrum, without accentuated motion 
of the fringes within the strip. This inference was tested by placing C on 
a fore-and-aft micrometer. Large displacements of the screw (fractions of 
a centimeter) shifted the strip from color to color as specified. A micrometric 
displacement of G^, however, was unaccompanied by any appreciable dis- 
placement of fringes. On the other hand, any flerure of the supports of G' 
at once produced a marked displacement of fringes, while from mere microm- 
eter displacement no measurement could be obtained. 

Equation (i) is of interest in interferometry, in view of the very long 
ranges of displacement available. For such purposes gratings of lower dis- 
persion (preferably ruled gratings or else prisms) should be used, to obtain 
greater luminous intensity in the spectrum. Of course, the gratings G and G^ 
may have different constants, but in such a case GNG'M will no longer be 
a rhombus. Since for constant X the ray-lengths in figure 25 are constant 
for all positions of G parallel to G\ M parallel to N, large path-difference may 
convenientiy be introduced by compensators. If a thin sheet of mica is moved 
in either the b otV pencils, there is a lively skirmish of fringes, but they do 
not change size appreciably. A glass plate 5 mm. or more thick placed in 
baik rays b and V and rotated produces the same results, but the fringes move 
more dowly. A plate 2.8 mm. thick, with strong fringes horizontal in the 
yellow, if placed in the V pencil produces hair-lines inclined toward the left 
in the red ; if placed in the b pencil, hair-lines inclined to the left in the green. 
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etc. In contrast with this, the shift from red to green, if produced without 
compensator by the displacement of M, shows scarcely any change of fringes, 
either as to size or inclination. 

To change the size of fringes it is necessary to rotate the grating G' (rela- 
tively to G) on a horizontal axis normal to itself. They then both rotate 
and grow larger, attaining the Tnayimtitn of size when the fringes are vertical. 
Fringes quite large and black, which are naturally much more sensitive to 
compensators, may be obtained in this way ; but the fringes are still easily con- 
trolled by hand. Limitations of the incident light in brcsedth, or simultaneous 
rotation of M and N, produced no marked effects. 

Fringes may also be enlarged on moving the collimator with slit micro- 
metrically right or left, as already stated, though this must be done with 
caution, as the effects are often surprisingly abrupt; for when the system 
is not quite symmetric displacements on G will be equivalent to accentuated 
displacement on G\ owing to the reflections. The reflected rays soon cease 
to intersect and the displacement on M and N is invariably large. Further- 
more, by the insertion of compensators (glass plates i to 2 imn. thick) in 
the h or V pencils, either directly or differentially, larger or smaller fringes 
may be obtained. 

It is now of interest to return to the equation referring to the displacement 
of G\ normal to itself, and to consider the resolving power of the system ; for 
the latter bears a dose analogy to the experiments made in a preceding 
paper (Carnegie Inst. Wash. Pub. 249, Chap. V, 1916) on the remarkable 
behavior of crossed rays. If G' is displaced to G\ over a distance e'^dh (see 
fig. 25, where h is the distance apart of G and G'), the rays X' meeting in T 
will now be in the same condition as were originally the rays X. In other 
words, 01 and e\ have become coincident at G\ If we assume that the same 
type of fringe results in these cases, and if X'— X={iX, B-^O'—dB (for the 
passage of W into dd' is in the direction from red to violet), 

(2) dd=dfc sin ^ cos B/h, nearly 

Since X=Z? sin B and dX= — P cos B dB, this may be changed to 

(3) dK/\^dk{i-V/m/h 

when D is the grating constant. This is the expression used heretofore. 

In general it is to be noted that the present method, apart from any prac- 
tical outcome, is of great interest as to the data it will furnish of the width 
of the strip of spectrum canying interference fringes under any given con- 
ditions. For here the spectra are not reversed or inverted and the latitude 
of interference of diffraction throughout X is much broader than in case of 
reversed spectra. But for this purpose films will not suffice and rigid refracting 
systems must be devised. 

20. The same, continued. Homogeneous light Dissimilar gratings. — ^To 

show the dose relation of the present experiments with one reflection to the 
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earlier work with crossed rays and two reflections (/.c), experiments may be 
made with homogeneous light. Accordingly, the sodium arc with a wide 
slit was installed and the fringes found without diflBctdty. Strands of fringes 
with nodules were obtained as before. These rotated in marked degree ( 1 80**) 
from vertical hair-lines, through coarse vertical strands with horizontal 
nodules, back to vertical hair-lines again, as either M or G' was suitably 
displaced normally to its plane. To shift the fringes of any form into the 
middle of the wide-slit image, a glass compensator in either 6 or b' may be 
resorted to, or both M and C may be displaced together. Again, whereas 
the micrometric displacement of M produces a marked displacement of fringes 
within the strip in accordance with equation (i), the micrometric displace- 
ment of G' leaves the fringes stationary within the strip. While the strands 
and nodules were strong, the reticulation of fringes could not be clearly made 
out, in view of the use of film gratings in place of the ruled gratings used in 
the earlier report. 

In equation (4), Z?= 169X10-* cm., if dX/X=6Xio-*/6Xio-*=io-*, ft = 
60 cm., Z>=i69Xio"' cm.; whence d/t=io-'X 60/(1 — (60/169)*) = 0.07 cm., 
nearly. Thus, if with ruled gratings the fringes due to the A and Z?j lines 
could be separately recognized, it should be possible to distinguish between 
them here also, as the same phases require a differential displacement of G' 
of nearly a millimeter. The same result would be recognized at M by a 
displacement of dh tan 6, where ^ = 21** nearly, being the mean angle of dif- 
fraction. The M displacement is thus 0.07X0.36=0.025 cm. 

In case of homogeneous light the prism grating G* is not needed and much 
more light is available if the telescope is used directly. The strands of inter- 
ferences, being on a yellow ground, are not very strong. Nevertheless a few 
measurements of ranges of displacement were made by moving both M 
(displacement e) and G' (displacement fc), alternately. The following values 
of ey hy and h tan ^ were found, the film gratings having nearly the same 
constants: 

e = o.5cm. fc=i.3ocm. fe tan ^' = 0.49 cm. ^=19** 37' ^' = 20^40' 

e and h tan B' coincide as closely as may be expected, seeing that the fringes 
in neither case can be quite brought to vanish. 

Experiments were next made with a grating of less dispersive power {D = 
352 X io~* cm.), ruled on glass and a stretched film grating of the same strength. 
It was found, however, that the long rhombus GMG'N was very difi&cult to 
control, owing to the reflection at almost grazing incidence. The spectra 
alsb were not quite clear. The method wg^ therefore eventually abandoned, 
as no fringes could be found. 

The trial was then made with a weak grating at G (i)=3S2Xio-* cm.) 
and a strong grating at G' (I>=i67Xio"* cm.). In adjustment the latter 
naturally overpowers the former and two reversed spectra are seen in the 
telescope (without prism grating) immediately behind G\ Both spectra were 
qtdte strong and sharp. With white light no fringes could be found even after 
long trial and a variety of adjustments. 
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The sodium arc was now used with a very wide slit and the fringes were 
found without difficulty. They consisted as usual of vertical hair-lines 
rotating through a usually horizontal maximum back to vertical hair-lines 
again, as either M, N, G' were displaced normal to their faces on their respec- 
tive micrometers. These fringes are simply due to either one or the other 
sodium line separately and therefore seen on a yellow ground free from inter- 
ference. Even after this, with the apparatus in adjustment for homogeneous 
light, white light was tried again in alternation, but no fringes appeared. 

With sodium light a few measurements of the ranges of displacement were 
made. If % and %' are the angles of diffraction, 6= i8o**— (^+ ^) and %^2e 
cos hi 2. when % is the path-difference cut off at one end by the displacement e 
of the mirror M. The displacement of G' being y, it appears that, apart 
from sliding, e and y tan ^' should be nearly equal. The results were 

^=0.42 0.42 0.45 cm. ^= 9** 39' 

x=o.8i 0.81 0.87 cm. ^= 20° 40' 

y = i.74 1.80 cm. 

y tan ^ = 0.66 o.68cm. 6=149*41' 

It was not practicable to make the hair-lines quite disappear without a 
large excess of displacement in both cases. Even so the difference of e and 
y tan ^' is too large to be explained by such an error. But the work with 
the present apparatus (screws not long enough) is not sufficiently accurate 
to make further discussion fruitful. The error will probably be associated 
with the oblique incidence of rays in case of a wide slit. 

Very remarkable results were finally obtained with compensators of glass 
plate. Placed in one or both beams and rotated around a vertical axis, they 
rotate the fringes. This would be referable to the sliding of the ends of the 
two pencils on the grating G\ If, however, they are placed nearly normally 
in one beam, they produce no effect either of rotation or on the size of the 
fringes; but the pattern is displaced bodily across the wide yellow slit image. 
Glass plates 0.2 and 0.5 cm. were used. It is not until the thickness of plate 
reaches 2 cm. that appreciable thinning of the interference fringes occurs 
when the plate is placed in one beam. With optic plate this wotild be an 
excellent method for testing the lengths of uniform wave-trains. Finally, 
with a fine slit and coincident soditun lines, the fringes could be seen in the 
presence of a continuous spectrum as marked dots on the enhanced sodium 
lines. But nothing could be detected with non-coincident lines.* 

21. The same, continued. Duplicate fringes. — ^The occurrence of strands 
and apparently duplicated fringes has already been suggested in the preceding 
paragraph. In further experiments definite results were eventually obtained 
wiik sunlight These occur in very great variety, but two typical phases 
may be accentuated, given in figure 27. In the case a the two sets are more 

• Such fringes were since found, incidentally, in the white flash of a sodium arc. They 
were very dear, but could not be controlled. 
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nearly parallel, but one is always veiy lai:ge in comparison with the other. 
In case b the difference in size is even more marked aiui the fringes are neariy 
orthogonal. In intennediate cases fine large strands occur. These pass into 
each other continuously; the manner does not admit of description. They 
are seen best in the principal focal plane and both sets are about equally strong. 

To obtain these fringes the adjustment was first carefully made with the 
sodium arc. Thereupon the arc was replaced by concentrated sunlight and 
fine fringes were recognized in the superposed spectra (longi^^u^ii^^ &^ 
transverse axes coindding). These fine fringes were then enlarged both by 
rotating the grating G' (fig. 35) on its normal axis and readjusting M in each 
case, and by adding trial compensators in the M or N pencils. A glass plate 
3 mm. thidc gave the best results and they were very striking. The following 
are the chief diaracteristics: 

When the mirror M is slowly rotated on a hoiizontal axis, moving one 
spectrum vertically, slightly over the other, the fringes pass through all their 



When M is slowly rotated on a vertical axis, which slides one spectrum 
horizontally over the other, the fringes are displaced, more or less, bodily 
in the spectrum. Thus in the case b, figure 37, the D doublets are many 




times their own spadng (PiPi) apart. If the two D doublets approach eadi 
other, the fringes approach the D line from larger wave-lengths and vice versa. 
The fringes were lost when the doublets crossed over eadi other. 

Rotation of the compensator in the first place moves the binges as in inter- 
ferometry, as does also the normal micrometric displacement of M. If this 
motion requires readjustment of M, the range of displacement is curtailed 
and the corresponding change of phase appears. In the second place, the 
compensator, on rotation, traces the contours of the curves by successively 
accentuating the vaguer parts, as will presently be explained. 

The fore-and-aft motion of C also moves the fringes bodily through the 
spectrum without marked change of phase. All fringes, whether produced 
with or without compensators, are ultimately curved lines. 

The most remarkable results occurred on widening the slit. Suppo^ng 
that lai^e strands were visible in case of the fine slit, and tiiat this was grad- 
ually widened until the sUt width was 0.5 mm. or more, the straiuJs were found 
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to have coalesced in a way which defies description. In their place appeared 
a wide strip of eqtiidistant parallel crescents, as shown in figure 28. The 
Frattnhof er Hnes had long vanished and the appearance of the spectrum was 
whitish and intense. The fringes in question are thus in a measure achro- 
noatic The strips appear quite r^^ular through the breadth of the spectrum 
and its width may be one-third of the length of the spectrum. The fringes 
move with the normal displacement of M (interferometry) and the range is 
large (0.5 cm. without adjustment), provided M does not require readjust- 
ment by rotation. Simultaneously the strip is displaced longitudinally in 
the spectrum in the usual way. 

On closing the slit the ellipses break up into sharp strands again without 
offering a systematic clue as to the manner in which this is done. The strands 
usually trend noore or less vertically with two sharp, strong groups, flanked 
by one or more weak groups on each side. 

On removing the condenser these crescents became more slender but much 
sharper, so that in spite of the diminished light theycould be well seen. They 
were then fouiid to be like the approximately conf ocal ellipses of displacement 
int e rferometry, though not subject to the same laws. They embraced over 
one-third of the visible overlapping (green-yellow through red) spectra, ter- 
minating in very fine hair-lines on one side but coarse lines on the other. 
On opening the slit to about o.i mm. the evolution was curious. With a 
very fine srlit a relatively narrow strip of ^ong slanting lines was seen in 
the yellow. As the slit widened these developed curvature, adding the more 
slender complements of the ellipses on the red side, until this part of the spec- 
trum was filled with confocal half-ellipses having a transverse nnajor axis. 
The range of di^lacement of M is practically indefinite, depending simply 
on the degree to which the spectra overlap ; 3 to 4 cm. were tried. A hori- 
zontally wide mirror at M is needed ; for the ellipses travel through the spec- 
trum and the pencil along the mirror, from end to end. Both sides of the 
elHpses may be traversed by rotating the plate compensator, whidi succes- 
sively accentuates (in a transverse strip) a definite part of their contours. 
In this way the thick apices or either of the hair-like lateral ends may be 
clearly brought out. Thus the two lines a, in figure 28, limit the strong part 
of the ellipses. When a moves to right or left, the hair-lines appear more 
and more strongly until they terminate, showing that the inclusive strip is 
also limited. 

To further study this result, the grating* G' was successively rotated in 
small amounts on a normal axis with adjustment at M. It was thus 
possible to find both the ends of the ellipses, as well as the central parts. 
As a result the form figure 29 was definitely brought out. The con- 
focal ellipses are extremely eccentric, with very turgid apices, so that the 
central part, if in the spectrum, consists of transverse straight lines. Motion 
of M shifts the fringes to and from the center where they originate or evanesce . 

• When nearly oentered, rotation of M about a horizontal axis is also sufficient to com- 
plete the centering of the ellipses. 
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The ellipses move as a whole with M , without changing form appiectably» 
throughout the spectrum; but they move very slowly, quite differently in this 
respect from the round ellipses in displacement interferometry, whidi are 
extremely sensitive to displacement of M. In the present work it may take 
S or ID cm. at Af to pass the ellipses quite through the spectrum. They are 
strong and fine in spite of the film gratings used. 

In the endeavor to explain these phenomena one may notice that the main 
features have already been accounted for. As to details, since the gratings 
are fihns which may act from both sides, explanations are hazardous. I do 
not believe, however, that the films (cemented with balsam on glass plate) 
had any other discrepant effect here than to make straight lines sinuous. The 
character of the phenomena, as a whole, is trustworthy. 

In the case of the duplicated fringes (fig. 27, a, 6, and the strands) seen 
with a fine slit, the danger is perhaps greatest. But it appears to me that the 
coarse lines in figure 27 are vestiges of the ellipses of figure 29, due to a wide 
slit. These are superimposed on special fringes resulting from the diffraction 
of the narrow sUt. It is difficult to conjecture any other cause of duplication. 

The shift of ellipses through the spectrum follows as before from figure 25. 
Their occurrence in case of a wide sUt might be associated with the equation 

ne^D/2 

or with their independence of wave-length. They would therefore result 
merely from the obliquity introduced by dispersion. But the presence of the 
glass-plate compensator militates against this. In the peculiar behavior of 
the compensators when added or rotated around a vertical axis, the dispersion 
of the glass itself comes prominently into play , for the effect of introducing 
a corresponding air-path is negligible in its effect on form. Thus the removal 
of a 3 mm. compensating plate may leave the fringes almo^ too small to be 
seen, whereas the displacement of Af over 3 cm. produces but little change 
of form. 

Finally, the ellipses are developed in arc or contour from left to right, for 
instance, when the slit is widened; and they vanish from right to left as the 
slit is more and more nearly closed. The last lines for a closing slit make a 
narrow grid of fringes quite straight and strong. 

22. The same. Prismatk adjustment — The 60^ prism has certain ad- 
vantages in experiments like the present, particularly when non-reversed 
spectra are to be obtained. Figure 30 is a device of this kind, in which P is 
the separating prism and P' the collecting prism, the beam of white light L 
from a collimator entering the flat face normally on the front side and issuing 
normally on the rear side at c and c'. M and N are opaque mirrors parallel 
to each other, G a direct-vision prism-grating. The telescope is at T, The 
reflection may be either internal, as in the strong lines of figure 30, or it may 
be external on silvered faces of the prisms p and p', the appurtenances being 
shown in dotted lines. In this case the separated rays a, a', 6, V are collected 
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at c', c'", to be joined in the telescope at T. The internal reflection being 
total, with the rays entering and leaving at right angles to the faces and re- 
quiring no silvering of the latter, I made use of it for the following experi- 
ments: M and N are on micrometers with the screw in the direction normal 
to their faces. P, M, N, P' must all be adjustable. After prelinoinary meas- 
urement for equal distances, the fringes were found without trouble. They 
were strong but fine, beginning with vertical hair-lines and gradually rotating 
as they grew coarser, till they rather abruptly vanished. The displacement 
of the M mirror did not exceed 0.6 mm., nor the rotation 30^. The spectra 
being non-reversed, the fringes covered the whole field. Nevertheless these 
lines must probably be reg^uded as arcs of circles or ellipses with enor- 
mously distant centers. In fact, the appearance of the whole of the elliptic 
symmetry, in the preceding experiments (§ 21) with gratings, is also to 
be associated with a slight difference of length of two overlapping spectra. 
This is necessarily the case, since the two gratings G and G', figure 25, have 
never quite the same constant. The third grating must therefore produce 
two spectra, the one sUghtly incremented and the other decremented in length, 
respectively, as compared with the case for white light. 




One would naturally suppose that the abrupt evanescence of fringes was 
due to the escape of the b beam at the edge of the prism P'; but this is not 
possible, as the mirror M was traveling toward the rear. Furthermore, the 
fore-and-aft motion of the prism P' over several millimeters had scarcely any 
effect on the fringes. This is unexpected; for the rays, c, c\ are compelled to 
approach or recede from each other by this motion. Finally, the sodium 
doublets may be moved at some distance (many times their breadth) apart 
without destroying the fringes. They are often most distinct when the D 
lines are not superposed. The same is also true for the longitudinal axes* 
though to a less degree. 

These features are therefore peculiar. The rays c c' were about 5 mm. 
apart. Unforttmately the faces of the prisms were optically inadequate, so 
that the sodium Unes were not sharp. For this reason no results were obtained 
with homogeneous light and a wide slit. 
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To enlarge the fringes, the prism P' may be rotated around a horizontal 
axis parallel to LT. The fringes then also rotate, but the increase of size so 
obtained is usually not striking. Moreover, no observable effect, either on 
the size of fringes or on the range of displacement, is pnxiuced by inserting 
compensators in one beam or both. If M and N are moved together toward 
the right or left, the result is not appreciable. A great variety of different 
adjustments showed a range of displacement, at M, about the same (0.06 cm.), 
whether the patdi of light on the prism was wide or narrow. The range of 
fore-and-aft motion of P' within which fringes are visible was 0.52 cm. They 
vanish quite abruptly when the light is near the edge of the prism, although 
boih spectra are still strongly visible. When the light is nearer the base of 
the prism they vanish more gradually. Definite strips of white light on both 
sides of the prism, therefore, cooperate to produce the fringes. The remainder 
of the illumination is ineffective. The distance apart of c and c\ as modified 
by fore-and-aft motion, curiously enough, is here without marked influence. 
It is true, however, that the largest fringes were obtained when the two pencils 
of light from M and N coincided at the objective of the telescope, although 
the D lines were in this case far apart. The attempt to find a systematic 
method for enlarging the fringes failed, xx)6sibly because the prism angles 
were not quite identical. The striking contrast in the results obtained here 
in comparison with those of the preceding paragraph, although both methods 
are essentially the same, is noteworthy. 

It is for this reason that I thought it desirable to test the method in figure 3 1 , 
which accomplishes with a prism what was done in my original experiments 
with reversed spectra, by the aid of a grating. In the figure the incident 
beam of white light L from a collimator strikes the 60^ prism at its edge, and 
is then refracted into the paired pencils a, a^ These are reflected normally 
by the opaque mirrors M and N, again refracted by P as each pencil nearly 
retraces its path. The return beams, however, are given a slightly upward 
trend, so as to impinge on the opaque nurror m (curved or plane). The rays 
reflected from m, in such a way as to avoid the prism P, may be reunited in 
the focus P observed by the lens T, or (if parallel) collected by a telescope at T. 
In view of the prism, the spectra are small and reversed, but may be brought 
to overlap at the red ends, which are towards each other. 

The small dispersion makes it necessary to use a strong telescope if the 
Ftaunhofer lines are to be visible and the D lines separated. Usually the 
two doublets will be at a small angle to each other, but this does not mar 
the interferences. When the adjustment has been made symmetrically, 
a strong linear phenomenon maybe found notdiffering inappeaxance from the 
results obtained when a grating was used at P, figure 31. When the minor 
M is displaced, however, the fringes appear in the form of multiple vertical 
hair-lines, which grow coarser until but a single dark line flanked by a bright 
Une is visible. With further displacement the phenomenon again vanishes in 
passing through multiple hair-lines. This appearance of hair-lines is one 
distinguishing feature; but a much more important result is the small range 
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of displacement. It was found to be, between appearance and evanescence 
of fringes, 

te»o.iia 0.119, etc., cm. 

thus scarcely larger than a millimeter, whereas in the case where a grating 
(Z?=352Xio'^ cm.) was used in place of P the range of displacement was of 
the order of 5 mm. 

If the spectra be regarded with a prism grating, they become relatively 
long and shcnt, respectively; but the phenomenon is none the less strong, 
although it is apt to lie outside of the two sodium doublets and not midway 
between them, as with the telescope. It seeks out the line of coincident 
wave-lengths. Now, inasmuch as the refraction from M is normal and the 
rays virtually retrace their paths both in the case of the prism and the grating 
(in the original adjustment), it seems at first difficult to avoid the conclusion 
that wave-trains are more uniform in proportion as they have been more 
highly dispersed. The only misgiving would be the fact that the phenomenon 
with prism appears and vanishes in hair-lines, whereas with gratings it goes 
out rather abruptly. Otherwise one would regard white light as consisting of 
irregular pulses incapable of prolonged interference, whereas the dispersed 
wave consists of wave-trains in each color, which throughout a considerable 
number of wave-lengths are plane polarized. Ttue, if there is sliding, the 
sections of the two light-pencils, the points of which are capable of interfering 
in pairs, increase in area proportionately to the dispersion. 

Suppose that for low dispersion the fringes may be regarded as extremely 
eccentric, virtually linear ellipses, the lateral distance between which very 
rapidly diminishes, so that, since te«o.i3, but 

I O.I3 

3000 



2 3Xio-* 

can be seen by the given telescope. These lines would move behind the strip 
carrying interference fringes asMis displaced. If nowthe dispersion were much 

de 

increased, say from — =2X760 for the prism to 2X2880 for the grating, the 

oK 

elEpses would be much less eccentric as a whole and their lines would have 
grown coarser, so that many more would be visible by the given optical 
system. As the dispersion is increased 2880/760 » 3.8 times, the range of 
displacement should increase similarly to 0.12X3.8S4.6 cm. The plane 
ruled grating (P»3S2Xio~* cm.) in question was now again mounted in 
place of P and under good illumination the range 0.48 cm. was found experi- 
mentally. This agrees very well with the estimated value. Moreover, on 
dose inspection it is discernible that the linear phenomenon really consists 
of extremely eccentric ellipses, which in case of the best adjustments manifest 
the very sharp arrow-like forms. It also enters and vanishes in multilinear 
form, though the Unes are not hair-lines. Thus the assertion that increased 
uniformity of wave-train accounts for the long range of displacement and 
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visibility in case of the grating is not warranted. In the second order of the 
ruled grating or with a grating of higher dispersion (I> = 175X10"* cm.) the 
field was too dark for experiments of this kind. In this work, however, I 
obtained the linear phenomenon for the first time, from the double di£Eraction 
of a film grating. 

In conclusion, it is interesting to refer to a relation of the reversed and the 
inverted spectra and their interferences. If in case of reversed spectra one 
of the superposed pair is rotated 180^ in its own plane, around an axis normal 
to that plane and through the line of symmetry, the new pair of superposed 
spectra is an inverted system. At the same time the interferences which are 
ellipses in both experiments probably rotate their major axes 90^. In the 
case of reversed spectra this major axis is transverse, coinciding with the line 
of symmetry in a given wave-length, and the ellipses are extremely eccentric, 
whereas in the case of inverted spectra the major axis is x)robably longitudinal. 
It is not tmusual to obtain a single line running all the way from red to violet; 
but arrow-shaped forms never occur, so that the ellipses are rounded forms 
and belong to distant centers. An adequate reason for the highly eccentric, 
closely packed elliptic fringes of reversed spectra on their evolution from the 
round ellipses of inverted spectra by rotation is yet to be given. 

23. Apparent Ieiq;th8 of uniform wave-trains. — In § 16 certain restdts were 
given which made it seem plausible that the path-differences within which 
interferences are producible (i.e., the apparent lengths of uniform wave- 
trains) increase, as the dispersion to which the incident coUimated white 
light is subjected is made continually greater. Work with this quest in view 
is reported in table 10, the plan being to produce the interferences by one and 
the same method, but with a successive variation of the dispersion of spectra. 
The method, figure 14, was first selected for this purpose, inasmuch as the use 
of prisms and gratings of different dispersive power at P meets the require- 
ments, while spectra of the first and second order are equally available. 

It is obvious that in work of this kind the spectra must be bright, otherwise 
the fine lines will escape detection. Deficient values will thus be attained 
if the spectra are too dark. Moreover, the results can not furnish data of 
precision, since the exact instant at which fringes, continually decreasing in 
size, have actually vanished, can not be fixed; and it is the fine fringes which 
furnish a considerable amount of the displacement. The differences, however, 
are so large that not only orders of values are dearly apparent, but the 
ranges more than sufficiently so to substantiate the argument. 

It is possible that the method, figure 14, gives the half-ranges only, since 
the efficient patches of Ught, figure 8, can not cross each other. The methods 
applied will nevertheless be trustworthy, since they are identical, the same 
telescope and other appurtenances being used throughout. Later the grating 
method (fig. 3), suitably modified, will be used. Path-lengths of a meter or 
more were usually admissible. 

In table 10 the first series of measurements is obtained with a 60^ prism. 



REVERSED AND NON-REVERSED SPECTRA. 



53 



the dispersive power dB/dk being computed (approximately) from Cauchy's 
equation, so that 

M=A+5A*"'sin (^+5)/2/sin ip/2 
nearly, and therefore 

d6/dK^4B sin p/a/X^ cos (ip+d)/2 
fp being the prism angle (60^) and h the angle of minimum deviation. The 
constant B was put 4.6 Xio"". 

Table 10. — ^Ranges of displacement, «, y, for different dispersions. Method of figure 14. 

5=4.6X10-". M = i.6. 



Disposition. 


e^Xio" 


«i>rXio» 


yXio* 
atP 


d$/dk 


e 


Remarks. 


6o* prism P, 90* prism P' 
Mean 


cm. 
26 

25 

24 


cm. 

18 

17 


cm. 
16 

17 
19 


760 


49'' 45' 


Too dark. 
Very bright. 

Bright spectra. 
Too dark. 

Very bright. 
Very bright. 

Bright. 
Strong fringes. 


25 


18 


17 






Same. P' brought forward 
Mean r . 


28 
32 

• • • 


29 
30 

■ • ■ 


27 

23 
26 


760 


49' 45' 


30 


30 


^ 25 




....;. 


Ruled gratingP,90®prismP' 
Mean , , — 


100 
100 

"7 


81 

• • • 


65 
76 
56 


2,880 


9*^39' 


106 


85 


66 






Same, tr^eftn. ^ 


161 
250 

227 


136 
329 

• • • 


108 
155 

150 


6,030 


i9^34' 


Same, second order from P 

Same, second order near 

edfire i . . . 


*'**o^* ••••• 

Film grating P,9o'prismP' 
Same. . , . - r 


173 


184 


155 


6,400 


20** 40' 


301 
303 


247 
226 


183 
200 






Mean 


302 


236 


191 






Same, vertical fringes 

Same, second order from P 

Mean 


325 


• • • 


234 


6,400 


20** 40' 


482 
461 


422 

• • ■ 


450 
427 


16,910 


44^56' 


472 


422 


438 






Same, second order, ver- 
tical fringes 


500 


■ ■ • 


• • • 


t 







In the remaining series d$/d\ = i/D 00s 6, the tisual expression for the grat- 
ing, being the angle of diffraction and D the grating space. The dispersive 
power thus increases from about 800 to 17,000, over 20 times. Throughout 
this whole enormous range good fringes were obtained. 

The values e show the displacement of the opaque mirror M dtiring the 
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preaenoe of fringes, and of the opaque mirror N as specified. Of these, e^g is 
systematically larger than #i^ for reasons which do not appear. The screws 
were of American and foreign make, but they could not be so different. It 
is due very pn>bably to residual curvature in the mirrors and surfaces, wherry 
fringesontheleft(N) vanish sooner than those on the right (JIf). Thedatum 
y is the displacement of the right-angled reflecting prism P\ parallel to the 
component rays bb'. This value is smaller than ^ for reasons already discussed 
in { i6. AH measurements were frequently repeated and the means finally 
taken for comparison with d$/dk. 

In the third 8eries(ruled grating and concave giating) with specially brilliant 
spectra, the phenomenon of figure 33 was observed. A wide field of faint 
fringes was visible, enormously accentuated and dear in the narrow strip of 
the linear phenomenon. As the micrometer mirror at M moves forward, these 
faint fringes shift bodily across the stationary bright linear strip, b^;inning 
therefore with the pattern a and ending with b. The faint fringes foUow the 
rules of displacement interferometry. 

a 6 



32 







34 



i6 20 



In addition to the data of the table, a large number of miscellaneous tests 
were made with the reflecting prism in different positions. Unless brought 
too far to the rear, when the beams are lost at the edge and e too small, the 
results for fine and coarser fringes were of the same order. 

The values of y have been graphically given in figure 33 ; those for g are 
not sufficiently regular in the dispersive powers above i ,000 for this treament . 
It is probable, for iDstance,that at 16,900 the sliding along the prism surface 
is interfered with. All the data, in consideration of their Umitations, bear out 
the inference that the range of displacement within which fringes are seen 
increases in marked degree with the dispersion. The average initial ratio 
2\/(dB/dK) is about 6oXio-* cm. 

A very surprising result in these experiments is the efficiency of the film 
grating in series IV and V, not only in the first but in the second order of 
spectra. 
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After these experiments aa attempt was made to obtain similar results with 
the more comprehensive method of two gratings (transmitting G and reflecting 
C70 of figure 3, above. But here the choice of gratings with appropriate con- 
stants was limited and with high double dispersion the fields were apt to be 
too dark. Good results were obtained with the 60^ prism and concave grating 
and with the ruled grating together with the latter. In the method of figure 3, 
the second angle of difiEraction is necessarily greater than the first, ff> B. To 
obviate this difficulty the method was modified for prisms as in figure so, 
where G is the concave grating, T a strong lens near its focus, and m and n 
auxiliary mirrors. If this method is used for highly dispersive gratings {G 
replacing P), the rays must be crossed as shown in figure 34. The fringes 
were found in this case when G was a film grating, but the work had to be 
abandoned, as the spectra were dtdl. 

The data given in table 11 again show marked increase of displacement 
with the dispersion dS/dk, though it is not proportional here. The method 
with two gratings lacks the brilliancy of the prism method. 

Tablb II. — Range of displacement for different dispersive powers. Method of figure so, 

full displacement. 



Details. 


^M 


^N 


d$ 
dK 


$ 


Remarks. 


60** prism and concave grating 

Ruled and concave grating 

Film and concave grating 


cm. 

0.357 
.300 

.514 
•509 


cm. 

0.315 

.2S2 

.$20 


760 

760 

3,880 

3,880 

6,400 


49*45' 

49 45 

9 39 

9 39 

30 40 


Bright. 
Too dark. 
Bright arrows. 
Dark. 
Too dark. 



24^ Normal diq>lacement of mirrors (5 » o). — ^This desideratum was secured 
in the original methods, in which a single grating was used for both difEractions . 
Rays in such a case have to cross the grating somewhat obliquely to the hori- 
zontal. The method, furthemMMe, is restricted to the linear vertical fringes, 
which are not useful if practical measurement is aimed at. 

In the methods with a right-angled reflecting prism (fig. 14), this result is 
eadly secured by displacing the prism. In all other methods (5>o), the dis- 
placement of mirror is accompanied by sliding of the pencil along it. The 
effect, as has been shown, is not negligible. It therefore seemed desirable to 
devise other methods in which d^o, and figure 35 is a device of this kind. 

Here G and G' are two identical gratings, the first, G, receiving the light L 
from a coUinMitor. The component pencils a, a' pass through the half-silvered 
plate H, and thence (6, 60 to the opaque mirrors M and N, one or both on a 
micrometer. The pencils b and b', impinging normally, retrace their paths 
and are thereafter reflected at the plate H into c and c'. These strike the 
second grating G^ at the proper angle of diffraction and thereafter enter the 
telescope T together. The path of rays is symmetrical throughout. White 
Hght is screened off at d. Reversed spectra are seen at T. Unfortunately the 
only identical gratings at my disposal were fihn gratings of high dispersion 
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(Ds 162X10"*). As a result of the two difiractions and the half-silver reflec- 
tion, the spectra were too dull to make it worth while to look for fringes, at 
length. None was discernible after some searching, to my r^;ret, for the 
method itself has many points of interest and with gratings of low dispersion 
it succeeds. 

Later I stripped a celluloid fihn from the ruled grating (2^=352X10-^ and 
mounted it by simple stretching. Using the original grating at G and the fihn 
at G\ the fringes were found with some patience. The spectra were fairly 
bright (arc lamp) and the fringes reasonably strong; but they admitted of a 
displacement of only 1.8 mm., in spite of the vanishing angle 5 — o. Possibly 
this small displacement is due to the imperfect film grating. 

In further experiments I half-silvered plates of glass to different density. 
In this work I obtained adequately bright spectra and practically perfect 
fringes, but the range of displacement (3»o) could not be increased above 
1.8 mm. Within this interval the fringes seem to change form but little, 
thiiming only being evident. Then they become dull and vanish. 

The method was temporarily modified, as shown in figure 36, where (x is a 

ruled grating (2)=3S2Xio-* cm.), G' a film grating (2) = i76Xio-*cm.), and 

m an opaque mirror. This naturally introduces an angle 5= ^'— B, whidi is 

negative when 6'>6,ot the grating G shows greater dispersion. The mirror 

is limited in breadth, so that the rays a, a' have free access to M and N. The 

- fringes were found after some trouble, for the transmitting grating C also 

. acts as a reflecting grating if the rays b, V fall upon it, and it is not always 

: easy to separate these two cases, each of which will give fringes on proper 

adjustment. The spectra are very bright and the range was about 2 mm. 

The same method was now carried out with prisms, as shown in figure 37, 
where L is the incident pencil from a collimator, P and P' right-angled prisms, 
/ the half-silvered plate, N and M opaque mirrors on micrometers, T the 
telescope. The spectra seen at T have each been four times refracted and 
twice reflected, at M and H. They are very bright, so that a very fine slit 
(here specially desirable) is available. The sodium lines are not separated. 
On bringing the spectra to overlap at their corresponding edges, the fringes 
were found. They are peculiar, inasmuch as they show the phenomenon of 
figure 32, but with the faint fringes curved and more prominent than hereto- 
fore. In other words, the faint phenomenon shifts across the field from side 
to side, but is enormously accentuated at the transverse strip of the hneax 
phenomenon. Narrowing the incident pencil broadens and blackens the 
fringes. They may be obtained in the gap between two spectra just separated . 
The range of displacement within which fringes are seen was, however, very 
small, not exceeding 0.2 mm. This is a characteristic of these fringes and in 
keeping with the low dispersion. 

It is interesting to note that the systems figures 35, 36, 37 constitute an 
element of a direct-vision spectroscope. It has been shown that it can be 
made quite powerful. 

The same method, figure 37, was now used with two 60® prisms of highly 
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refracting glass. In contrast with the ease in whidi the adjustments were 
made with the symmetrical 45^ prisms, the corresponding work with 60^ prisms 
proved to be exceedingly difficult. True, the prisms were large, including 
long glas&-paths. The soditun lines, now clearly separated, were markedly 
curved, so that on placing them near together they either assioned an 0-shape 
or an X-shape. But the spectra were brilliant and nothing appeared to mili- 
tate against a successful result. But it was not until after days of searching 
that the fringes were found, and then only with two prisms of di£Eerent, highly 
refracting glass. They were not quite uniform, but it seemed impossible to 
improve them. The ranges of displacement were found to be 0.088 to 0.093 
cm. with the electric arc, 0.103 c°i- ^^ (condensed) sunlight. This is again 
in accord with the large increase of dispersion, the range of displacement being 
about five times greater than was the case with 45^ prism of less refracting 
glass. 

36 




25. Diffraction at M, N, replacing reflection. — ^The present method of 
observing interferences in the zero, first, second, third, and even fourth 
order, successively, without essential change of the parts of the apparatus, is 
noteworthy. I happened to possess a plane reflecting grating (Z? X lo"* = 200) , 
cut into two equal parts by a section parallel to the rulings, and it was there- 
fore easy to devise the method. In figure 
38, the incident light L from the colli- 
mator is separated into two component 
beams a and a' by the 60® prism P. This 
is essential here, as an abundance of light 
is needed (sunlight should be focused by 
a large lens of long focus (5 feet) on the 
slit). The rays a, a' are then either 
reflected or diffracted in any order by the 
plane reflecting gratings G, G' into the collinear rays 6, V. They are then 
reflected by the silvered right-angled prism P' and observed in a telescope 
at T. G aad G' aad if possible also P' should be on micrometers, so that 
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oomqxxiding displaoemeiits #, ^, normal to G and G' and ^ in the directiofi 
W^ may be n^iistered. 

The adjustments, if symmetry were demanded, would be cumbersome; for, 
in addition to precise modification of the position and orientatioa of the prisms 
P, F\ the grating requires fine adjustment and a means of securing parallelism 
of the rulings. But an approximate adjustment does very well and no pains 
were taken in the first experiments to secure symmetry. The spectra were 
intensely brilliant in the low-order work; but even in the fourth order the 
light was adequate. One may note that here the gratings do not reverse the 
dispersion of the prism P, though this is relatively smalL Table 12 is an 
example of results: 

Table 12. — Ranges of displaoemeat vAiying with di^)erBon. Ptdxed 
gimttngs and 60* pnsn. #— 46^ I -44*. x«*2«oosl/2. 



Order 


Obwrved 
eXio» 


xXio* 


m 

t 


d$/dK 


Remarics. 




CM. 


CIW. 










I 


200 
180 


\ " 


22* 

12.8* 
31.2* 


760 
} 3.490 






200 


f 351 


/ 






2 


420 
420 
400 

3«o 


f 777 

> 721 

1 


. 35* 
40.5* 


} 6,440 




3 


320 
300 
520 


573 
> 962 


-6< 
504* 


} 9.930 


/Fringes lost at 
\ eidge? 


4 


5«o 


' 1070 


-I7.6' 
61 6* 


1 14.800 


Fringes faint. 




520 
450 


^ 910 


vl«v 


Fringes faint. 



The fringes in the zero order were good and strong, not inferior to any of 
the others, but unfortunately too short-lived. In the fourth order the fringes 
are weak (although the enormous sodium doublets stand out clearly), doubt- 
less from excess of extraneous light. Here also it is difficult to prevent the 
beam from vanishing at the edge of the prism P'. Hence the anomalously 
small displacement, a discrepancy which is abeady quite manifest in the 
third order. 

The present experiments furnish a striking example of the uniform breadth 
of the strip of spectrum carrying the fringes, quite apart from the dispersion 
of the spectra. In the prism spectrum, where the sodium doublets are indi- 
cated by a hair-line just visible, to the fourth-order spectra, where they stand 
apart like ropes, the linear phenomenon has the same width. 

The computation of the dispersive power in these cases is peculiar. It wiU 
be seen from figure 38 that the angle 5s44^ between the incident ray a and 
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the diffracted i]^y b is constant and is 6^S+i in the first and second and 
i^B^i in the third and fourth orders. Hence in succession 

sin (5— i)— sini«X/Z? sin (5— i)"-sinf = 2X/i? 

sin {S+i)+^ i^sWD sin (a+i)+sin t = 4X/2) 

bom which equations the angle i may be computed. I did this with sufficient 
accuracy graphically, and the values of i and so found are given in table 12. 
Since dO^di, apart from sign, it follows that the dispersing power is 

-de/dK^n/D (cos*+cos («-»)) 

where n is the order of the spectrum and i changes sign in the third and fourth 
orders. "With the values of i given, the data for d$/dK in the table were finally 
comxmted. The dispersive power of the prism was computed as above and 
is to be added to all the succeeding dispersive powers. Figure 39 shows the 
rdation between the dispersive pow- 
ers and the path-difference x^2e 
cos B/2 computed from the observed 
range of di^lacement e of the grat- 
ing G. The largest values of o^ are 
taken, as they are the most proba- 
ble. The effect of dispersion here .4 
breaks down in the third and fourth 
orders, as already stated, probably t 
from incidental causes. For the 
spectra themselves were still ade- 
quately bright, but the fringes were 
faint for some reason and I failed to make them stronger. The rate ^/(d^/dX) 
is here about 120X10^ initially. This is larger than above, owing to the 
differences of apparatus used, etc. 

26. Experiments with the concave crating. — As there was an excellent 
Rowland grating in the laboratory with a 6-foot radius and a grating space 
P » 177 X io~* cm., it seemed worth while to obtain the interferences with it. 
I had hoped to doubly diffract the rays at the same grating, but there is not 
light enough to make this method fruitful. Accordingly the device, figure 40, 
promised the best results, where L is a convergent pencil of stmlight, 5 the 
slit. The pencil L is carried above the grating G to the opaque mirror m^ 
whence it is reflected to the grating and diffracted into the component beams 
a and a\ These are in turn reflected by the opaque mirrors M and N (on 
micrometers) into the pencils b and b\ nearly coUinear. The latter are then 
reflected by the silvered right-angled prism P to the common focus F, to be 
observed with the lens T. The spectra are very bright and highly dispersed 
and are easily ntiade to overlap on their contiguous edges (parallel to a Fraun- 
hofer line D, for instance) sufficiently to show the linear phenomenon of 
reversed spectra. 
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The fringes are easily found and splendid, though they are not superior in 
this respect to the fringes obtained by other methods. P is also on a microm- 
eter with the screw in the mean direction h V, The range of displacement of 
P was about ^»o.55 cm., so that the available path-di£Eerence is considerably 
above a centimeter. Within this the fringes pass from fine hair-lines through 
a maximum and back again, apparently without rotation. To enlarge the 
fringes the grating G may be tilted in its own plane or a similar adjustment 
made at P. 

The longitudinal axes of the spectra (wire across the slit) are not in focus 
with the D line ; but though hazy they suffice for adjustment. Naturally the 
distance FbaG is the radius of the grating R (6 feet) and the distance Sm+mG 
is R cos B. The distances are approximately laid ofiE and the observer at T 
may then push the mirror M fore and aft by the aid of a lever till the Fraun- 
hofer lines are sharp. 

Unfortunately the spectra as a whole are shifted by the micrometers, to- 
gether when P moves and separately when M or N moves. 



27. PolarizatioiL — ^The two rays obtained from calc spar, if corrected for 
polarization, should be available for interferences of the present kind. Nat- 
urally an achromatized calc-spar prism (C, fig. 41) is most convenient for the 





purpose. White light from a collimator, L, is doubly refracted by this prism 
C, and the extraordinary ray a, just missing the grating G (above or on the 
sides), impinges on the opaque mirror M and is thence reflected to the grating 
G. The ordinary ray a' is reflected from the opaque mirror N and thence also 
reaches the grating. These two pencils, b, b\ are directly reflected by the 
grating (2?Xio*»2oo cm.) into Rm and Rn and difiEracted into i^'mand D^n' 
By suitably adjusting the grating between C and M and inclining it as shown, 
two coinddent spectra may be made to pass along the common direction c 
to the telescope at T. These spectra are quite intense. One is somewhat 
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more dispersed than the other, owing to the difference of angles of incidence 
t, i' and to the residual or differential dispersion at the calc-spar prism, for 
only the a pencil has been adequately achromatized. In my apparatus the 
distances CM and GM were about 130 and 100 cm. and the distance NM 
roughly 30 cm. iV is on a micrometer, as it is nearer to the observer at T, 
though it would be preferable to put M on a micrometer. 

To obtain interferences of the present kind, the plane of polarization of 
either a at a' must be rotated 90®. This may be done by two quarter-wave- 
length micas M, in a^ the first of which (set at 45^ as usual) produces circu- 
larly polarized light and the second then erects the vibration into parallelism 
with the vibration of the pencil a . Other methods will presently be resorted to. 

With this adjustment fringes were found at T after some searching. They 
were large, but occurred in a transverse strip of spectrum about A A/a in 
width. True, the spectra are without reversion; but, as stated before, one 
was about one-fifth longer than the other. This is probably the reason for 
the narrowness of the strip, for the fringes should otherwise fill the spectrum. 

The fringes as first found admitted a displacement of N of about 0.3 cm. 
only. They were hard to control, needed sharp longitudinal adjustment, and 
when lost were difficult to find again. They rotate from and to vertical hair- 
lines, through a horizontal maximtim. They are always found in the line of 
symmetry, which for unequal spectra moves more rapidly than the Fraun- 
hofer lines if they are separated. The nearer quarter-tmdulation plate at 
W may be considerably rotated without quite destrojdng the fringes. 

If the double qtiarter-wave-length plate is suitably put in the a beam, 
results of the same kind are naturally obtained. If a single quarter-wave- 
length plate is placed in each beam, at 45^, both will be circularly polarized, 
the position of the micrometer being intermediate. I tested this case at some 
length, but found no interferences, as was to be expected. Circularly polar- 
ized Toys of the same sense do not interfere. 

In place of the achromatized calc-spar prism, a double-image Wollaston 
prism or a double-image Fresnd prism (rotary polarization) could be used. 
Unfortunately I had neither of these, but the latter in connection with an 
analyzing nicol would have been worth testing. 
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THB UmimKBHCBS OF INVBRTBD SPBCTRA. 

28. lotrodiidory. — If two identical spectra are superposed in sudi a way 
that one is rotated x8o^ on a transverse axis (paralldi to the Fratinhofer 
lines) , with respect to the other, it will be convenient to refer to the phenomena 
resulting and described in Chapter I as the interferences of reversed spectra. 
On the other hand, if one of the superposed spectra has been rotated iSo"* 
with respect to the other on a longitudinal axis (parallel to the length of the 
spectrum), we may refer to the interferences as those of inverted spectra. 
The absence of either of these adjustments would then be accentuated as 
non-reversed or non-inverted. 

In the case of inverted spectra, therefore, we are dealing with phenomena 
of virtually homogeneous l^t, exhibited throughout the length of the spec- 
trum. Sudi experiments were made cursorily in my first paper on the sub- 
ject,* but the phenomenonisvery peculiar, apparently anomalous, and further 
treatment is therefore desirable. 

29. Apparatus. Non-inverted spectra.— The apparatus formerly txsed for 
long optical paths is difficult to manipulate. It has therefore been simplified 
in the present method and used for short distances, so as to be wholly in the 
observer's control. The parts of the apparatus are conveniently assembled as 
in a preceding experiment, except that the slit which furnishes the oolhmated 
light L, figure 42, is now horisontal — i.e., at right angles to the edge of the 
sharp prism P (about 20^ at apex). The rays a and a' (horizontal blades), 
after leaving the opaque mirrors M and N, are then reflected from the sides 
of the right-angled prism P' into c and c'. Thus far the light is white; but 
c and (/ are now di£Eracted by the grating G with its rulings horizontal (par- 
allel to sUt) and with the interposition of an auxiliary prism p (edge hori- 
zontal), the two spectra due to c and c' are observed by a telescope at T. 

The experiment succeeds best with sunlight. The triangle of ra3rs, a, a\ 
b\ b, is first made isosceles and horizontal by adjusting P, P', being set midway 
and symmetrically between M and N. The two spectra in the telescope 
(vertical ribands) are now made to overlap at their inner edges and the two 
soditun doublets placed accurately in contact, by aid of the adjustment 
screws on the mirrors M and N. The latter are then to be moved micromet- 
ricaUy (Fraunhofer slide) until the fringes appear. The experiment is not 
an easy one. 

It is obvious from figure 42 that the two superimposed spectra are non- 

* Am. Jounial, XL, pp- 4S6 to 498, 1915, { 4; Carnegie Inst. Wash. Pub. 249, Chap. I. 
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inverted or direct. Hence with a wide slit, or insufficiently homogeneous 
Hght in the direction of a given Fraunhofer line, no fringes will appear. Such 
fringes as may in any case be found will not, therefore, much outlast the 
Fraunhofer lines, so far as width of slit is concerned. Furthermore, even if 
the slit is narrow and the spectra codrdinated, there will be no fringes obtain*- 
able if the superimposed solar spectra are quite unbroken — i.e., without in* 
ddental furrows in the direction of their length (normal to the Fraunhofer 
Unes). For it is to be noticed that the slit is horizontal, and therefore there 
is no observable di£Eraction — i,e,, virtually no slit in the horizontal direction. 
If, however, the spectrum field is interrupted longitudinally by a thin 
(o.i mm.) wire drawn across the sKt (or, mudi better, by very fine specks of 
dust lying inddentally within the slit), then these fine opaque objects will 
effectively replace the slit, or act analogously to a slit in the horizontal di- 
rection. Hence fringes will appear when the path-difference is sufficiently 
small, associated with the geometric shadow of the opaque objects, through- 
out the length of the spectrum. 




We have here, therefore, a peculiar case of the diffraction of a rod, from 
two separately controlled half-wave-fronts. The fringes at one extreme of 
adjustment of mirror M begin with fine horizontal lines, which on moving M 
incline and enlarge tmtil they gain the maximum of size in the vertical direc- 
tion. After this, on further motion of M in the same direction, they incline 
further, diminish in size, and finally become horizontal and hair-like again. 
They move along the horizontal axis with M , subject to the equation 

de X 

dn 2C0sV3 

where S/2 is the angle of incidence at M, X the wave-length, and de/dn the 
normal displacement of M per fringe. 

Within the region of overlapping spectra each longitudinal black line is 
covered from end to end with fringes, the strip being about of DiPt width 
or more if the line is thinner. A broad black line (thicker wire across slit) 
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shows the fringes at its edges only. While the spectrum may thus be covered 
with independent strands of fringes, they all move or change phase together. 
The range of displacement of the micrometer-screw is about 2 mm. When 
the spectra are about to separate — i.e., when overlapping ceases — ^the fringes 
are apt to be particularly wide, say even 4DiJDt, and they may be seen in 
the gap between spectra. In general, the d^;ree of coarseness of fringes de- 
pends on the adjustment for parallelism of spectra. 

30. Apparatus and results for inverted qiectra. — ^The preceding apparatus 
may be modified as shown in figure 43. Here L is a coUimated beam of white 
sunlight from the vertical sHt, G a transmitting grating. The component 
pencils a and a' of spectrum light impinge on the opaque mirr(»^ M and N, 
and are then reflected in b and b' to 
reach the silvered sides of the right- 
angled prism P\ This is now placed 
with its sides at 45^ to the horizontal 
and its edge in the direction of the 
incident beam L prolonged. Hence 
the two pencils b and b' are reflected 
vertically upward (fig. 44) and appear 
as two identical and parallel spectra 
in the field of a telescope, vertically 
above P'. Observation is conveniently made downward to obviate additional 
reflection. If the triangle a, a^ b\ b is horizontal and isosceles there is no 
difficulty. On slightly moving the adjustment screen on M, AT, P' (which 
must be revolvable on a vertical axis, and P^ or the beam L, movable up or 
down), to bring the two spectra into coincidence along a given longitudinal 
axis, and a transverse axis like the D lines, the two spectra are symmetri- 
cal — Le.t mirror images one of another with respect to the longitudinal axis. 
If, now, the mirror M is moved on a micrometer, the fringes of inverted spec- 
tra appear when the path-di£Eerences are nearly the same. 




45 



a 



6 c 



^ III 

d e 



Obtained at short distances (of the order of a foot) on the cast-iron block 
(Chap. I, fig. 3), these fringes are quiet and better circumstanced for obser- 
vation; but their characteristics are the same as found for them before (Chap. 
I, S 4, Carnegie Inst. Wash. Pub. 249). They lie within a narrow strip at 
the Kne of symmetry of the two superposed spectra, running from end to 
end and in breadth about three times the distance apart of the sodium lines 
(sDiDt)- When the mirror M is moved micrometrically in one direction, 
the fringes begin to appear as fine hair-lines (a, fig. 45) parallel to the jD lines. 
These fine fringes gradually coarsen and rotate until they reach their max- 
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imum size r, when they are perpendicular to the D lines. A single black or 
bright tine may here extend from end to end of the spectrum. Thereafter 
they grow finer (rotating again) in the same way tmtil they vanish, e, as 
they b^;an. The total angle of rotation is thus i8o^. 

If the two beams b and V, figure 43, are moved nearer the edge of the 
prism, the fringes become larger, but usually not much. At least I did not, at 
first, succeed in separating the fringes much beyond the DiDt distance. The 
width of the longitudinal interference strip remains unchanged. If the light 
h removed at the line of symmetry (wire across slit), the fringes are sharply 
outlined across the black tine. Being so small, they are naturally always 
sharp and vivid. The range of displacement of M within which fringes are 
visible was about 0.2 cm. for the given grating (D=35aXio-*), corresponding 
to the complete rotation 180^, instanced above. If the stit is widened, the 
fringes stightiy outlast the Fraunhofer tines. They also tie in the principal 
focal plane. 

The remarkable feature of these fringes is the definite breadth of strip, 
from red to violet, within which they tie. With full wave-fronts the stria- 
tions look as though they were cut between two parallel lines, sDiPt apart. 
In some adjustments, however, suggestions of concealed fringes, very faint 
prolongations of the strongly marked striations, are unmistakable. 

31. Wave-fronts narrowed. — ^The longitudinal strip within which the 
interferences tie is very sharply limited in breadth, as has been stated. It 
may, however, be broadened by screening off the white beam, as it leaves the 
coUimator, from below. When the whole length of stit is utilized, the strip 
may not be more than AA in width. As the vertical blade or beam of white 
tight is cut off, more and more from below, the strip increases to a width of 
4D1D2, and when the two inverted spectra in the field of the telescope begin 
to separate at the tine of symmetry, the strip may be over loDiDt in width. 
It is obvious that in such a case the tight comes from near the horizontal top 
edge of the prism. The wave-fronts are stit-tike. The field within which 
diffraction is perceptible in the telescope increases in breadth as the colored 
wave-front, incident at the objective of the telescope and parallel to the 
spectrum, decreases in breadth in the same direction. In figure 46, a and b 
are the two component beams from the two faces of the prism, respectively. 
The focus is at /. The arrows show the effect of narrowing. The obUque 
rays (omitted) are sinoilarly affected and in step with the axial ra3rs shown. 
But the fringes are not changed in size. They may, however, be definitely 
changed in inclination. Size results from the anterior relations of the spectra 
(distance between paired pencils), and not from the width of wave-front. 

These inverted fringes admit of much magnification. With a strong tele- 
scope (magnification about 15) they are qtiite sharp only in a part of the 
magnified spectrum and grow vague beyond, showing that the component 
spectra are not quite identical after the two reflections. When not qtiite in 
adjustment, the strip is liable to exhibit separate obtique strands, lying within 
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the samb strip or regioQ (fig. 47). They may become sharp by chiinging 
the focal plane of the eye-pieoe. When paiallel to the length of the spectrum 
and seen in a strong tdesoope, about 7 lines alternately black and white may 
be counted The iniKde lie within a strip of not mudi above DJDt width. 
The range 6t displacement of M for a rotation of 180^ of fringes is about 
0.25 cm. Change of sixe of fringes from red to violet is hardly appreciable. 





The same results may be obtained by placing a screen SS, figure 46, 
two parallel slits, under the vertical telescope, to admit and limit the two 
rays c and c' in figure 44. It was found that slits 3 or even 6 mm. apart may 
still show fringes, though they are obviously smaller as the distance apart is 
greater. The most interesting results were obtained by bringing the rays a 
little beyond the edge of the prism, so that the spectra in the telescope SS', 
figure 48, are separated at seme distance. A long collimator (i meter) is 
advantageous. In this way the character of these fringes was definitely 
established. They are of the elliptic type, as suggested in the figure, char- 
acteristic of the displacement interferoooeter, and the cases, figure 45, a, b, c, 
d, #, are thus merely the intercepts of ellipses with the distant centers, 
between parallels. Very coarse central fringes were obtained in the dark 
gap, and the displacement at mirror M, between the extreme hair-line types, 
was now only about 0.08 cm., all fringes filing by the coincident D lines 
while the micrometer shifted. 

Hence this method is available for displacement interferometry, the hori- 
zontal type c, figure 45, normal to the D lines, being used for setting the mi- 
crometer at Jlf . If a plate of glass of thickness E and index of refraction $1 
is inserted normally into one beam, the corresponding air-path is 



s< 



-(.— 'i)-4-+f) 



when B is Cauchy's constant and the wave-length X. I assumedB ^ 4.6 X io~^ 
and £/X'" 0.0265. On the other hand, the same air-path for a normal dis- 
placement, #, of the mirror as given by the micrometer-screw is 

X^2€COS (90®— 9)/2 « 2tf COS 5/2 

where $ is the angle of difEraction of the grating G, figure 43, and bb' is nor- 
mal to the direction of incident light. Hence 

EOi- 1 +2B/X«) = 2e COS (90^- e)/2 

A rottg^ experiment was made with a plate £=2.2 cm. thick, M^r-53. 
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The oonesponding displaoement found was e 3=0.92 cm. The computed dia- 

plaoanent should be ^ »o.8o cm. The low value was supposed to be due to 

the need of readjustment (wedge-shape) and insuiBGicient noimality of plate. 

Further data (tfdble 13) were therefore investigated for thinner plates, but 

they do not dear away the difficulties. 

Table 13.— Inverted spectra. •-9' 39'- «-2« co« (90*-«)/2. 
M"i-526: B-4.6Xi<r"; a^A* -0.0265 ; i-£ (m-i)+2£B/X*. 
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Ob. 




Computed 
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0.736 


0.298 


0.455 


0.268 


0.3901 
+0.0195 


0.817 




0.282 


0.431 


0.268 


» 0.4096 


0.774 




0.295 


0.451 


0.268 




0.809 




0.314 


0.480 


0.268 




0.861 




0.31 1 


0.475 


0.268 




0.853 



In table 13, e is the observed normal displacement of the mirror Af , x the 
corresponding computed path^lifference, z the path-difference computed for 
the glass of thiclmess E and the index of refraction m« From z the displace- 
ment e or from x the glass thickness E may be computed. These are given 
in the table. In the second and third parts of the table, the edge of the prism 
P' was inclined at an angle to the line of symmetry, in opposite directions. 
The effect of this is manifest, but it does not explain the very large values of 
X for the symmetrical adjustment (rays from grating to mirror making an 
isosceles triangle) of the next observations. These were made with care. P\ 
figure 43, lay at the middle of the base of the isosceles triangle of rays from 
G. The long collimator was used, giving two splendid spectra, and rays were 
raised until magnificent large, cord-like fringes appeared. The longitudiiud 
fringe, a single line normal to the sodium lines extending throughout the 
spectrum, made it possible to set the micrometer to about 0.0003 cm., or 5 
wave-lengths. The motion of fringes with the rotation of plate being very 
striking, the plate was placed in the normal position to the rays by noting 
the retrogression of fringes at this point. The total range of displaoement 
between extreme hair-like striations was 0.25 to 0.30 cm. One circumstance 
was noticed for the first time — ^that on limiting the blade-like beam from 
bdow (as above described) the fringes not only enlarge, but rotate — i.^., 
path-difference is modified. 

It is thus difficult to ascertain the discrepancies in x in table 13, as these 
values should be nearly 0.41 cm. throughout, or in e, which should be about 
0.27 cm. when the prism is symmetrically placed. 



32. Inverted spectra. Further measurements. — ^The curious results shown 
in table 13 induced me to endeavor to detect the nature of the discrepancy 
by displacing the prism in the direction of the beams incident upon it. To 
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do this eSEectivdy it was necessary to do the work at long distances (meters), 
in order that adequate space might be available between opaque mirrors 
and prism. Accordingly M, N, P\ figure 43, were all placed on micrometers, 
with the screws normal to the faces of the mirrors and the right edge of the 
prism, respectively. The fringes were found without difficulty and they 
were large and perfect near the edge of contact of the spectra. Though the 
sunlight was waning, a few measurements of ranges of displacement were 
made. They were on the average (e at M and AT, yatP): 

e^i^o.ogs cm. ^^=0.097 cm. >'= 0.062 cm. 

and since x^2e cos d/2 should correspond to 2y, 

*if =0.145 cm. iif2v= 0.148 cm. 2>'=o.i24cm. 

Here, as above, x>2y, or the sliding along the edge of P which accompanies 
e is distinctly effective, being nearly 16 per cent of 2y. 

Next day, with a bright sun, so that much finer fringes could still be de- 
tected, the range could be increased to ^jf =0.2 cm. or x^^o,^ cm. when the 
spectra were all but separated on their near edges and fringes very large. 
For the case of much overlapping of spectra, ^if=o.i5 cm., ;rjf =0.22 cm., 
were obtained. Finally, when the spectra were all but separated on the far 
edges (implying reflection at some distance from the edge of the prism P), 
the fringes were glittering, but too small to be distinctly seen. 

Table 14. — Inverted spectra. Long distances. Plate. £»o.434 cm.; ju^ 1.533; 

3=4.6X10-"; «=o.23i3+.oii5 =0.2428. 



Series, etc. 


Observed 
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Observed 
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Observed 
2y 
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I. Ruled grating. io»P=352 
Mean 


cm. 
0.184 
0.184 


cm, 
0.186 
0.185 


cm. 

0.253 
0.253 


cm. 


cm. 


0.184 


0.185 


0.253 


0.281 


0.283 


II. Do., another adjustment.. 
Mean 


0.185 
0.185 
0.186 
0.186 


0.184 
0.184 


0.246 
0.246 
0.248 
0.248 




• • 


0.185 


0.184 


0.247 


0.283 


0.281 


III. Do., another adjustment. . 

IV. Film grating. io*2?-i67. 

V. Prism 60* 






0.244 
0.244 

0.234 
0.240 

0.244 











In table 14 the results for ej^, ejf, and y are given, when these displacements 
are produced by a glass plate £=0.434 cm. thick. If the coefficient of dis- 
persion B is assumed, the displacement computed from X, m, E would be 
0=0.343 cm. Although the values of 2y are larger than this, the difference 
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must be ascribed to the assumed value of B and to the difficulty of placing 
the plate normal to the rays. The method of reversion of fringes, used else- 
where, is not sufficiently sensitive here. The data for x are again in excess 
of y by about 13 per cent. 

Finally, a series of consecutive measurements were made of the ranges of 
displacement, 2y, for different dispersive powers at ff, figure 43, all tmder 
(otherwise) like circumstances. The mean results were for 

60* prism d6/dk »■ 760. 2y =0.060 cm. 

Ruled gratmg 2,8So. .117 

Film grating 6,400. .208 

Three or more measurements, completed in each case, were in good agree- 
ment. The attempt was also made to use a 45^ prism here, but the spectra 
were too small and the fringes could not be found. In each of these cases 
the value of 2y ior the plate £=0.434 cm., as shown in table 14, series III, 
IV, V« are virtually the same. The rapid increase of range of displacement 
with the dispersion of the system is thus again encountered. 



33. Rotatioa of fringes* — ^A word must now be given relative to the rotation 
of fringes, which is here throughout I8o^ whereas in the similar case above 
(Chapter I, $§ 25, 26) the rotation was but 90^. It will be seen on consulting 
figure 43 that if M moves micrometrically, normal to itself, the pencil b will 
slide fore and aft, along the edge of the reflecting prism P'. Thus b may be 
either in front of or behind V or coplanar with it in a vertical plane. It will 
not generally be coUinear. This is an essential part of the explanation. 






In figure 49, let a and b be the two patches of light of like color and origin, 
which produce interferences. The fringes will therefore be arranged in the 
direction /, normal to the line ab. Now suppose a is moved toward the right 
or b toward the left, or both, parallel to the edge of the prism, as the arrows 
in the figure suggest. Then the fringes will successively take the trends of 
which cases i, 2, 3, 4 are typical examples. In other words, they will be 
markedly accelerated and retarded in passing through the cases 2 and 3 re- 
spectively. This is precisely what takes place and suggests why the case 
between 2 and 3 may be used as a fiducial mark in interferometry. If a and 
b also move vertically, in figure 49 there will be no essential difference, tmless 
the latter motion is large. In such a case the rotation may become i, 2, 2, i. 

The displacement of b parallel to itself, for a normal displacement e of the 
mirror M, will be, as above, figure 17, if 6 = ^'— ^=90**— ^ 

5 = 2^ sin ^2 
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and the corresponding displacement of c parallel to itself, since ^^^^\ 
t=s \3Xiip'/2=5^2e sin 5/2. 

If ^=9**39', /=5= 2^X0.81 = 1.62^. Thus if ^=0.25 cm., ^=0.4 cm., and 
since t is twice the width of the patches or strips sliding over each other, the 
width of this strip would be 0.2 cm. 

It is the sliding of the pencil b along the edge of P' which introduces addi- 
tional path-differences whenever P' is not symmetrical and its edge not par- 
allel to the plane a a'. It is probable also that the same restrictions as to 
the breadth and depth of efficient wave-fronts will apply here as before; but 
this should be specially investigated. The nearly circular outline of the locus 
of fringes, when spectra are both reversed and inverted in §36, even though 
homogeneous light is in question in the last case, clearly points in this direction. 

34. Range of displacement varying with orientation of reflector P^. — ^The 
displacement e of the mirrors M and N slides the corresponding pencil 6 
or V, figure 43, along the edge of the reflecting prism P', and a reason for 
the rotation of fringes is thus easily at hand. It does not at once appear why 
the right or the left displacement (y) of P* should also produce a rotation of 
fringes; for here the pencils b and V remain collinear and there is no sliding. 
It must thus be remembered, however, that the fringes are ultimately ellip- 
tic ; for the axis parallel to the Fraunhof er lines is conditioned by the obliquity 
of rays in this plane only, whereas the axis in the direction of the length of 
spectrum depends on dispersion. The motion y of P' displaces these ellipses 
bodily through the spectrum. Hence the fringes first appear at any given 
Fraunhofer line in the form of hair-like striations parallel to it. These 
enlarge and rotate to a maximum normal to the Fraunhofer line. In fact, a 
single interference line may now run from end to end of the spectrum. There- 
after the fringes vanish in symmetrically the same manner and are last seen 
as fine striations parallel to the Fraunhofer line. It is possible, therefoie» 
that the sliding of pencils which accompanies the e displacement accounts 
for the difference of values ol x^2e cos b/2 and 27. 

Before discussing this question further it seemed necessary to study the 
effect of different orientations of P' relative to the b V rays. One may note, 
preliminarily, that a rotation of M and N aa b. horizontal axis parallel to 
their faces, or of P' on a horizontal axis parallel to its edge, also rotates the 
fringes; but it seems probable that these motions are virtually equivalent to 
a displacement, y, of the edge of the prism. 

The fringes may be seen in all focal planes, at least the long line parallel 
to the length of spectrum. The others may often be restored by rotating the 
grating. The marked occurrence of fringes in the narrow longitudinal gap 
between two spectra (overlapping just removed by the rotation of M and N 
on a horizontal axis) can possibly be explained in this way. These fringes in 
the dark space are very sharp and luminous and seen in the principal focal 
plane with the Fratmhofer lines. But it will usually be fotmd that on draw- 
ing the ocular out the separated spectra will overlap at their edges again. 
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^diereas oa pushing the ocular in from the principal position the separation 
is increased. Hence, to account for the disturbance in the ether gap, as it 
were, it seems most reasonable to assume that the ra3rs cross and interference 
occurs after the rays have passed the principal focal plane (t.e., nearer the 
eye of the observer), and that the interferences occurring here are projected 
into the principal focal plane. Nevertheless, the fringes are so strong and 
sharp that the two clearly focused spectra seem to react on each other across 
the gap at their edges. I have pointed out similar phenomena in the pre- 
ceding report (Carnegie Inst. Wash. Pub. 249). The case is just as if a tele- 
scope or lens focused on a single or a Young's double slit (with the images 
sharply delineated) should show fringes. 

In adjusting the interferometer, figure 43, for these experiments, the fol- 
lowing systematic plan was pursued. By a rough adjustment with sunlight 
and measurement, aU parts of the apparatus are first placed symmetrically 
to each other (as in figure). The dbrect beam should just graze the edge of 
the prism P* and the naked eye, viewing the edge from above, should see the 
two bright rays of the same color (reflected firom M and N) contiguously 
near the edge. In the spectra of the same length on the two sides of the 
prism P', the same colors are opposite each other. On looking down on the 
edge of the prism with a telescope (fine slit), two sharp and dear spectra 
should be seen, which can be made to overlap at their edges in any amount 
by rotating M and N oao, horizontal axis. Finally, the D lines are brought 
into coincidence by rotating the grating G^ on a vertical axis. The largest 
fringes are obtained by slightly raising and lowering the incident beam L to 
the grazing position in question. By displacing P on the micrometer, right 
and left, the fringes are soon found. 

The first experiments were made with the object of testing the effect of a 
slant, to the right or left, of the edge of the prism on the range of displace- 
ment y. With a 60^ prism at P, the search was found to be too difiGicult and 
therefore soon was given up. The few data obtained were: Edge of P' sym- 
metrical — range, y= 0.061, 0.050, 0.062 cm.; edge of P' toward left — range, 
^»o.63 cm. ; showing no certain difference. 

P was therefore replaced by a ruled grating (D = 352Xio-* cm.) to obtain 
greater dispersion. The ranges of displacement, y, now found were: edge of 
P' to left, ^'sso.iao, 0.130 cm.; edge of P' symmetrical, y«o.i28, 0.127 cm.; 
edge of P' to right — jf =0.110, 0.113 cm. ; readjusted, 0.130, 0.132 cm. These 
differences are apparently incidental, as much depends on the light. In a 
darker field fringes vanish sooner. One may assume that slight inclinations 
of the edge of the reflecting prism P' are without consequence. 

The next experiment was to determine the effect of a lack of collinearity 
of the ra3rs b b\ This shows itself to the naked eye looking down upon the 
edge of the prism from above, since by rotating M and N in contrary direc- 
tions around a vertical axis the bright spots of light move along the edge of 
the prism from front to rear, or the reverse. If regarded by a telescope, 
the axis of the instrument will be correspondingly inclined toward the front 
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or to the rear. The data obtained for the range of displaoement were now: 
Images and telescope toward rear, j»o.ia4, 0.140 cm.; ^=0.150, 0.142 cm.; 
images and telescope toward front, ^so.146 cm., y^o.iS4 cm. 

These differences are again incidental. The following data were subse- 
quently found: Telescope indined rearward, >^»o.ioo, o.iio cm.; 0.143, 
0.140 cm.; telescope vertical, ^=0.150, 0.150 cm.; 0.162, 0.151 cm.; tde- 
scope inclined forward, y^o.iso, 0.133 cm.; 0.145, 0.162 cm. 

In the first experiment the illumination was insufficient, so that the finer 
fringes escaped detection. Hence, it is here also probable that slight depar- 
ture from collinearity in the rays b h\ normal to the edge of the prism P^, is 
without consequence. Discrepancies are introduced by changes in the in- 
tensity of light — conditions which are often hard to control. 

As the range of displacement is not a quantity which can be accurately 
ascertained, the effect of the insertion of a glass-plate compensator, 0.434 cm. 
thick, was determined, with a similar end in view, for different angles of the 
rays b V (nearly normal) to the edge of the prism P'. The results were: 
Telescope inclined toward front, >^— 0.122, 0.123 cm.; telescope vertical, 
>^so.i22, 0.122, 0.122 cm.; telescope inclined toward the rear, >^bo.i2o, 
0.121 cm. These are the differences of the displacement corresponding to 
the linear central fringes normal to the sodium lines, obtained in the presence 
and absence of the plate. The path-difference computed above was «» 0.2428 
cm. This is as near 2y as the observations warrant. 

It follows, therefore, even if the observations are in their nature not very 
precise, that if the rays b and b' meet at such small angles as any reasonable 
adjustment may introduce, the effect may be disregarded. Furthermore, 
that the difference between x^2ecosB/2 (where e is obtained by moving 
the mirrors M and N parallel to themselves) and ay (obtained by moving 
P' at right angles to its edge) is to be ascribed to the sliding along or across the 
edge. The rotation of fringes which necessarily occurs in displaoement inter- 
ferometry by the shifting of the ellipses is augmented or decreased in the 
former case (x) by the equivalent of the sliding in question. The reason for 
this has clearly been suggested in connection with figure 18, Chapter I» 
and figure 49, Chapter II. 

35. Range of displacement varying with dispersion. — ^The interesting 
method in Chapter I, § 25, where the opaque mirrors are replaced by two 
identical gratings (halves of the same grating) with the object of obtaining 
successive orders of dispersion, may be used in connection with figure 43 of 
the present chapter. It is therefore the object to find the range of displace- 
ment y of the prism P' when the fringes pass from the initial transverse 
hair-lines to the final transverse hair-lines (fig. 45), through the longitudinal 
mftTimiiTn of size. The same difficulty inheres in this method as in the above, 
viz, it is not possible to state precisely when the hair-lines have vanished; 
but the successive orders of range of displacement are so different that inter- 
pretable results are obtained. The experiments in the large interferometer 
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pn>ved very trying, however, because the ruled faces of the available grat- 
ings at M and N were but 0.5 inch square. There is thus, without refined 
and special instrumental equipment, considerable difficulty in adjusting the 
rays to this small surface. This was particularly true in the higher orders of 
spectra. 

To obtain sufficient light the resolving grating G was replaced by a 60^ 
prism. The dispersive powers are thus the same as in § 25, Chapter I. The 
work proceeded smoothly in the orders of o (reflection from grating face) 
and I. In the third, the fringes were hard to find and hard to retain, for rea- 
sons which I do not understand. There was abundance of light, except in 
the fourth order, which was abandoned for that reason. The best results 

d0/dk» 760 
3.500 
6,400 
9,900 

Though much time was spent on this work, the results (excepting the 
first) are doubtless still too low. Since the path-difEerence 2y corresponds 
to x=2e cos d/2, ccBteris paribus, and since the data in x, table 12, are essen- 
tially half the total raage (rotation but 90^, while it is 180** here), y corre- 
sponds to X. Thus the results in table 12 are larger throughout, but the 
present data make a smoother series even through the third order. 

36. Spectra both reversed and inverted. — ^This is an interesting combina- 
tion of the two methods of investigation aad not very difficult to produce. 
Retainingthe adjtistment for inverted spectra as in §30, figure 43, the light 
impinging on the grating G is dispersed, preferably by a direct-vision grating 
(with auxiliary prism). The rulings of both gratings (the prism grating g 
inserted as shown being between the collimator at some distance and the 
grating of the interferometer G, figure 43) must be parallel. If the grating 
constants are different (D = i67Xio-* cm. film and J9=352Xio-* ruled 
grating were employed), the spectra in the telescope are natttrally of different 
lengths; for the dispersion of the prism grating g is increased on one side and 
decreased on the other side by the second grating G. Moreover, this decrease 
from the larger dispersion of the first grating g is beyond zero (achromatism) 
into negative values. Hence, the corresponding duplicate spectrum in the 
telescope is a small and a large spectrum reversed, while the inversion re- 
mains intact. In the experiment made, the larger D'jy% distance was some- 
what more than twice the smaller DiD%. 

It is now merely necessary to place any longitudinal axis (line of symmetry) 
of the spectra in contact, or it is but necessary that the spectra are longitud- 
inally parallel and overlap. The phenomenon a, figure 50, then appears 
at the intersection of the lines of longitudinal and of transverse symmetry. 
It is thus proportionately nearer the smaller DiDt and farther from the 
larger D'lD't doublets, but alwa3rs between them. If the DiD% lie within 
the D'^D\ lines, the fringes lie within the Z?il?i pair. 
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The phenomenon, which should be observed with a powerftd telescopei 
usually consists of three small elongated dots, lying within an elliptic locus» 
the locus usually having a transverse axis (parallel to the Fraunhof er lines) 
about two or three times as long as the longitudinal axis (parallel to lengths 
of spectra). As a rule, the width was J9iDs and the length larger than Z/iJD's, 
but this ratio may be changed, as above, by screening off the wave-front. 
The fringes are not more than one-half of DiDt apart and are frequently 
horizontal (longitudinal), however the micrometer at M is shifted. 

The interesting result is here again met, incidentally, that spectra, though 
of different lengths, are nevertheless quite capable of producing strong inter- 
ferences. 



50 
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a 
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In further experiments with the long collimator and very bright spectra, a 
varietyof other forms were obtained, shown at b,c,{f, figure 50. In the patterns 
a and b, the elliptic outline, sometimes circular, is always evident from the 
enhanced brightness of the bright fringes of the spot. The arrow-shaped 
form, c, inclosed a bright egg, whereas d was usually sharply semicircular. 
As any adjustment of overlapping spectra suffices, the D lines may be quite 
out of the field, or the spectra may be slightly separated with the interfer- 
ence spot in the gap. 

The experiment was also made of crossing the spectra at some other angle 
than o^ or 180^. To do this the rulings of the prism grating were placed at 
right angles to those of the interferometer grating, as in Newton's method of 
crossed prisms. Seen in the telescope (adjusted for inverted spectra, as 
above, § 30) the two spectra now made an elbow with each other, figure 51, 
while the DjPt lines are still parallel and can be put in coincidence. At 
first no interferences could be detected in any adjustment. Later, however, 
on using the large collimator, strong interferences were obtained in the line 
of symmetry of the elbow and normal to the D lines, as shown. They have 
the same characteristics as the preceding and persist during a displacement 
of M of about 0.3 cm. 



37. Experiments with the concave grating. — ^If in the device figure 40, 
Chapter I, the prism P is rotated 90^ on an axis parallel to 6 b', so that the 
rays move upward, the phenomenon of inverted spectra may be realized. 
The fringes are observed with a lens from above or reflected forward. They 
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were found without much difficulty and showed a range of displacement (y) 
of the prism P, right or left, in various adjustments, of at least y^o.ji, 0.61, 
0.67 cm. larger, therefore, than with the forward prism, as was inferred. Of 
course, much depends upon how far the extremely fine fringes at the begin* 
ning and end are pursued. 

This method is not very convenient for the present purposes. In the first 
plaoe, the distance GMPF is given, an unnecessary restriction on the adjust- 
ment, tmless the lens T is replaced by a short-distance telescope, which has 
other disadvantages. In the second place, the mirrorsM and N can not be 
used for displacement, as they move the Praunhofer lines of the correspond- 
ing spectrum. In fact, M or N affords a method for the adjustment of 
these lines to coincidence. Finally, the amount of overlapping which is 
tisually secured is always very partial, and if the edge of the prism P is not 
quite sharp and well silvered, tiie edges are ragged. Even in the right-and- 
left displacement (y) of P, the spectra are carried bodily with it in front of 
T. Although this is no serious objection, it is an unnecessary complication. 
In spite ci the brilliant spectra and large ranges, I did not spend much time 
in developing the method. 

3& Cooclosioiu Qeneral methods. — ^The origin of the phenomenon of 
reversed spectra seems to be the slit of the collimator, the diffraction of which 
furnishes a patch of light, effectively i or 3 mm. in breadth, out of which the 
component rays are to be separated. Spectroscopically the slit furnishes the 
degree of homogeneous light within which the phenomenon may be developed. 

In the case of inverted spectra, the slit is not primarily necessary, for here 
the interferences occur in the direction of (or the fringes lie normally to) 
the Fraunhofer lines and therefore virtually in homogeneous light. The fringes 
are due to the continuous changes of the obliquity of rasrs in each separate 
color and thus belong to the phenomenon of a wide slit with homogeneous 
light. The fringes of reversed spectra owe their occurrence to the continuous 
change of the obliquity of rays produced by dispersion and require a spectro- 
scopic slit. Inthecaseof combined inversion and reversion, the locus of fringes 
is not far from circular, though the major axis of the ellipse corresponds to 
the inversion. Obliquity and dispersion are thus about equally effective. 

The patch of light rays of identical origin may now be separated into two 
component rays by a variety of methods. The white pencil may simply be 
cleaved by the edge of a sharp silvered prism, or the pencil may be refracted 
into two beams at a blunt-edged prism, or the separation may be produced 
by the diffraction of a grating, by polarization, etc. 

Two entirely distinct pencils are thus obtained, subject to independent 
control, by which the phenomenon of diffraction may be generalized. In 
other words, in the classical experiments in diffraction, the diffracting system 
is rigid. Take, for instance, the following experiment, which has a dose 
bearing on the phenomenon of this paper. In figure 52, L is a distant sUt or 
a fine Nemst filament, P the principal plane of the objective of a telescope 



76 THE INTERFEROMETRY OF 

with the principal focus at F, to be observed with the eye-piece. The screen 
5 y with a double slit parallel to the linear source L is placed in front of the 
objective. Brilliant interferences are then seen at F, which are coarser as 
the distance e between the slits ^ 5' is smaller, and if the distance PF is r and 
the distance between fringes is x, the usual equation 

\/e^x/r 

is applicable. Owing to the direct application of this experiment to the above 
investigations, its very fundamental importance in the theory of resolution 
of optical instruments, etc., it seemed worth while to give it experimental 
treatment here. The screen 55' is conveniently made by cutting parallel 
lines with a sharp triangular cutting stylus and a steel T-square, on a black- 
ened gelatine dry plate. A number of such doublets 0.05 to 0.5 cm. apart 
noiay be ruled at a distance of about 0.5 inch apart. When the parts are as- 
sembled, the fringes may be seen in all focal planes F, and the fringes are in 
fact much more brilliant with the ocular out of focus. The enormously large 
diffraction of each single sUt is simtdtaneously visible, and if two doublets 
are dose enough together,their systems may be seen superposed. If cissmall 
(less than o.i cm.) the fringes are in fact visible to the naked eye without a 
telescope. With two identical doublets dose together, the fringes may be 
seen to be altematdy in step and out, as the ocular of the tdesoope moves 
outward, until finally the di&actions of the "rod" between the doublets is 
strikingly manifest. This has also been generalized in the present work. 




In all these classical cases there is a continuous succession of pairs of corre- 
sponding points (one of the pair in each slit of the doublet) between whidi 
interferences occur. The line of any two such points is rigidly normal to the 
direction of the slits. In the above experiments with spectra, however, the 
two points may not only have any relation to each other, but either point 
may be moved at pleasure. This gives rise to the bewildering variety of 
beautiful phenomena, some of them useful, which I have tried to describe 
in the present and preceding reports. 

With the beams of like origin separated, it is next necessary to bring them 
together again. This requires at least one independently controllable refleo 
tion for eadi beam. In the interesting group of phenomena obtained with 
crossed rays, two reflections may be desirable, though with a change of appa- 
ratus a single reflection here also suffices. Thereafter the beams may be com- 
pounded in a manner inverse to the one by which they were produced, for 
instance, by the reflection of a silvered obtuse prism, by refraction toward 
the edge of a prism, by a grating, by polarization, etc. To observe the recom- 
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bined ray, the telescope is always the more convement instnunent, since its 
use is not restricted to definite distances from the S3rstem. 

It has been shown that as a whole the above phenomena correspond very 
closely to the behavior of the ellipses encountered in displacement interf erom* 
etry. Thusthecasesofnon-reversedspectra, of inverted spectra, etc., if we dis- 
regard certain exceptional accompaniments for the moment, can be at once so 
classified. The shift of ellipses behind a narrow sUt in an opaque screen and ob- 
served in front of it, for instance, would exhibit all the rotational occurrences. 



39. Displaceiiient interferometiy. Equations. — It is thus desirable to ad- 
duce the equations of displacement interf erometry in a somewhat different 
way, but in the main as taken from my earlier reports. In figure 53, G^ is a 
thick plate of glass on which the blade- 
shaped pencil of white light L from a 
collimator impinges at an angle i. M 
and N are the opaque mirrors of a 
Michelson device. G^' is a plate grating 
by which the white beam R (feeble 
spectrum) is resolved, P the principal 
plane of the objective of the telescope, 
TV the image seen through the ocular. 
The plate disperses the white light L 
into the spectrum rv, as shown in the 
figure. The direct reflection at R' is 
not used. For convenience in discus- 
sion the mirror N and its component 
ray may be rotated 180^ around the 
trace of the grating G^ as an axis, into 
the position N\ where IN becomes x+ 
*'+/>+^» intercepted between normals. If perpendiculars be let fall from 
I to N or N' and /' to Af , their difference of length is 

(i) 7V^=flp+«'=ecosi+^' 

AT is an important coordinate tised throughout, below, since it is indepen- 
dent of color (X and /i). In (i) i is the angle of inddenoe, R of refraction 
of the plate of thickness e and index of refraction fi. 

U we draw the wave-front «/, the path-length of the red ray through glass to 
M, for instance, is efi/ooa R+p. Ilie path of the ray through air (only) to 
mirror M is 

x+x'+p+x^^e cos i+e sin i tan R+p+x' 

If sin i»M sin i? be introduced, the path-difference thus becomes, after re- 
duction, 

(2) nk^aN—aeiJLOOsR 
or 

(3) n\^20 f M— cos (p-R)) /cos R 
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the fint equatton being mote practicaL N, therefore, is the diflEecenoes in 
distances of the extremities /, J' of the nonnal n at the point of impact I 
from the minors N and M respectively; x' is the air-distance apart of the 
two mirrore (after rotation). 
To find the diange of wave-length per fringe, dk/dn may be deduced. 

.. ^ ^ 

^*' ^ dn " N-eQi cos R+\{d(i/dk)/oosR) 

This equation has a maximum when 



(5) 



\ cos/? rfX/ 



and this is the codrdinate N^ for centers of ellipses on any given spectrum 
line X. N^^Nt in equation (a) gives 

2€ du 

du — 3£ 
In general ii»A+B/\^; -^^ is adequate for experimental work. Thus 

if B-*4.6Xio~", #"x cm., l?«-o, then n«»88o, or 880 sodium wave-lengths 
are expended in the path-difference at the elliptic center. 
If n' fringes pass at a given color X for a displacement AN of the mirror M 

(7) X-aAA^/n' 

If nf fringes lie between two given colors X and X' for the same position N 
of the micrometer mirror M 

, //t*' cos /?' ficoaR \ / 1 i\ 

or if ^ is the differential symbol 

, (icosR I 

n' « aei — 2N6 - 

A A 

The question next of interest is the change of the angle of altitude of the 
ray per fringes transversely to the spectrum. light is homogeneous, JV there- 
fore constant. Let a be the angle of altitude of an oblique ray in the hori- 
zontal plane L, figure 53, impinging at I. If *' and /?' are the corresponding 
angles 61 incidence and refraction, then i\i, a make up the sides of a spherical 
triangle, right-angled at the angle opposite i\ Hence 

(9) cost'-cosicosa, and/iAcosl?'=\/iK*— i+cosM* cos» a 

With this introduction of R' for R, equation (a) is again applicable, since 
nothing has been dianged in N, €, fi, X, or i. Hence 

(10) nX^aAT— a^V/*'— 1+ cos* i cos« a 



REVERSED AND NON-REVERSED SPECTRA. 79 

To determine the diange of altitude per fringe, 



. . da X\/;i«— 1+ cos* i COS* a 

dn ^cos'fsinaa 

and this is a maximum when a»o; f.r., in the plane^of figure 53. In this 
case equation (a) is reproduced from (10), so that a double maximum occurs 
for a=o and 

cos 



Nc'^2el(i 



~^^+— Rd5:y 



The other practical datum is the shift of a given fringe per centimeter of 
displacement of the mirrors. Here n and e are constant while N, X, (i, R vary, 
so that 

/ \ d\ 2 

(12) - 

dN 20 du 

cos Rd\ 

2€ du 

This is a maximum when n»n«= — ^^eB/yf, or when N^N 9. In 

cos R d\ 

other words, there is a minimum displacement relative to wave-length shift 
of fringe at the centers of ellipses. 

Equation (10) is thus inclusive. If i=o, which is nearly the case, experi- 
mentally, in my work and no restriction on the apparatus, and since a is 
always very small, equations (10), (11), (12), etc., may be simplified. 
Hence approximately {i » o) 

(13) nX=2iV-2^\/|t£*-a» 

da X 



(14) T'" — Vfi^^a' 

dn 2ea * 

r \ dX X« 

(is) 2— « 



dn N-0i{i+\Jfi/d>i) 

^' ^ dN n+2e.dfi/dk 

where n is the order of the fringe at X for N, e, fi, a. Again, n«= — 2e.d[i/dK. 
Equation (13) admits of an interpretation in terms of the approximately 
elliptic locus found for constant n. The equation may be written, if f^ is 
treated as a mean constant, 

^ja/f^y , Oi-2N/ny _^ 
«• {2e(i/n)^ 

"ELesee (a/fi) and X may be regarded as the codrdinates of a curve described on 
the Caceof theptateof glass toward the observer, so that theequationisanellipse 
referred to an eccentric axis of ordinates. The axes of this ellipse are 2eii/n 
horizontally and e vertically. Of course, the telescope converges all this to'a 
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single white image of the slit; but the grating G reproduces the spectrum and 
enlarges it, in which case, however, not absolute position but the direction 
of rays is the determining factor. 

40. Continued. Reversed spectra, etc.— The equation underlying the 
greater number of experiments in the work with reversed spectra is of the form 

(17) nK^2eoosS/2 

where 5 is the double angle of incidence at either opaque mirror and e is the 
effective distance apart of the two mirrors — i.e., the distance between the 
faces when one is rotated 180^ about the axis of symmetry into parallelism 
with the other. In the present case, therefore, e corxesponds to ^ in § 39. 
The angle 5»ft— 0i, where &% and $1 are the angles of refraction of the col- 
lecting and the dispersing grating, respectively, so that sin d=\/D if P is 
the grating space. If the silvered right-angled reflecting prism is used for 
alining the sepamted pencils, 5=90^— 0i. 
Prom the above equation the change of X per fringe is 

dk V 

^^^^ dn " e{2 cos 6/2+\{d6/dk) sin 5/a) 

Since \dd/dK=\/D cos ^=tan 6 



dn e{2 cos 5/2+sin ^/^(tan fli— tan 9^) 

This is a maximum if e—o, as the quantity in the parenthesis can not vanish 
for very acute angles, such as B and h must be. 

If «=o, or A= A, dk/dn^ -\^/2e. 

Similarly, since e is now the micrometer variable or codrdinate, and n 
constant, 

dX 2X 

^^^^ de " e(2+tan 5/2(tan fc-tan Oi)) 

from which the similar conclusions may be drawn with regard to the motion 
of a given fringe. There is a mairimum for ^=0. The equation, it will be 
seen, is quite cumbersome, so that further treatment is inexpedient. Never- 
theless equation (20), if $ and 6 are expressed in terms of X, should admit 
of integration, at least approximately. 

The equation «X=2ecos (90®— ^)/2 for reflecting prisms needs special 
treatment, since 90^ is not derived from 0. The coefficients after reduction 
become 

dX -XV2Z?(Z>+X) 



dn e{2D+)\ 



(21) 
and 

^ ^ de ei2D+\) C aP+X ^^' 

In both cases there is a maxiinum for e^o. 
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Equation (22) may be integrated, and if C is an experimental constant, 

X* X 

(23) ^=C*— ^ =«b* ^T-^ iftf =^oforZ>=-o 

There remains the equation for crossed rays or achromatic conditions, 

180^-2^ 
nX=2ecos — 2ek/D 

2 

or 

(24) e=nD/2 

in which there should be no motion of fringes throughout the spectrum, but 
for secondary reasons. 

It is now possible to consider the above results on the increase of the range 
of displacement within which interferences are visible, with the dispersion of 
the grating. In this case the equations in dk/de, viz, Nos. 20, 22, as well as 23 
and 24, may be consulted. Since sin 6^\/D, all of them involve the dis- 
persion i/D, where D is the grating space. In the case of No. 24 the range 
of displacement should be indefinite, since the locus of fringes is stationary in 
the spectrum. It is found to be exceptionally large, but limited by spedal 
difEraction. Equation (20) is cumbersome, but otherwise similar to equation 
(22), which may be treated first. The displacement of any given fringe in 
wave-length increases with/» i/D, the number of Unes per centimeter. If a 
fringe travels between any two wave-lengths X and X' and if D is large relative 
to X, equation (23) shows that approximately 

Atf=e-^«CV7(A/X-Vx0 

The range of displacement should therefore be roughly proportional to the 
square rootof the dispersion, and one is not at once at liberty to conclude that 
the uniformity of wave-trains is enhanced by dispersion. 

In fact, if Z7 is not large compared with X, as in the higher orders of dis- 
persion, the full equation must be taken. Unfortunately the data of Chapter 
If § 25, table 12, which are the most complete, do not easi ly admit o f compu- 
tation in full. I have compared them both with ^=«b\/x/(Z>+X), in which 
the ratios of e observed and computed run up with D, regularly, from i to 7 ; 
and with 2de/d\^C{2D+\)/{D+\y^\ in which the regular change of ratios 
for the same D {as D decreases) is again from i to 7. In other words, the 
observed values of e varying with D decrease enormously faster than coeffi- 
cients of this type, as they should. In view of the equation 

^=WX/(J9+X) 
it follows that 






dD 2 y{P'^\y 

and the comparison of the e observed in table 12 with this coefficient is there- 
fore crucial. 
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To detemiise D from table 12 we have D'^IZ/n^i/icos On'd$n/dk)» 
where n is the order of the spectrum and dBjdk its dispersive power, Uke 9» 
is given in the table. In this way the data of table 15 were obtained. 

Tablb 15. — Ratio of the range of diq)1accmeiit e obeerved in table 13 and 

de/dD^ oompttted. 



Order. 



o 
I 

2 

3 

4 



DXio» 



1,320 

335 
204 

15» 
142 



io^« observed. 



38 

300 
430 
520 
580 



Vx/(i>+x)« 



151 
980 

1,800 

2,400 

2,^90 



Ratio 



2.5 
2.1 

2.3 
2.2 

2.2 



In view of the character of the results for e, the ratio «/\/x/(i7-hX)% where 
# is the observed range of displacement, may be considered constant. The 
enormous variation of the range « with the di^>ersive power, as observed, must 
therefore be regarded as in keeping with the theory of the phenomenon, 
although the computation is not direct. The latter would require an integra- 
tion of equation (22) which may be written 



e«- 




2D+\ 



dk 



VHD+\y 

but the simpler comparison given was regarded adequate. 

Data bearing on equation (20) are given in table iz and may after reduc- 
tion be written as in table 16 (9i— 19^30', D** 177X10"*). 

Tablb 16. 



Ranges 
observed. 


01 


DXi<^ 


a 


tan«/2X 
(tan 9s— tan $1) 


0.33 
.52 


2*36' 
9*39' 


1,320 
352 


9*51' 


0.0459 
.0156 



The value of the term in the last column is thus small in comparison with 
2 and may be neglected, as a first approximation. Hence roughly 

e=«CX«=fiX/2 

and the range of displacement should be nearly independent of the dispersion. 
As it is not, some corresponding principle must here be active, and this has 
already been found in the diift of one iUuminated strip on the cdlecting grating 
relative to the other, when either of the opaque mirrors is displaced. 

For the same xeason the effect produced by making 5«o, as in §24, is not 
marked, so far as equation (20) is concerned. If i ^o rigorously, the original 
experiment with but a single grating did in fact show large ranges of displace- 
ment, in view of the absence of sliding. 

We thus return to the special difiEraction already menticmed in S38. When 
two spectra from the same source coincide, horizontally and vertically, 
throughout their extent, they will interfere at every point. The interference 
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will be visible within a certain range of path-diSerenoe. If one spectrum 
shrinks longitudinally on the other, the strip carr3nuig fringes rapidly dimin- 
ishes in breadth; but interference is still marked near the transverse line of 
coinddent wave-lengths. If one spectrum is reversed with reference to the 
other on a transverse axis, the interferences are reduced to a single nearly 
linear strip coincident with the line of symmetry. The width of this strip 
is independent of the dispersion of the system. It depends on the breadth of 
colored region which contributes rays to the strip in question. Hence, if, 
beginning with both ends of the spectrum, rays are cut off except those very 
near the line of symmetry, the linear phenomenon rapidly increases in size 
until all Ught is extinguished. This is what one would expect from the 
theory of the diffraction of wave-fronts broad or slender, with the generaliza- 
tion as to the rotation of fringes to which I have already referred. 

The association of the two diffractions is well illustrated by the experiments 
with inverted spectra. Here the edge of the reflecting prism is horizontal 
and normal to the interfering beams. When this edge is moved nonnal to 
itself, path-difference only is introduced. To compensate a plate 0.434 cm. 
thick the motion should be about 0.243 cm. The displacement found was 
3^=0.247 cm., the difference being referable to insufficiently accurate dis- 
persive constants. When either of the opaque mirrors moves, the correspond- 
ing beam slides along the edge of the prism and the displacement 2«bo.37o 
cm. of mirror was found, corresponding to the path-difference jc»2e cos d/2 » 
0.282 cm. About 14 per cent more path-difference is thus needed with sliding 
{x) than without (jiy). 

If now the reflecting prism is turned 90^, so that the edge is vertical, the 
corresponding beams slide normally to or from the edge of the prism when 
the opaque mirrors are moved. The corresponding data were then found to 
be 23fso.25o cm., ^^0.235 cm. Here about 6 per cent less path-difference 
is needed with sliding {x) than without (2^). The smaller effect in the latter 
case is to be expected, since the two corresponding rays slide toward each 
other in the same plane and can not pass through each other. In the former 
case they pass in marked degree across or through each other and must there- 
fore essentially contribute to the rotation of fringes. But the sign of the 
effect is precisely the opposite to what one would expect. Investigations such 
as these and the corresponding question of the width of strip carrying inter- 
ference fringes in case of crossed rays call for apparatus with better optical 
plate, or for more rigorous instrumental adjustment than I have been able 
to utilize in the present papers. It is best, therefore, to waive them for the 
present, however interesting the theoretical results with which they are 
associated.* 

* I have sinoe treated the outstanding difficulties of the text rigorously and the results 
win be given in a future report. 



CHAPTER III. 



ELONGATION OP MBTALUC TUBES BT PRESSUBE AND THE MEASUREMENT 
OF THE BULK MODULUS BT DISPLACEMENT INTEBFEROMETRT. 

4h Qeneral method and apparatus. — ^About 25 years ago* I obtained satis- 
factory results in the measurement of pressures of the order of 1,000 atmos- 
pheres by the expansion of steel tubes of suitable thickness. The tube in 
this case was inclosed in a snugly fitting glass tube filled with water and the 
volume expansion measured by an attached capillary tube, the system being 
submerged in water to obviate thermal discrepancies. The whole subject has 
since been transformed by the famous experiments of Prof. P. W. Bridgman, 
and I merely touch it here with the purpose of testing the optic apparatus 
involved and with a view to the experiment explained in the final par^praph 
of this paper. In the present experiments I shall attempt to measure the 
increase of length of a steel tube due to internal pressure, by the displacement 
interferometer. The experiments will lead to an independent method for the 
measurement of the bulk modulus (Tait) and to a procedtire for studying the 
thermodynamics of the adiabatic expansion of liquids. 




The interferometer used was of the linear type (fig. 54). Here L is a weak 
lens, about 2 meters in focal distance and 12 cm. in diameter, concentrating 
a beam of sunlight on the slit s, c is the objective of the collimator, being 
a spectacle lens of about i meter focal distance. It is particularly advanta- 
geous to have rays of slight obliquity here if a brilliant and wide spectrum is 
to be seen in the telescope at T. if is the half-silvered plate of the inter- 
ferometer, N and M (on a micrometer) are the opaque mirrors, each about a 
meters from H. The rays reaching the telescope T would therefore show 
two white sUt images from N and from M, which are to be placed in coin- 
cidence both horizontally and vertically by the adjustment-screws on M and 



• Phil. Mag. (5), XXX, p. 338, 1890; Bull. U. S. Geol. Sur., No. 96, 1892; cf. Am. Acad. 
Arts and Sciences, xxv, p. 93, 1890; for effect of pressure on electrical conductivity of 
liquids, see Am. Journal, xl, p. 219, 1890, and on the mercury pressure-gage. Am. Journal, 
p. 96, XLV, 1893. 
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N. To bring out the interferences, a direct-vision prism grating g is placed 
in front of the objective of T, whereupon, when the path-diflEerenoe HM, HN 
is annulled, magnificent ellipses may be seen in the bright spectrum in the 
field of the telescope. 

The steel or other tube whose elongation tmder pressure is to be measured 
is shown diagrammatically at t i. The end <', moreover, is closed by a tinned- 
steel plug-screw, while % communicates, by aid of a thick-walled >^-inch tube 
p of small bore, with the screw-compressor P described in my earlier papers 
(i. c). It is here that the thick hydrocarbon oil is forced into the tube t ^ 
and the pressure measured by a Bourdon pressure-gage G^ reading in steps 
of lo atmospheres to i,ooo atmospheres. 

The parts of the interferometer are attached directly or indirectly to a 
brick pier in the laboratory. M is separately so attached; so is also the end 
t of the steel tube by the bracket at B, this being fixed rigidly. The other 
end, f, which must be free to expand, is to be supported on knife-edges or 
rollers of a vertical pendultmi hanger y, the supports of which are in turn 
rigidly fixed to the pier. This will presently be further described. It was 
found that long vertical wires, supporting intermediate parts of the tube, 
were desirable and quite as good as more complicated arrangements. 

With the tube if thus fixed except as to linear expansion toward the 
right, the mirror N is clamped by a horizontal lateral arm at the end If, and 
the half-silvered plate if by a similar arm on the other side, at the end t. 
Thus the length HN varies with the pressure and the increment is compen- 
sated at M by bringing the center of ellipses back to the D lines in the field 
of the telescope. Accessories Uke water-jackets, etc., are left out of the fig- 
ure for deamess and will not be used in these experiments. 

To obviate friction, the end if of the tube t if was suspended from a rec- 
tangular yoke or pendulum consisting of two vertical rods y and y\ figure 
55, and horizontal smooth round brass cross-rods r and r'. The latter roll on 
the round horizontal rods a and b suitably anchored at the same level in the 
pier. The rod r' supported the free end if of the pressure tube. 

To counteract vibrations the rod y carries a beU-shaped damper, J, below, 
submerged in oil in the cup c. The middle of the tube if is similarly damped 
at its center by a bell-shaped damper in oil (not shown), against lateral and 
vertical vibrations. 

42. Remarks on the displacement interf erometen — ^As a rule the ellipses are 
not seen at their best in the principal focus. The ocular must be drawn out 
somewhat to focus them sharply; but usually the soditmi lines are still visible 
for guidance. No doubt this is due to the fact that ordinary glass plate was 
employed at M, N, and H, figure 54, or that H was not optically plane parallel. 
Moreover, as M is displaced, the focus of fringes changes; but as the centers 
of ellipses are used in measurement this is no particular disadvantage. 

A few trials were made with lens compensators, but the available combi" 
nations reduced the ellipses to horizontal sharp spindles or lines, without 
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The pitch washer was therefore removed and replaced by one of ioBow 
sUghtly hardened with a little resin or wax, the two being melted together. 
This functioned perfectly within x,ooo atmospheres and was easQy inserted 
in parts yAnch could then be molded into a disk within the stufi5ng-box on 
forcing the gland into it. 

The measurements given in table 17 were made in steps of 100 atmos- 
pheres. AL denotes the elongation per atmosphere. 

Table 17. 



Series. 


Pressure nnge. 


(pfessure 
increasiiig). 


(pressure 
decreasiiig). 


7 
8 

9 
10 


lootosooatm. 
100 600 
100 700 
100 800 


8.3 cm. 
9.2 
7.9 
7-9 


6.5 cm. 

6.1 

6.3 

7.1 



An example of the individual results may be given in case of series 9: 

Pressure 100 aoo 300 400 500 600 700 700 600 500 400 300 300 100 atm. 

Micrometer reading 1. 01 94 8.6 7.9 7.0 6a 5.5 54 6.3 7.0 7.7 8.5 9.1 9.8cm./io* 

The elongation here is always greater when pressures increase, although 
time is allowed for dissipation of temperature, than when they decrease. 
Four reasons may be asagned for this result: (i) the temperature increase 
on increasing pressure and vice versa; (2) permanent set imparted to the 
tube; (3) elastic warping of the tube owing to the end-thrust of internal 
pressures and consequent disadjustment of the interferometer; (4) vis- 
cosity of steel. Probably all of these discrepancies are present. That there 
was set I infer from the gradual displacement of the reading of the interfer- 
ometer for 100 atmospheres at the b^inning and end of a series, though this 
may be due to new adjustments. The incidental displacements are particu- 
larly shown in the values of AL when pressure increases and are specially 
marked in series 7 and 8. They are also apparent in the change of form of 
the ellipses. As sunlight was used in the above work the annoyances of a 
flickering arc do not occur. The ellipses were not centered. 

To obtain some notion of the relation of these discrepancies we may pro- 
ceed as follows : The difference between the elongation per atmosphere dur- 
ing the phases of increasing and decreasing pressures in the four series 
given is, respectively, 1.8, 3.1, 1.7, 0.8 cm./io*, or lSXio"* cm. per at- 
mosphere of compression. For a tube-length of 160.8 cm. and a coefiSdent 
of expansion 12X10'* this is equivalent to a rise of temperature 9.3 X io~^, or, 
roughly, io''**C. per atmosphere of compression. 

Supposing the compressibility of the oil to be (fo=iooXio"* per atmos- 
phere per cubic centimeter and the mean pressure p = soo atmospheres, the 
work done is pdv or 

SooXio*XiooXio*' = sXio* ergs per atmosphere per cubic centimeter at 

500 atmospheres 
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Since the preceding datum corresponds to both increasing and decreasing 
pressures, the work done must be reckoned per 2 atmospheres or it will be 
10* «gs. Taking the specific heat of oil as o. 5 and the mechanical equivalent 
as 42 X 10*, the rise of temperature of the oil should be 



lO" 



.V ^-l^SXio-^^'C, nearly 

Hence the residual temperature discrepancy found, o.ooi C, would be but 
one-fifth of the fuU temperature discrepancy to be anticipated — i.e., four- 
fifths of the heat would have dissipated by conduction, etc., during the wait- 
ing between successive compressions. 

The residual temperature is thus adequate to account for the full discrep- 
ancy, and if a tube of this kind is to be used as a pressure-gage, the tube should 
be made of "invar" or other metal without thermal expansion. True, a 
water-jacket surrounding the tube would improve the apparatus, but the 
thermal increments in question are so small that the device would not be 
trustworthy. If, however, a temperature discrepancy is shown by the optic 
gage it should also be shown by the more sensitive Bourdon gage, which is 
not the case. Thus a residual effect of temperature is improbable. The 
optical difficulties are slight and could be overcome by suspending the yoke, 
which in figure 55 rolls loosely on the cylinder a, b, t\ from steel pivots bearing 
on jeweled cups. Elastic and particularly slow viscous yieldings to persistent 
pressure are thus the probable reason for the errors. This also accounts for 
the displacement of the fiducial reading. 

Two farther experiments were now made in which the ellipses were centered 
before each observation (table 18). In the second set (series 12) the tube 
was attached to the yoke and the latter to the hangers by soft adhesive wax, 
appHed in the molten state. This proved qtiite adequate. 

Table 18. 



Series. 


Range. 


I6»AX 
(pressure 
increasing). 


(pressure 
decreasing). 


II 

13 


iooto6ooatm. 
100 600 


7.2 
77 


7.2 
77 



The zeros were regained and the results were marked improvement on the 
preceding series. The same mean elongation is found for increasing and de- 
creasing pressure; but the values are not identical in the two series. The 
following data give the details of series 11: 

Pressure 100 200 300 400 500 600 500 400 300 200 100 atm. 

Micrometer reading 50 43 34 28 20 15 21 28 36 43 5ocm./io' 

A few tmits in the cm./io^ place are thus uncertain. The graph is shown 
in figure 58. 
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45. BriM tube. — A somewhat thinner fieamlfiss tube of soft brass was next 
tested within 600 atmospheres* The dimwiRions were: lengthy z6z cm.; 
diameter within, 0.48s cm. ; diameter outside, 0.960 cm. Hence 



i6iXo.a35 



_ , '^ 3<^ 
(o.92i6«-o.a3Sa)3AL AL 



The ellipses were centered throughout and the yoke was given additional 
stability by soft adhesive wax, as above. The tube showed extraordinary 
variability, but during the trials under increasing and decreasing pressure 
and in the lapse of time the viscous changes somewhat subsided, as will be 
seen from table 19. 

Table 19. 



Series. 


Range of 
pressures. 


lo^M. 

(pressure 

increasing). 


(pressure 
decreasing). 


I 
2 

3 

4 

Mean.. 


lootosooatm. 
100 500 
100 500 
100 600 


• . • • 
13.6 €m. 

135 
«3.7 


15.6 cm. 
16.5 
17.0 
16.7 


13-6 


16.7 







Disregarding the first series, which was preliminary, the remaining data 
are consistent. Hence k from the mean io*AL«is.2 is relative to atmos- 
pheres 

Jfe-io« — ^-i.aiXio* 
15.2 

Voigt's vakie for brass is but 0.61 X 10*, i,e., but half this. Throughout these 
exper i ments the reading for 100 atmospheres wandered continually, creeping 
over 7X10"* cm. during the time interval of the experiments. The following 
individual data show this for the fourth series: 

Pressure 100 300 300 400 500 600 600 500 400 300 200 100 atm. 

Micrometer reading 330 301 290 274 263 250 252 270 290 305 321 336 cm./io* 

One would naturally refer this to the viscosity of the brass tube, but, curiously 
enough, the march is a contraction. Appaientiy the tube continually con- 
tracts in the lapse of time under internal pressure. The contraction occurs, 
however, for the case of a tube which was not rigorously straight. 

Optically, apart from the tremor of the laboratory, one would have no 
fault to find with the measurements, allowing a micrometer accuracy of a 
few 10^ cm. Interference rings could easily have been utilized, but this 
would have required two observers. 

Two more series of experiments were made with the brass tube (table ao), 
in one (5) of which it was supported only at the ends with its original curva- 
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tuie Gomvez upward; in the sixth series the tube was additionally supported 
in the middle on a large pendulum-like wire or hanger. 



TaBLB 20. 



Series. 


Range of 
pressure. 


(pressure 
increasing). 


lo^AL 

(pressure 

decreasing). 


5(free) 

6 (supported)... 


iooto6ooatm. 
loo 500 


12.3 cm. 
13.6 


15.2 cm. 

Z5-2 



The individual results are shown in figures 59 and 60. .It will be noticed 
that an error was introduced when pressures passed from the increasing to 
the decreasing phase at the highest pressure, and this was particularly the 
case when a slight leak developed. If the highest pressure is omitted, io*AL 
s= 14.7, both for increasing and decreasing pressures in the case of the sus- 
pended tube. Hence ik» 1.250X 10', not di£Eering essentially from the above. 
The unsupported tube is highly subject to viscosity. 



KJO m SOO 400 EOO eoodU, 




4S0 too zoo 400 



wo ioo 400 



The large effect resulting from viscosity is also shown in the initial and 
final readings (100 atmospheres) in figures 59 and 60. It is ia both cases 
again an apparent contraction and is present even in the supported tube. 
The viscous effect in the lapse of time is directly given in the following inde- 
pendent measurements of apparent contraction. The tube was kept charged 
with an internal pressure of xoo atmospheres. 



Time 9* 30" 

Length, L 0.0173 



16^ 5" 
0.0183 



12* I2» 
0.0206 cm. 



It is difficult to understand, however, how anything of the nature of vis- 
cous longitudinal contraction can occur under internal pressure. One might 
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suppose that the cylindrical tube as a whole is gradually progressing toward 
an ultimate spherical form, but this seems far-fetched. It is more reasonable 
to suppose that the viscosity is simply flexural. The tube is curved slightly 
convex upward and therefore the end mirrors N and H, figure 54, rotate con- 
tinually towards eadi other on a horizontal axis, under the end-thrusts of the 
internal pressure. The component beams and HNH and HMH are thereby 
each modified in length. Though it is diflScult to specify why the former 
should be shortened relative to the latter, sudi a result is easily concdved. 

46. Thin steel tube. — ^The steel tube in §{43 and 44 was adapted for high 
pressures only, showing but 0.2 inter f erence ring per atmosphere. In con* 
trast with this a thin steel tube was now inserted, adapted for lower pressures. 
This was more sensitive than the Bourdon gage, the other tube being on the 
whole less so. The dimensions were: length, Ls*i6i cm.; diameter inside, 
00*0.799 cm.; diameter outside, ai«o.95i cm. The outside diameter was 
calipered. A short length was then cut off and slit open and the wall thick- 
ness similarly found (0.076 cm.). The tube was not quite straight. Snugly 
fitting brass plugs were carefully soldered into the ends, and these were then 
tapped to receive the tubes conveying pressure. 

The observations shown in table 21 were recorded, the steps of pressure 
being 50 atmospheres in the first two and 100 atmospheres in the last two 





Table 21. 




Series. 


Pressure range. 


(pressure 
increasix>g). 


(pressure 
decreasing). 


I 
2 

3 

4 


50to20oatm. 

50 300 
100 400 
100 400 


89 cm. 

95-3 
97.3 
95-2 


100. 1 cm. 
95.5 

lOO.O 

100.7 



At 400 atmospheres the tube developed a slight leak at the ends. At 750 
atmospheres one of the soldered end-plugs was blown out. It is remarkable 
that the plugs held so well. 

An example of the individual data may be given for the second series. In 
figure 61 these data are shown, positively. 

Pressure 50 100 150 200 250 300 300 250 200 150 100 5oatm. 

Micrometer reading 260 210 164 115 67 23 24 67 120 163 212 266cm./io' 

Very little viscosity is, therefore, in evidence, but there is some displace- 
ment or irregularity, probably in the reading of the Bourdon gage. 

Pressure increments and decrements slightly rotated the mirrors in opposite 
directions around both a vertical and a horizontal axis. These were compen- 
sated by adjustment at the mirror M before each reading. As the mirrors 
inclined towards each other for pressure increments the tube must have been 
slightly convex upward, and therefore successively straightened as pressures 
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increased. The mean elongation per atmosphere is io*AL=97 cm. and the 
bulk modulus may be computed as 

. a^ L 0.6384X161 . ^ 

k^ - — - sss • as 10* y T 7 4 

a'l— a*o 3^ (0.9044— 0.6384) X3X97 X lo"* 

In spite of the lai^e difference of dimensionsi this datum is of the same order 
of value as the above (fe = i.39Xio*) for the thick tube, particularly as the 
present AL, from the occurrence of flexure, is probably slightly large. 

A tube of this kind with well-«ealed ends (brazed probably), quite straight, 
and supported at different points of its length by wire pendula, should make 
a good pressure-gage within at least 1,000 atmospheres. An individual read- 
ing about io~^ cm. per atmosphere or over 3 interference rings would be uni- 
formly available throughout. 

47. Conclusion. Thermodynamic application. — ^The data given show that 
an independent method of measuring the bulk modulus of metals is quite 
within the province of the displacement interferometer. The annoyances 
encotmtered, resulting from the viscosity of the metal or from warping, may 
be considered eliminated in the mean of the pressure-increasing and pressure- 
decreasing phase of the experiment. The tubes should be supported at vari- 
ous points along their length. Even the temperature discrepancy, if su£Gicient 
time is allowed between the successive steps of pressure, seems not to be of 
serious effect on the mean data. 

For the measurement of pressure, how- 1^ ^1 

ever, the device is promising. In such a 1^ 8p !_ 

case the tube section should be chosen to ^^ ' Of 

correspond with the pressures to be meas- (p ® ^ 

ured. Within 1,000 atmospheres a steel \^ HTIT 



m 



i 



tube about i cm. in diameter, with walls 1 - -J 

about 0.75 mm. thick, gave fair results, ^^ er 

showing the evanescence of about 3 inter- 
ference rings per atmosphere. Such a tube must be rigorously straight, well 
supported, and if possible of non-expanding (temperature) steel. 

It is interesting to consider the case of the adiabatic expansion of liquids 
ia relation to such a gage. The available thermodynamic equation is 

where A^ is the temperature increment corresponding to the adiabatic com- 
pression A/> at the temperature 9, in case of a liquid whose coefficient of ex- 
pansion is a, density p, and specific heat Cp., / is the mechanical equivalent 
of heat. In an apparatus like figure 62, in which P is the screw compressor 
(with tinned or waxed screw S) filled with the liquid in question, G the Bour- 
don gage, pressures may be suddenly applied without leakage by turning the 
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screw 5. These aie also measurable at the interferometer gage g, H being 
the half-silvered and N an opaque mirror, as in figure 54. The subsidenioe 
of pressure due to cooling adiahatic compression is, however, also measur- 
able at ; in terms of the delaying press ur e. For we should have (v denoting 
vohnne, k the bulk modulus) 

60 ^^ Av ip 
V V k 

6p 
or.i^Mut from signs, Atf* — , where ip is the subddence of pressure due to the 

ka 



cooling A9, after adiabatic compresaon. Hence the origi 
the form 

kcfe Ap 

'' J9 ^ 
an equation for measuring the specific heat of constant pressure of the liquid 



2P'^Ap 

at temperature t and pressure -^ -. The observations thus consist in 

9 

measuring Lp (in displacement) and ip in interference rings, both at the 

One may estimate the value of tp per atmosphere of Ap, for alcohol, by 
way of iQustration. Here in c.g.s. units. 



Hence 



*— x.aiXio"; a«i.iXio"*; •■■20®; p"«o.79;C,—o.s8 

i.aiXio»X(i.iXio'yXaoXio* _ ^ dynes 

42X10^X0.79X0.58 cm.* 



or 



Sp»o.oi5 atm. per atm. of A^ 

Hence, if ip^aoo atmospheres, the above gage would show about 10 rings 
for ip. Similarly a pressure dropping adiabaticaUy from 1,000 atmospheres 
would show about 50 rings, residually, after closing. 

The present research was planned to be pursued at much greater length; 
but owing to the annoyances of a quivering pier, which are particularly 
marked during the term weeks, and to the injury of the screw before the tal- 
low washer was inserted, it was thought wise to discontinue it at present. 
If the micrometer is to be set to icr^ cm., the ellipses must be reasonably 
quiet, and in case of long-distance interferometry such a condition can be 
realized only during the summer months. 



CHAPTER IV. 



BEFSAcnvnr dbxbbmhied ibbbspsctivb of form by displacbmeitt 

UriBSFBROMSnY. 

4& Introductory. — Some time ago* I made a ntimber of experiments on 
the use of curvilinear compensators in connection with the displacement 
interferometer. It is obvious that the curvature in such a case must be very 
amally so that single lenses for the purpose are not easily obtained. The use 
of a doublet of two lenses of the same glass, but respectively convex and con- 
cave, meets the case fairly well, the necessary refracting power being received 
by spacing the doublet. Lenses of about i diopter each gave the best re- 
sults, bringing out fringes of quasi-elliptic and hyperbolic symmetry in great 
variety. 

Later it appeared as if plates of difEerent varieties of glass, as for instance 
crown and flint, if placed in the two component beams MH, NH, figure 54, 
would produce the same phenomena. The flint plate used, however, proved 
to be inadequately plane, so that the result is in doubt. 

More recentiy I have endeavored to secure similar results by submerging 
fhe lens (convex or concave) in a liquid of about the same index of refraction. 
This method would seem to be interesting in other respects, for it is probable 
that the index of the solid may be determined in this way irrespective of 
fQrm.t If, for instance, the liquid and the solid have the same index, one 
would be tempted to infer that the latter may be removed or inserted with- 
out displacing the center of ellipses at the particular wave-length under con- 
sideration. The index of the liquid in place is then determinable by the 
interferometer to a few units in tiie fomth place. 

If experiments of the present kind are to be accurate, it is obvious that 
the walls and cavity of the trough in which the lenses are to be submerged 
must be optically plane parallel; otherwise some compensating adjustment 
must be ntiade at the opaque mirrors of the interferometer, and for this no 
adequate allowance is at hand. It did not, however, seem worth while to 
provide expensive apparatus before the method had been worked out in de- 
tail. Accordingly the present experiments were conducted with troughs of 
ordinary plate-glass put together by myself, and little attention will be given 
to absolute values of index of refraction, as such. 

49. Preliminary experiments. — The first experiments were made on a large 
linear interferometer (see fig. 54) with distances of nearly 2 meters between 

•Cam^ie Inst. Wash. Pub. No. 249, 1916, chapter ix;cf. Amer. Joum. Sdence^xiw 
pp. 390-^, 1915. 

t Mr. R. W. Cieshire (Phil. Mag., xxxn, 1916, pp. 409-420) has recently used Tdpler's 
method for the same purpose with marked success. 
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the xmrrors. The rays in such a case aie all very nearly parallel Sunli^^t, 
arc light, and the Nemst filament were each available for iUuxmnation. If 
the latter is used, the adjustment must be made by aid of the two white slit 
images, whidi are to coincide horizontally and vertically. Otherwise the 
sodium lines are available. With a very long collimator (a meters) and a 
wide single-lens objective (lo cm* or more), the Nemst filament may be used 
directly in place of the slit. If the beam passing the objective is not wider 
than I cm. (opaque slotted screen), very perfect ellipses may be obtained. 
On inserting the trough with a thickness of 1.3 cm. of CS| solution normally 
into the MH beam, the original very lai^e ellipses were reduced in size and 
rounded as usual to smaller circles. Submerging a convex lens (i diopter) 
into the liquid until the beam passed symmetrically through it changed 
these drdes to very long horizontal spindles. A concave lens similarly pro- 
duced horizontally very eccentric hyperbobe. With water in the trough, only 
the convex lens showed observable fringes, these being very long, practically 
linear horizontal spindles. All these fringes lie considerably in front of the 
principal focal plane of the telescope (fig. 54, T), and the abnormal forms are 
necessarily relatively faint. They change in shape and intensity with the 
focal plane observed. 




On mixing CSs with kerosene (about equal parts), types of fringes shown 
in figure 63, but with many more lines, were obtained. This is a combina- 
tion of both spindles and hyperbolse. Probably three layers of liquid are 
chiefly in question, viz, kerosene, kerosene + CSs, CSs, and the three stages 
of form and the sinuous lines correspond to them. Fringes were sharp only if 
viewed in front of the principal focal plane of the telescope. By submerging 
convex or concave lenses, the h3rperbo]ic parts or the spindles of the fringes 
could often be removed. Similar results were obtained with mixture of CS» 
and sweet oil, though this solution is more homogeneous. 



50. Apparatus. — ^To obviate the tremor of apparatus which is inevitable in 
the case of the long-distance interferometer, the parts were now screwed 
down at short distances in the cast-iron block B, figure 64. Here the ranges 
MH, HN of half-«ilvered plate if, and opaque mirrors Af , N, did not exceed 
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14 cm., but this gives ample room for the masipfulation of the trough t plaoed 
nonnally in the beam Mif . White light enters by way of the ooUimator SC 
at any convenient angle 6 (as this does not enter into the equations), and 
6^60^ was used. The opaque mirrors M (and preferably also iV) are on 
micrometers with screws normal to their faces, and each must be provided 
with adjusting-screws relatively to horizontal and vertical axes. An elastic fine 
adjustment is desirable. The block contains a number of screw-dockets, 6, 
for attaching subsidiary apparatus. The trough t should preferably be at- 
tached to an independent supporting arm, not connected with B, and be 
revolvable about two axes normal to each other. In such a case the position 
ficrmal to the beam of light may be found from the reverse of motion of the 
interference rings, while the trough is slowly rotated in a given sense. 

The telescope T (relatively much enlarged in the diagram) is not attached 
to the block. It is to be used both as a simple tdescope for the adjustment 
of the white slit images to horizontal and vertical coincidence, and as a direct- 
vision spectroscope. The most convenient attachment for this ptirpose is 
the direct-vision prism grating G (fifan grating) just in front of the objective 
of r. Two perforated thin disks of brass are useful for this purpose, one disk 
being firmly attached (Hke the cap) to the objective, the other to the flat 
face of the grating with the prism outward. A swivel bolt a, between the 
disks, thus allows the observer to throw out the grating and use the telescope. 
A stop arrests the motion of the grating when it is rotated about a, back 
again, for viewing the spectrum. This plan worked very well, and the el- 
lipses obtained were magnificent. It was almost xxDSsible to control the microm- 
eter M manually, and all hurtful quiver is absent. The fiducial line to which 
centers of ellipses, etc., are to be returned is always the sodium doublet pres- 
ent in sunlight and the arc and artificially supplied by an interposed burner 
in case of the Nemst lamp. The telescopic lens need not be more than 2 cm. 
wide, and cross-hairs are not needed. For noeasuring dispersion the Fraun- 
hofer lines B, C, D, E, 6, F were used. 

51. Equations. — ^The useful equations for present purposes are given in a 
preceding report,* and the following cases only need be repeated here. If # 
is the thickness of glass plate of index of refraction /i for the wave-length \ 
and if the equation tJt^A+B/\*, where A and B are constants, be taken as 
sufficient, 

(i) M-i"AArA-2BA* 

where AA/^ is the displacement of the micrometer at the opaque mirror M or 
N due to the insertion of the plate normally to the component beam in ques- 
tion. To determine §1, B must be known at least approximately. It may be 
measured in the same adjustment, however, if two Fratmhofer lines are used 
fidudaUy. Let BN be the displacement of micrometer to pass the center of 

* Caniegie Inst. Wash. Pub. No. 229, 1915, §§ 40, 41, 42* 
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dlqises from waveJengths X to X'. Then if f' is tfae ttwAimM o£ tlie faalf- 
Bhrered plate H, and R the angle of refractian within it, 



(a) 
(3) 



«Ar-BI #+• oobR+2 I #+ 



o, 



( 



<iV.«B I «* cos A+ 






whidi may be called the oonesponding air displacement. 
(4) 



Heooe 



B 



''(i"^) 



Here «iV-aiV.-iV-iV'-(iV.-Ar'.)-iV-Ar.-(iV'-iVg 

80 that the diffeienoe of the oorresponding positions (A micrometer for a 
given Praunhofer Une, with and without the plate, are to be found. The 
method is quite accurate, as will be seen bdow. More than two constants 
A and B may be taken, if desirable. 

To return to equation (i), remembering that aB/X* is small, it is seen that 
the percentage accuracy of fi^ i and AN are about equaL Now A^, for a 
plate 5 to 6 mm. thick and ordinary glass, is about 0.3 cm. This may be 
measured within 10*^ cm. or 3 parts in 10^ of AN or one or two units in the 
fourth place of m» the index of refraction of the glass. A much more serious 
consideration is the consistent measurement of the th^^W*<*gfi of plate «, which 
must be given to 10^ cm. if the same accuracy is wanted. Naturally this 
presupposes optic plate. Hence the data bdow will be inaccurate as to abso- 
lute values from this cause. The plates used frequentiy showed increases of 
thickness of several io~* cm. within a decimeter of length. Absolute values 
are, however, without interest in this paper. 

To show that less than lo"* cm. is guaranteed on the micrometer in the 
placing of elliptic centers at the sodium line, the pairs of results given in 
table 22, made at different times and with entirely independent adjustments, 
may be dted. The screw-pitch was 0.025 cm. and the drum divided into 
50 parts with a vernier to 0.1 part. 

Tablb 22. 



Praunhofer 
line. 


Pitch, drum. 


Pitch, drum. 


Difference. 


B 
C 
D 
B 
b 
P 


X 85 17.1 
85 23.3 

85 41.0 
xz 86 14.9 

86 19.2 
/86 36.6 


74 33.2 

74 39.3 

75 70 
75 30.9 

75 35.2 

76 2.6 


0.250004-0.01695 cm. 
+ .01700 
+ .01700 
+ .01700 
+ .01703 
+ .01703 



z Ellipses long horizontally, zz Circles. / Ellipses long vertically. 

The total difference is less than lo'^ cm. and probably due to the width 
of the Praunhofer lines with deficiency of light at the ends of the spectrum. 
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Apart frommeasuremeiit of the thickness e, therefore, the method is guaranteed 
for fourth-place work. 

^ 52. Observations. — ^At short distances the ellipses are always rounder and 
present in all focal planes of the telescope. Doublet lens compensators of 
relatively large focal power are available. Using the CSs-sweet oil solution, 
the submergence of convex and concave lenses in it made but very little dif- 
ference in the position and definition of the ellipses. There must, therefore, 
have been approximate equality of the conditions of refraction. With glass 
in water this was naturally not the case. 

A number of experiments were made with the well-known mercury-potassic 
iodide solution as obtained from Eimer & Amend. The index of refraction 
in the concentrated state (floating glass) exceeds 1.7. The slight straw- 
color is no disadvantage. 

A plane-parallel trough of ordinary plate-glass, 0.293 cm. internal width, 
was now constructed, only just large enough to receive a glass plate or a con- 
vex lens. With the plate or lens submerged centrally, therefore, the excess 
of path-difference over the empty trough would be nearly constant. The 
liquid was then gradually diluted until the excess of path-difference of the 
liquid over the glass content passed through zero into a deficiency. Con- 
siderable stirring was needed to insure homogeneity on each dilution. The 
results are given in table 23 for the plate and in table 24 for the lens. So 
long as the diluted solution was effectively more refracting than the glass, 
the ellipses were nearly circular and very dear both for the submerged plate 
and lens, as well as for the liquid, but when the solution b^[an to effectively 
refract less than the glass, the ellipses were washed and could not be obtained 
strongly. On submerging the lens in these cases it was necessary to so adjust 
its position horizontally and vertically that the white images (obviously in 
different focal planes) coincide as nearly as possible. This insures a sym- 
metric position for the lens, after which the spectrum is to be examined and 
the ellipses placed by moving the micrometer. Unforttmatdy, as neither 
the trough nor the plate was optically plane parallel, some readjustment 
for this was necessary at each observation, an operation which introduces 
the error in the results shown in tables 23 and 24, so far as absolute values 
are concerned, which has been alluded to above. 

Table 23. — Submergence of plate-glass (thickness 0.284 
cm.) in mercury-potassic iodide solution. Thickness inside 
of trough, 0.293 cin* Sodium line. 2B/X'*iC. Glass, 
-B«4.5Xio'"; 2B/X* =0.0262. 



Solution. 


Liquid 


Glass in 


Liquid 


Glass in 


AN 


AN 


M-i+lC 


M-i+X 




cm. 


ctn. 






6 


0.1640 


0.1468 


0.6064 


0.5476 


7 


.1570 


.1466 


.5824 


.5469 


8 


.1494 


.1466 


•5564 


.5469 


9 


.1478 


.1468 


.5505 


.5475 


10 


•1430 


.1466 


.5345 


.5470 


II 


.1426 


.1466 


.5333 


.5468 
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Table 34. — Sobmefi^e&oe of glass convex lenses in mer- 
cuiy-potasBtc iodide solutions. Thickness of the trough 
inside, 0.393 cm. Focal power, i diopter. Sodium li^. 
JC-3BA*- Glass, B-4.5Xio~"; 3^A'*o.Q363. 



Solution. 


Liquid 
AN 


Glass in 
AN 


Liquid 


Glass in 


I 
3 

3 

4 
5 


cm, 
0.3069 
.1841 

.1693 

.1599 
.1413 

.1411 


C9H, 

X 0.1733 

.1742 
.1638 

.1565 

XX .1433 

/ .1445 


0.7525 
.6746 

.6339 
.5921 
.5283 
.5280 


0.6340 
.6410 
.6055 
.5805 
.5352 
.5396 



X Focal power 2 diopter, xx Washed ellipses. / Concave lens. 

In both these series the trough was not fixed with adequate rigidity, so 
that errors crept in from this souroe. Nevertheless, if the data are oon- 




<A U ib iS ^ i£ '^ -eO 




U -66 57 -69 -61 « -^ 



structed graphically (jjk—i+K for solution as abscissa and for submerged 
glass as ordinate), the results (figs. 65 and 66) show a very definite trend 
and show also that slight interpolation would be possible. It would be 
hasty, however, to infer that the intersection at a of the graph for submerged 
glass with the line at 45^ through the origin is the index of refraction of the 
glass, in so far as the data for the liquid are trustworthy. The method 
seems to be deserving of notice; but before discussing the matter further 
it will be necessary to determine the dispersion involved in B. 



53. Dispersion constants. — ^As shown in §51, the constant Bis found by 
passing the center of ellipses between Fratmhofer lines, both in the presence 
and absence of the plate to be tested. In the case of liquids the empty and 
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the filled trough are siinilarly compared. Data of this kind for a dilute sohi- 
tion of mercury-potassic iodide and two kinds of glass are given in table 25. 
Na is the nucrometer reading at M for the half-silvered plate alone. In case 
of the solution, it is to include the glass plate of the trough. N— Na— AN^. 







Table 25. — ^Dispersion 


constants. 




Pmtinhofer 
line. 


XXio^ 


Na 


(i) Solution. 
e> 0.293 cm. 

N-Na 


(2) Trough glass. 
e<B 0.562 cm. 


(3) Glass plate. 
e"" 0.434 ci^. 


B 

C 

D 

E 

b 

P 


cm. 

68.7 

65.63 

58.93 
52.70 

51.77 
48.61 


0.0152 

.0173 
.0220 

.0284 

.0296 

.0342 


0.1530 

.1554 

.1622 

.1731 

.1753 
.1851 


0.3008 

.3023 
.3065 

3"! 

.3130 
•3171 


0.2390 
.2403 
.2436 
.2481 
.2488 
.2520 



The computed values ft— i+X'= (JV— JV«)/«»= A/V/e are given in the graph 
figure 67 (series numbered), ftom which the characteristic difference in the 
don of the solution and of the glass is apparent. 
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If, now, the value of B is computed by equation (4), between successive 

Fraunhofer lines B—E, C^b, D—F, the results come out as in table 26 and 

the coefficient B should be correct to about i per cent. For instance, in the 

case of the solution (AT— iVa)X—(iV—Ara)X' = 5Ar« 0.0201, 0.0200, 0.0229, 

respectively. 

Table 26. 



Fraunhofer 
lines. 


(i) Solution. 
JBXio" 


(2) Trough glass. 
BXio^* 


(3) Glass. 
BXio»» 


Ob 
D-P 


15.38 
16.02 
19.22 


4.50 

4-49 
4.62 


4.71 
4.65 
4.76 
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It thus appears that in case of the solutiQii the equation $i^A+B/\t is 
far from suflBdent up to the PFaunhoCer F line. Nevertheless even beie the 
mean of the first two results may be regarded as holding in the region of the 
D line. The large value of B as compared with the glasses is particularly 
noteworthy, and from this a reason for the poor ellipses obtained with dilute 
sohitions is suggested. If for two media the ^/e are identical, as at a and 
b in figure 67, this implies merdy that 

M+aBA*-M'+2B'A* 

Hence, when the coefficients B differ as largiely as is the case for the solution 
and the s^lass, the indices /i are far from equal. In the above case, if 11— yf^ 
0.07Z, the sdution should show no displacement at the D line when the g^ass 
is submerged. But this difference in the indices of refraction of the glass and 
the sohition is enormous, and if the submerged body is a lens, the correspond- 
ing images in the telescope will be thrown quite out of focus. Thus the el- 
lipses are necessarily washed. Conversely, when the indices of lens and sohition 
are neariy equal at the sodium line, the di^lacement is 2(#B— e£OA^ and 
therefore considerable (0.03s cm. above, in the example taken); but the ellipses 
are now sharp and strong. Unfortunately, therefore, displacement is no 
criterion for equality of Mi ^^ mere dependence on the sharpness of fringes 
is insuffidenUy accurate. The only resource left is to compute B and B' for 
two spectrum Unes and adjust the solution for this displacement. Again, 
this is not convenient, particularly when but a single spectrum line is at hand. 

54. Further observatkMis. — ^A somewhat wider trough was now constructed 
of the sanoe plate-glass as above. The following dimensions were found by 
calipering: Glass waU plates, top 0.390 cm., bottom 0.283 cm.; internal 
thickness (liquid plate), top 0.564 cm., bottom 0.563 cm. As the lig^t passed 
through near the bottom of the trough, the second data are to be taken in 
each case. The observations were made with sunlight and at each of the 
Ftaunhofer lines B, C, D, E, b, P. In case of a hazy sun the lines B and P 
were often less strong than desirable; but in other respects the work through- 
out progressed smoothly, showing magnificent ellipses beginning at the B 
line with the horizontal axis longer and ending at the P line with the vertical 
axis longer. Circles occur earlier as the refraction is greater. N--N^ in 
table 27 is the coordinate referring to the difference of micrometer reading for 
the presence and absence of the plate under observation. If the glass walls 
of the trough alone are to be taken, the Na refers to the half-alver plate alone. 
If the solution is in question, Na refers to the half-silver and the trough walls 
taken conjointiy and in place. The trough is, of course, not to be moved; 
but some adjustment is needed when the liquid is introduced, which mars 
the absolute result. In series 5 a glass plate e>»o.293 cm. thick was sub- 
merged in the solution without readjustment. Hence of the resulting re- 
fraction 293/563 B 0.5024 belongs to the glass and 270/563 « 0.4796 to the 
solution surrounding it. Table 16 contains ten series of results with the 
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Tablb 27. — Refraction of glass and of mercory-ix>tas8ic iodide solutions. New trouEh. 
Glass walls, f«>o.28^ cm. thick, each; solution, £-0.563 cm. thick; X—23/X*. 
Figure 68 is an exhibit of the more important of these results. 



Series. 


Praun- 
hofer 
line. 


XXio» 


iV.Xio> 


AN 


M-i+ii: 


aivxio* 


3X10" 


(i) Glass plate. 
«-o.566 


B 
C 
D 

£ 
b 
F 


CfH» 

68.7 

65.63 

58.93 
52.70 

51^77 
48.61 


cfn» 
8.1 

9.7 

^14.4 
•20.8 

22.0 

26.6 


cm, 
0.3247 

.3263 
.3306 

•3364 
.3375 
•3416 


0.5737 
•5766 

.5841 
.5943 
•5963 
.6035 


cm. 
B£, 117 
Cb, III 
DF, no 

••• 

■ ••■•■•a 


465 
465 
4.78 


(2) Dilute solu- 
tion 


B 

C 

D 

£ 

b 

F 


Same 

* as • 

above 






0.2855 
.2899 

•3031 
•3237 
.3281 

•3466 


0.5071 

•5149 
•5384 
•5750 
.5828 
.6156 


B£, 382 
Cb. 382 
DF, 435 


15.26 
16.01 
19.00 




(3} Glass plate. 
e=o.566cnL.. 


B 

C 

D 

£ 

b 

F 


Same 

> as • 

above 






0.3178 

.3194 
.3237 
.3295 
•3305 
•3346 


0.5616 

•5643 

.5719 
.5822 

•5839 
•5912 


B£, 116 
Cb, III 
DF, 109 


463 
4.63 
4.74 


(4} Stronger 
solution 


B 

C 

D 

£ 

b 

F 


Same 

as 
above 






0.3098 

•3151 
•3304 
•3548 
•3598 
.3828 


0.5503 

•5597 
.5869 

.6303 
.6391 
.6800 


B£. 450 
Cb, 446 

DF, 524 


17.99 

18.75 
22.89 


(5) Glass plate in 
solution 4. 
e« 0.293 cm... 


B 

C 

D 

£ 

b 

F 


Same 

> as < 

above 






0.3077 
.3110 

.3207 

•3356 

•3387 

.3517 


.05465 

.5525 

•5697 
•5962 

.6016 

.6247 


BE. 279 
Cb, 276 

DF, 309 


II. 16 

"•59 
13.52 

• • • • • 


(6, 7) Glass plate. 
««« 0.566 cm... 


B 

C 

D 

£ 

b 

F 


Same 

as < 
above 

1 


8.0 

9.7 

14.5 
21.0 

22.2 

26.8 


•03193 
•3207 
•3249 
■3307 
•3315 
.3357 


0.5641 
.5666 
.5740 

.5843 
•5858 

•5931 


B£, 114 
Cb, 107 
DF, 108 


4.53 
4.48 
4.69 

• • • • • 


(8) Strong solu- 
tion 


B 

C 

D 

£ 

b 

F 


r 

Same 

' as < 

above 






0.4474 
•4582 
.4916 

.5474 

.5585 
.6140 


0.7947 

•8139 
.8732 

.9723 
.9920 

1.0906 


B£, 1000 
Cb, 1003 
DF, 1224 


39.94 
42.03 

53.47 




(9) Strong solu- 
tion 


B 

C 

D 

£ 

b 

F 


Same 
> as 
above 

• 






0.4474 

.4584 
.4918 

•5476 

.5589 

.6135 


0.7953 
•8143 
.8736 

.9727 
.9927 

1.0897 


BE, 999 
Cb, 1004 
DF, 1216 


3990 
42.06 

53.14 




(10) Dilute solu- 
tion 


B 

C 

D 

£ 

b 

F 


Same 

> as < 

above 

< 






0.3255 
.3309 
.3487 
•3764 
•3824 
.4088 


0.5782 

.5879 
.6194 
.6687 

•6792 
.7261 


BE, 509 
Cb, 514 
DF, 601 


20.32 
21.56 
26.25 





* Circles. 
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same txougb but with diffef^ent solutiofis, dilute and nearly coooentratecL 
To place the trough normal to the beanti, the reflection of the latter from 
the face of the trough was made to coincide with the spot on the half-alver. 
This is inadequate for fine woric, but the interferometer method of retro- 
gressing fringes is not applicable unless the trough is separately mounted. 
Prom the data obtained the constant B was computed from pairs of Praunr 
hofer lines, B and E, C and b, D and P. Apart from the efiEect of the thick- 
ness #, it should be correct in case of the solutions to about a few tenths per 
cent. In case of the conce n trated solutions, however, the dfipses already 
begin to move sluggishly and are mudi smaller. 



•8 -^ 




H 66 6S 70 



Prom li'-i+iB/X* and B, the corresponding indices of refraction in table 27 
are easily computed; but these data are of little value here, because the thick- 
ness # of the ordinary plate-glass used is not constant to the degree necessary. 
It is, however, worth while to exhibit the B for the different mercury-iodide solu- 
tions in terms of either 11 or, what is equally serviceable and more convenient, 
in terms of fi^-i+K; for this quantity is directly given by the displacement 
measurement AN/e. If we r^;ard the mean B for the B to B lines, and C to 
b Unes as applying to the D line, the codrdinated values are: 

W (4) (8) (9) (10) 

A<-i+ir 0.53S4 0.5869 0.8732 0.8736 0.6194 

BXio" 15-63 18.37 40.99 40.98 20.94 

For sdutions of small concentration the ratio of B and ii^i+K dianges 
but slowly (29 to 34) as shown in figure 69, so that B may be predicted from 
the latter, always remembering that our equation with two constants (ji^A 
+B/V) is inadequate at the outset. 
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To take the case of the submerged glass-plate series 5, if ^ be the thick* 
ness of pkte and ^' of sohition, so that e'H-^"*^, the thickness of trough, 



e 



Thus, 0.5204 of the data of series (3) added to 0.4796 of the data of series 
(4) should reproduce series (5). The results are given in table 28. 



Table 28. 





B 


C 


D 


£ 


b 


P 


^ Computed 

5 Found 

Difference — 


0.5561 
.5465 


0.5621 
.5525 


0.5791 
.5697 


0.6052 
.5962 


0.6104 
.6016 


0.6338 
.6247 


.0096 


.0096 


.0094 


.0090 


.0088 


.0091 



These difiEerenoes are nearly constant and due to the orientation of the 
glass plate with which »its effective thickness (assumed 0.293 cm.) will vary. 

55. Conclusion. — It appears, therefore, that the expectation of recognizing 
the equality of refraction of a submerged solid and a solution, at any given 
wave-length, bom the fixity of the fringes in the presence and absence of 
the solid has not been fulfilled, at least for the mercury-potassic iodide solu- 
tion. The reason is found in the enormous difference of the dispersions of the 
solution and ordinary glass. When the ellipses are not displaced, m-*m'^ 
2{B^—B)/\\ and this difference may even approach a unit in the first decimal 
of M- The troughs in which such e^qperiments are to be made must be optically 
plane parallel, as otherwise an inadmissible error due to thickness of plates 
is introduced. With such a trough, however, the ease and accuracy with 
which the dispersion constants may be found, at least for the solution, are 
noteworthy. 

When the solution is more refracting than the g^ass, it is curious that the 
ellipses are not seriously distorted or vague, even when the symmetrically 
submerged solid is lenticular. Hence the equation just stated is available 
for a wide variation of form. Furthermore, if AiV is the displacement at 
the micrometer corresponding to the presence and absence of glass of the 
thickness e, 

2 6N 

But as /> B' ^or the solution are known, m and B ior the glass may both be 
computed from observation at a number of wave-lengths, X, provided m"" 
A +B/\* for glass, which is su£Giciently nearly so to the fourth place of decimals. 
Hence if AN/e+i/+2B'/\*-^x is known. 



jB=-- 



x^x 



3(i/X»-i/X'«) 



PTER V. 



mstants in physics may be found from 
w-ntrng rfjinrms of Hquid. This IS, fOT 
i^ieiiment d Dukxig and Petit od the 
if one of the tubes is subject to a ^ledal 
is, t*™ force in its bearing oo the Uqmd 
Dg dtSerence of heads of the cc^umns, 
tiy a T"" g"^""g tfHr ftnH the effect of 
nid in question (t^., the susceptibiUty) 
SKtrfscc by the prespnop anH absence of 
jrtfa vdnle, therefore, to test iriiether it 
tisplaoexDents of this Idnd by r«'g3"g the 
ment interfenxneter axially ftrowgfc the 
■asore the differential effects in questaoa 
nts frf fringes. 
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srometer. — ^The interferometer first used 
>ed above (^ a, fig. 3), B, figure 70, being 
eter and 1.5 indies thidE, cm irinch the 
rably both on micnnneteis) are securely 
^ and dastic fine adjustment for hori- 
of parallel vdute rays L arrives from a 
OQ the half-silver plate H, to be reflected 
jle 9 (about 60°), thus furnishing the two 
ose the Umbs of the U-tube. 
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The vertical oohmms of this tube are shown at C and C (with aooessoiy 
nurroTB removed), and they are joined to the capillary tube p near the bottom 
o£ C and C. Details will be given in connection with figures 71 and 72. 

The ray HM strikes a minor symmetrically at 45^ to the vertical bdow C^ 
is thence reflected upward along the axis a, striking another minor above, 
also symmetrically at 45^ and parallel to the fonxier, whence it is reflected 
to the opaque mirror M. The latter reflects the ray nonnaUy back, so that 
it retraces its path as far as //, by whidi plate it is now transmitted to be 
observed by the telescope at T. Similarly the transmitted component ray 
HN is guided by suitable reflectors at 45^, so as to take the path Ha'Na'HT, 
thus passing aadally (aO through the tube C 

It is necessary that the U-tube CpC' be mounted independently of the 
block B on suitable bracket or arm attached to the pier. Otherwise any 
manipulation at N will disturb the surfaces of water in C and C. Ordinary 
clamps admit of raising or lowering or rotating CC satisfactorily, always 
providing that it shall not touch B. The telescope at 7 is also mounted apart 
from B on the table bdow. The direct-viaon prism grating g is placed im- 
mediately in front of the objective and swiveled as described in figure 64, 
Chapter IV, so that either the white slit images or their spectra may be seen 
in the field of view, according as ; is rotated aside or is in place. 

In figure 71 a front sectional elevation of one of the shanks of the U-tube 
18 given with all appurtenances, and a similar sectional elevation at right 
angles to the former is added in figure 7a for the top of the tube. In figure 71 
the mirrors m' and m are on horizontal axes and the component ray coming 
from behind the diagram strikes m' below, is reflected axially upward through 
CC, impinging on the mirror m (also on a horizontal axis), whence it is reflected 
horizontally toward the front of the diagram. The ray a and mirror m are 
given more dearly in figure 72. The lateral capillary tube appears at p and 
the tube C is dosed bdow with a plate of glass e, cemented in place. 

To mount the mirrors m, m\ snugly fitting rings r and / endrde the tube 
C near its top and bottom and can be fixed by the set-screws ^ and s'. In 
virtue of these rings, the mirrors m, m' may be rotated at pleasure around 
the vertical axis a of CC. The horizontal axis of the mirrors m, m' rotates 
at pleasure in the vertical arms il, A' oi square brass tube. il,il'intummay 
be slightly swivded about the horizontal axis b, b\ in a rigid lateral projection 
of the rings r , r'. Thus m, mf are capable of rotation around three axes normal 
to eadi other and adequatdy damped in any position. 

The component ray HN may be adjusted to the center of the lower mirror 
m' by placing the collimator L and then guided axially by m', m, iV as described, 
each being adjustable. The component ray HM may be similarly adjusted 
to the center of the lower mirror tnf (at 45^) by slightly rotating the half- 
silver plate H (on horizontal and vertical axes) and then guided axially by 
lfl^ m, M. As a whole the adjustment is difficult, though it need not be mudi 
refined. Clear ^dute slit images in the tdescope T are an adequate criterion. 
In the absence of a liquid in CC, figure 71, the fringes are easily found after 



REVERSED AND NON-REVERSED SPECTRA. 109 

careful pietinmiary measurement, and they are strong and satisfactory. 
When this adjustment is given, the presence of liquid in CC, if the two cohimns 
are of nearly equal length, does not much modify the adjustment. In fact, 
the fringes were found much more easily than I anticipated, and in quiet 
surroundings they are strong and fine. It is necessary, however, that the 
tube CC should be of sufficient width to avoid all curvature due to capillarity, 
at least in the axis. Tubes 2 cm. in diameter and 10 cm. long of thin brass 
were first tried, but proved to be too narrow. No sharp slit images could be 
obtained with reasonable care as to setting the mirrors. Thereafter tubes 
4 cm. in diameter were used, but even these are somewhat too narrow. Slit 
images, however, were sharp and parallel and could be easily brought to 
ccnncide. 

With the wide tubes, however, the mobility of the liquid in CC increases 
enormously, so that only under exceptionally quiet conditions could the 
fringes be seen, and never quite without quiver. The wind beating on the 
house, for instance, threw them nearly out of view, so that only a suggestion 
of their presence remained. In spite of the very promising beginnings, there- 
fore, it became a serious question whether, with the apparatus as here devised, 
the pmposes of the research could be reached in this laboratory. 

Finally, the flickering of the arc lamp may be a grave inconvenience; for 
if the columns C, C as usual are virtually prisms, the coincidence of spectra 
will for this and other reasons be destroyed by the displacement of the arc. 

58. Equations. — Some estimate of the increments to be anticipated may 
be given here, and expressed in terms of the Dulong-Petit e]q)eriment. If a 
is the mean coefficient of expansion of water at the temperature in question 
and AH the increment of the head H corresponding to the temperature 
difference A^ between the columns, 

(i) AH'^oH^ 

Again, if AN corresponding to AH is the displacement of centers of ellipses 

at the wave-length X, and M the index of refraction of water, so that M "■ '^ +'BA^ 
nearly, 

AN 

Hence At may be computed as 

AN 



(3) ^ 



(M-i+2B/X«)aH 



Since the value of AN is within lo"^ cm. and H^ 10 cm. in the above appa- 
ratus, we may further write at mean temperatures (25^) 

a=2.sXio-* M= 1-333 JB«io-"X3.i 2jS/X*«=o.oi8attheZ?line. 

Thus M— i+2-B/X*=o.3Si and A^=io-*/o.35iX2.sXio^Xio=o.ii4*. In 
other words, in case of tubes 10 cm. long, the effect of a difference of tempera- 
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ture of about o.i degree between the tubes should be easily observable by 
mere displacement, ^Miiereas a difference of less than 0.03 would be equivalent 
to the passage of one interfeienoe ring. 

Again, from equation (3), if AA^-> lo*^ cm., then AH* 10-^/0.351 *» 10-^X2.8 
cm., or about 9X io~* cm. per vanishing interference ring are the displacements 
to be anticipated. These are equivalent to pressures of about 0.3 and 0.1 
dyne per square centimeter. 

99. Obicrvatioiis. — ^A large number of observations were made with the 
apparatus described, but as under p resent surroundings the fringes always 
quivered violently, no quantitative results of value were obtained. Naturally 
such experiments imperatively demand a laboratory remote from traffic, since 
the undulation of mobile liquid surfaces is introduced in addition to the tremors 
of solid appurtenances. 

An attempt was made to register the pressure near an electrically charged 
point, but no results could be obtained. Again, though the attraction of an 
electrically charged surface for the free surface of water in either tube was 
recognized, on using adequately high potentials to measure the forces the 
surface became troubled and the fringes vanished. In this case, if p is the 
pressure, V the difference of potential in volts, and d the distance apart of 
surfaces in centimeters,/— 4.4Xio-^X(V^/d)* dynes/cm.* if /=o.3 can just be 
determined by the displacement method, and if V»So volts (roughly) is the 
smallest potential difference discernible for quiet fringes. Finally, Dulong 
and Petit's experiment gave very definite r^ults even for small ranges of 
temperature, subject to the conditions stated. 

By surrounding the top of the tube C, figure 71, with a dose-fitting helix, 
the upper face of which reached just below r , while the surface of liquid within, 
w, lay at its center, an attempt was made to detect the susceptibility k of 
water, etc. If the field of the coil be written roughly H^o,\Tin/l^ where % 
is the current in amperes, n the number of turns, and / the length of the helix, 
we n:iay write 

Since p— x, the increment of head, A, becomes 

6h - kIP/g = {o.Anw/l)Vk/g 
Hence if roughly k^icr*, g» 10', f » i am., n/l^^s as in the helix used, 

A/i = 44*X lo"* = 1 .9 X lo"* cm. 

Thus if i»io amperes, A/rsaXio-^ cm., nearly, and easily determinable by 
the displacement of ellipses, or from interference rings. The experiment was 
tried, but the quiver of rings was such as to admit of no decision. In case of 
the magnetic solutions, ib is of course much larger; but under the circumstances 
it did not seem worth while to attempt further work. This will be done with 
other apparatus in the course of this paper. 
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60. Jamin's interf ^ometer.— The ease with which the Michdson inter- 
ferometer may be adjusted and its remarkable adaptability have led to its 
geoeral preference over the older form of Jamin. Nevertheless, the latter 
furnishes two parallel rays which for such purposes as the present are desir- 
able. Hence if the four faces of the interferometer be separated in the manner 
suggested by Mach (shown in fig. 73), a very available form of interferom- 





eter is obtained. Here M and N are half-silvered plates, M' and N' the 
opaque mirrors. The white light L impinging from a collimator thus fur- 
nishes the two component beams ac and bd, which are observed with the tde- 
soope at r, after passing the direct-vision prism grating g. If either mirror 
M' or N' is displaced a distance e, moving parallel to itself, the path-differ- 
ence 2^ cos 9 is introduced with the corresponding shift of ellipses. The 
U-tubes C, C, with their helices H; H\ and connecting pipe p are now con- 
veniently installed as shown. But the trouble with the arrangement is the 
difficulty of adjusting the four surfaces. Not only are the centers of ellipses 
liable to be remote from the center of the field, but it is often hard, without 
special equipment, to even find the fringes. 

U, however, the device which I suggested in the preceding report is adopted — 
i.e., if (fig. 74) the half-silvered plates M, ^ are at the ends of a single 
strip of plate-glass, so that rays terminating in M.M'NN' after adjust- 
ment necessarily make a rhombus-like figure symmetrical to MN — the fringes 
are found at once; for they appear when the white slit images in T coincide 
horizontally and vertically and the rays bd and cd intersect in the common 
point d. Hence the mirrors M^ N' should be on carriages £>, F, adapted to 
move on parallel slides 5, S'. M , N may also be put on a carriage E, though 
this is not necessary. 5, S' need not be parallel \o ac or bd. If the mirrors 
M' and N' are wide, considerable latitude of adjtistment is thus obtained. 

If MN is half-silvered on the same side (t.e., toward N') a compensator is 
needed in oc or cd if path-difference is to be annulled (symmetry). If, how- 
ever, M is half-silvered on the N' side and N on the M' side, no compensator 
is required. In the latter case, however, if ordinary plate-glass is taken, M 
and N are not quite parallel and the ellipses will be eccentric. This, however, 
is not necessarily a disadvantage, unless the strip MN is excessively wedge- 
shaped. 
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The etUpees obtained axe usually long vertically — ».#., quite eooeatric — 
so that the fringes soon become straight and the rotation is extremely rapid 
whenever the center of ellipses is out of the field. It is therefore possible to 
adjust relative to horizontal fringes (parallel to the shadow of wire across 
slit), as these incline very obviously for a displacement of less than lo*^ cm. 
and rapidly become vertical. For this reason it makes little difference in 
practice whether the half-silvers are on the jc 

same or on opposite sides, or ^riiether obser- /iri c' 

vation be made at r (erf prolonged) or at T' ^' I ' ^ ' i ^ ^" 

(M prolonged). Moreover, the plate MN ^ 

may be conveniently constructed, as in figure « i ^ i ^^ 

75, of two mirrors m, n, attached to the dear ^ ' . '*^ 
strip of plate-glass ^ by aid of strong steel 76 

clips at c, if. "^th the half-silvers 5, /, on the same side, the wedge-angle 
of the glass is excluded. For shorter diagonals, the plan of figure 76, with 
the silver surfaces ^, sf held together by dips at c, is preferable. 

If the mirror M^ figure 74, is displaced a distance €, where a glass-plate 
compensator of thiclmess E and refraction constants m and B is introduced 
nonnally either into ob or M, the equation is easily seen to be, at wave- 
length X, 

jE(m-i)+2BA*-2^cos « 

where B is the angle of reflection at Af . Using the plate £^0.434 cm. treated 
above, the first member is 0.2428 cul Values of 9 of 0.2420, 0.2409, 0.2427 
were roughly obtained. Hence the mean value of 9 should be about 60^, 
as it actually was. 

The occurrence of this angle and the shift of the beam hd along the mirrors 
M' and U axe the main objections to the method of figure 74, for the rhom- 
bus is not necessarily perfect. If the ends of the plate MN are silvered on 
the same side, the compensator must have double the plate-thidmess to 
annul path-difference. Finally, the half-silvering does not, for large 9, suffi- 
ciently exdude the reflection of hd from the naked face of the plate, so that 
the fringes are never quite blade. These difficulties may be met by making 
MN, figure 74, the shori diagonal of the rhombus and using the strip, figure 

76. In sudi a case 9 at Af ^ is small, and in view of the nearly normal reflec- 
tion at M and N relativdy little reflection comes from naked glass, sliding 
is largdy avoided, and no compensator is necessary. In this case the fringes 
for no path-difference are actually strong black horizontal lines on a colored 
ground and far enough apart that o.i fringe could easily be estimated. A 
test experiment with the above plate showed ^=0.1244 cm., corresponding 
to the small angle ^, a little over 12^ 

When the U-tube C C\ figures 71 and 74, is introduced, the strip MN will 
have to be at a considerable angle (about 45^) to the horizontal, so as to 
raise the N end about 15 cm. above the M end, corresponding to the height 
of m above m' in figure 71. The new condition, however, in no way dianges 
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the general prooedure. In case ci figure 74, the nurror N' must be high and 
Af ' low. This is usually less conveuient than the case when both mirrors 
are high (C placed at (?) or where both nmrors are low (C' placed at C). 
In the former case, again, the rays have considerably diverged in a vertical 
plane and the fringes are less marked. If C is at G' the whole of each com- 
ponent beam may be caught and passed through the respective shanks of 
the U-tube. The fringes are strong, easily found, and large, so that the cen- 
ter of ellipses is not far outside of the field of the telescope. It is obvious 
that to facilitate adjustment the mirrors m and m', figure 71, must be nearly 
parallel. They are made so by the aid of a broad beam of sunlight and then 
clamped firmly in position at about 45^ to the respective axis of the U-tube. 

Finally, if the coimectibg-tube p is nearly horizontal when in place, the 
fringes are usually found at about the same position of the noicrometer (at 
MO after the liquid is introduced into the U-tube. Here it is advantageous 
and usually permissible to make a part of the connection p of flexible rubber 
tubing. But unless the free surface w, figure 71, is very nearly parallel to 
the plate e, the center of ellipses is liable to be far outside of the field of the 
telescope and the fringes correspondingly small. The difficulty of adjust- 
ment for large fringes is now con^derable, because of the two mobile liquid 
surfaces in the U-tubes. For this reason I did not attempt to make measure- 
ments, although the fringes themselves were surprisingly steady and strong 
and would have been quite available, apart from laboratory tremors. Slight 
dianges in density, due to solution or temperature changes in one shank of 
the U-tube, were well recorded, after stirring, with curious effects of surface- 
tension and viscosity. 

The fringes being very dear, a number of other promiscuous e3qperiments 
were tried. Thus, a tube with plate-glass ends and fiUed with water was made 
the core of a powerful magnetic heUx. The tube, 26 cm. long, was placed 
in one of the component beams and compensated by a column of glass in 
the other. Good fringes were easily found; but not the slightest displacement 
could be detected by alternations of presence and absence of the magnetic 
field. The water was now replaced by a solution of nickel sulphate. Fringes 
were again easily found and strong in the green, but the effect of the magnetic 
field was quite as inappreciable as before. Magnetic fields were thus totally 
ineffective. 

In a set of experiments of a different kind the attempt was made to observe 
the gradual deposition of silver on plate-glass. Bottger's solutions were 
poured into a plane-parallel dean glass trough normal to one of the component 
beams (cd, fig. 74) and compensated by a plate of glass in the other (bd). 
Large fringes were produced by setting the micrometer and observed during 
the formation of the two silver films on the opposite faces of the trough, until 
they became quite opaque. It was astonishing to find that fringes were still 
&dntly visible long after a highly reflecting mirror had been deposited. But 
no displacement larger than a fraction of a fringe could be detected, showing 
the extraordinary thinness of the silver film even when practically opaque. 
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Smilarly, the silver deposit on plate-glaas was removed in parallel strips, so 
that the film had the appearanoe of a grid. The results iriaea this plate was 
placed normally in one of the component beams were the saaoe. 

61. Vertical displacement of ellipses. — ^If the fringes are too small when 
horizontally centered by the micrometer, the center of eUipees may be brought 
into the middle of the field of the telescope by sliding one campooent beam 
vertically over the other without I4>preciably changing the direction of the 
rays. In other words, one illuminated spot at d, figuxe 74, is to move vertically 
relative to the other by a small amount. This may be done by placing a 
thick plate-glass compensator, sudi as is shown in figure 77, in each of the 
component beanos abd and acd and suitably rotating one plate relative to the 
other, eadi on a horiwowUd axis. Very little rotation is required* In the same 
way dliptical fringes may be changed to neariy linear horizontal fringes 
when desirable. If the fringes are to be idiarp the sUt must be vesy fine. When 
sunlight is used with a slit not too fine, each of the coincident sodium lines 
{DJ)ti frequently shows a sharply defined helical or ropeJike structure, the 
dark parts in step with the fringes of the spectrum. It looks like an optical 
illuskm of glft^^^E lines or a shadow interference of two grids (fringes and 
sodium lines respectively); but later e^)eriments showed it to be an inde- 
pendent phenomenon. (C/. fi 63 «< seq.^ 68, 70.) 
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The fia:st result is particularly interesting, inasmuch as it is thus posable 
to displace the centers of ellipses not only horizontally as usual relative to 
the fixed sodium lines in the spectrum, but also vertically relatively to the 
fixed horizontal shadow in the spectrum due to the fine wire across the slit. 
The following experiment was made to coordinate the vertical displacement 
of the component rays and centers of dliptic fringes: A ^ass plate d>-o.7os 
cm. thick was placed nearly normally in the beam ac, figure 74, and provided 
with a horizontal axis and graduated arc. The amount (0 of rotation of the 
plate, corresponding to the vertical displacement of one central fringe in the 
tdescope (f.e., passage of fringe a into 6, into c, in the duplicate spectrum 5, 
fig. 78), was then found to be, if f is the angle of incidence, 

% k 

No fringes 5.5* 0.0149 cm. 

One fringe 5.0* .0214 

Twofrii^ 6.5* .0281 

where li is the corresponding vertical displacement of the rays oc, figure 74, 

and computed from (m index, r angle of refraction) 

/t = J(sin i— cos i tan r) 
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Thus the vertical displaoement of rays corresponding to the vertical semi- 
axes of the central ellipse or one fringe is between 0.0065 and 0.0067 cm. — 
f.^., on the average below 7X10"* cm. Hence h^NXo.ooj for N such central 
fringes. It was difficult to get a closer result, owing to quiver. 

The interesting question is now suggested, in how far such an arrangement 
would fall short of being able to exhibit the drag of the ether in a rapidly 
rotating body, should such drag occur. In figure 73, let ap he sl cylinder of 
glass with plane-parallel ends, capable of rotating on the asde 7^. If / is the 
length of the cylinder, ft its index of refraction, and r the distance of either 
component ray (ac, bd) from the axis 7^, n the number of turns per second, 
and V the velocity of light, we may write, using the above excessive estimate, 
N being the number of fringes displaced, 

h-^}iNXo.oo7^2wnrlfi/V 
since ac rises while bd falls. If 

n«2oo, f— 10 cm., /» 100 COL, V=3Xio**, fi^^^'S* 

6.3X.Xio^XioXio^Xx.S,^,3^ 

3.sXio-»X3Xio" ' ^ 

It would thus be necessary to estimate about one-sixtieth of a fringe, which 
is just beyond the limit of certainty, even if nr can be increased and / multi- 
plied by reflection. The device suggested is nevertheless of interest and 
deserves further conaderation« It will appear much more promising in 
connection with the achromatic fringes described below. 



62. Displacement interfefometer. Jamin type. — ^These considerations 
induced me to devote further study to the Jamin type of interferometer 
(%• 73)* 'Hie mirrors M, N^ were put on one pair of long slides (1.5 meters 
loi^) parallel to ac and the mirrors Jlf' , N on similar slides parallel to the 
former. In this way any distance ac or bd was available. The beams were 
about 16 cm. apart, corresponding to a normal distance between the end 
mirrors {NN\ MM') of about 12 cm. But these distances could also be 
increased from nearly zero (M and M' nearly contiguous) to about 20 cm. 
in view of the width of mirrors used. The angles at a, 6, c, d were each about 
45^ so that a rectangle of rays is in question. (See figure 88 or 93 below.) 

The adjustment proved eventually to be greatly facilitated by using a 
horizontal beam of sunlight with weak condenser-lens and collxmator. A thin 
wire is to be drawn across the slit. M and M' are first set for parallelism in 
the absence of N and N\ by adjusting the images of the slit at the same level 
(horizontal) on a distant wall. The images or shadows of the wire specified 
on the wall are to be equally far apart, with the beams ac and bd at the minor. 
The mirrors N and N' are next put in place with the distances acd and ahd 
about equaL The two images seen in the telescope at T (g removed) are then 
made to coincide both horizontally and vertically by adjusting N and N\ 
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and these are then sHd by a small amount on their slides (directiQa ac) until 
the rays are coincident at d to the eye (Ught strips on the nmnor coincide). 

If, now, the grating g is inserted, very fine oblique fringes will usually be 
seen. These may be enlarged to a maadmum by moving the mioometer 
controlling the displacement M' normal to itself. Somewhat coarser horiwofUal 
lines are thus obtained. 

Finally, the distant centers of the ellipses are brought into the center of 
the telescope by aid of the thidc glass compensator, like figure 77 (the equiva- 
lent air-path of the other ray being correspondingly lengthened) by rotating 
the glass plate on a horizontal axis.* It is desindide to have an excess of glass- 
path in one beam, as otherwise the ellipses are so large as to be unwieldy. 

The ellipses so obtained with onrnmon plate-g^ass and a fihn grating at g 
were magnificent. A rough test of the displacement interferometer was made 
by using the above plate-{^^ of thiclmess £^0.434 cm., where g^E(ji—i) 
4-2B/X*— 0.2428 cm. In two experiments agreeing to within lo"^ cm., ae^ 
0.3448 COL were the displacements obtained. Assuming that 9'*45^ 2e cos 
^0.2438 cm. This agrees with g as nearly as may be expected, unless $ is 
specifically noeasured. 

Experiments were now made (as above) with thick phLte-^ass compen- 
sators inserted in one component ray (bd) only, to determine the rotation of 
compensator {1?) necessary to raise the center of elHpees in steps of half the 
diameter of the first ring (see a, 6, c, fig. 78). The initial angle i isalready 
large and shows the rotation of compensator from the vertical needed to 
bring the dlipses into the field. Two sets of exper im ents were made with 
plates respectively J* 0.965 cm. and d» 0.705 cm. in thickness, with the 

results given in table 30. 

Tablb 30. 



Experiment I. 


d 


• 

* 


h 


Ah 


0.965 cm. 


9.0* 

lO.I 

11.4 


0.0529 cm. 

.0596 
.0676 


0.0067 <^* 
.0080 


Experiment II. 


d 


• 

t 


h 


AJk 


0.705 cm. 


2.6^ 

3-3 
3.9 


0.0100 cm. 

.0139 
.0165 




0.0039 
.0026 



The equation of the preceding section is used for h. The first case shows 
about the same order of sensitiveness (AA per half-ring). In the second case, 
for the thinner plate, the sensitiveness has been more than doubled. This 



* The same result may be obtained in the absence of the compensator b^ rotating N and 
N' <m 9L horizontal axis, successively by small amounts, into parallelism with M and if'. 
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is in a measure not tmeicpected, becatise the amount of displacement, caei. 
par, {ije.f the mobility and size of elHpGes), increases in marked d^;ree as the 
plate campensator is thinner. But apart from this Aft is in some way, yet 
to be stated, associated with the obliquity of rays in a vertical plane. 

Li case of the rotating compensator, vertical and lateral displacement of 
centers of ellipses go together. It is therefore next in order to determine the 
ratio of vertical and lateral displacement. 

The equation deduced in § 8, which follows eaaly from figure 77, may be 
put in the form (for a sii^le passage of light through the plate) 

nX = 2e(sinHy 2 — /* sin* r /2) 
or into the approadmate form for small angles 

From the former equation 

di X 



dn tf(ant— cost tan f) 



or approximately, again, 



di 



Xm 



dn e(ji^ i)i 

Hence, if At corresponds to x fringes, 

di X/A 
Ai=arr «=« ":: . roughly 



dn ei(ji— 1) 

Again, for the corresponding normal displacement AiV of the micrometer at 
the opaqtie mirror, 

Hence 



x\^2^co& $ 



eiipL-- i)Ai 2ANCOS 6 
*" \ii " X 

The data given in table 31 were found from successive positions of the plate 
e^o.yos cm., while the center of ellipses moved as in figure 78, at the D line. 

Table 31. 





Center at 


loW 


io*AN 


X 




• 

t 


A* 


X 


Bottom 

Middle 

Top 

Bottom 

Middle 

Top 


13.6** 

12.5 

11.5 

7-5 
6.7 

5.9 


• • « 

I.I 
i.o 

• • • 

0.8 
0.8 


• ■ 

18 
15 

• • 


19 cm. 
28 

35 

III 

"5 
119 


... 

9 

7 

... 

4 
3 


... 
22 

17 

... 

10 

8 


^-45\^. 
«=i.27tA* 
X— 24,oooAiV 

io»X-59;m-i.53 



In view of the small values of AN and Ai and the estimated m and 0, the 
two sets of values of a; are no more divergent than would be expected. The 
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values of i are very different in different adjustments, because the eUipses 
may also be raised and lowered by rotating one cl the opaque mirrors, as Af , 
around a horizontal axis, though in this case with rapid loss ot sharpness. 
Here the rotation ot both nmrors of a pair, M' and M for instance, by the 
same amount, is required as an equivalent to the rotation cl the compensator, 
as has been stated. The aim is to render both parallel pairs themselves parallel. 
If «X is eliminated firom the two equations on the preceding page, 

I 

^ I — 2 A^ cos ^/«Ai 

The above data are inadequate for evaluating m, but they neverthdess 
indicate a value entirely too low. It seems, therefore, as if some essential 
term has been left out of sight. This is also to be inferred from the values 
of X, which differ systematically on the two ades of the table 31. 

Table 33. — ^Refraction of a glass plate, e*- 0.434 cm. 
M~i.53. Rotation around vertical axis. Jamin 
t3rpe displacement interferometer. ^■•45*. 



• 


AATXiO 


M 


« 

• 


ANXio" 


M 




cm. 






CM, 




+I2.5* 


2.60 


1.56 


-6.5* 


.60 


• • • • 


10.5 


1.65 


1.47 


- 8.5 


1.20 


1.56 


S.5 


1.25 


I.5I 


— 10.5 


1.75 


1.52 


6.5 


.70 




-12.5 


2.60 


1.56 


4-5 


-45 




-14.5 


3*35 


I.5I 


2.5 


.05 




-16.5 


4.60 


1.57 


± 0.0 


.00 




-18.5 


5.60 


1.55 


- 4.5 


.30 












w Sir ioir 



Mr 



In view of the discordant results obtained here and elsewhere with this type 
of rotating compensator, the provisional parts of the apparatus were improved 
by mounting a more accurate graduated circle with vertical axis and tangent 
screw. A good plane-parallel plate of thickness ^» 0.434 cm. and refractive 
index m*°i-53 was th€n adjusted normal to the ray passing throu^ it, by 
noting the position of reversal di motion of the ellipses both when the plate 
was rotated around a vertical and around a horizontal aads. The data of 
table 32 and figure 79 were found while the plate was rotated on its vertical 
axis both in a clockwise and counter-clockwise direction from the normal 
position* In the former case (left side of curve) the normal position showed 
the same constants before and after. In the latter this was not quite the case, 
the micrometer being not sufficiently refined for such purposes. 

The results for il were computed from the full equation 



AN cos 0=*sin'-.f I — J 



They are as good as the small values of AAT and the impossibility of obtaining 
the zero of i with sufficient sharpness admit, and they show that the latter 
cause adequatdy explains all the irregularities encountered. 
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The equatioDS aie liable to be cumbersome in the cases of greatest interest. 
I therefore proceeded experimentally to obtain a limit of AA or A^ per fringe, 
using thinner glass compensators. The results are given in table 33. The 
elHpses were now so large and distorted that it was difficult to define the 
center of irr^:ular rings. The transverse displacement is therefore largely 
lefened to the top, middle and bottom of the spectrum band, which took 
up about one-thiid of the height or diameter of the field of the telescope. 
The angular width of the latter beingabout 3^ the corresponding angular height 
of the spectrum is thus about i.o^. In view of the large rings, moreover, the 
displacement AAT at the micrometer of the mir ror M' is difficult to obtain and 
the data given are estimates. Experiments like the present must be made 
with optic plate-^^ass, so that sharp rings nearly circular may be obtained, 
if the data are to be quite satisfactory. In table 33, A/r thus corresponds to 
a transverse displacement of one component ray parallel to itself, equivalent 
to a displacement of the centers of ellipses of about 0.5^ at the sodium line. 



Table 33. — ^Vertical (transverse) displacement of ellipses. Glass-plate 
compensators |(""i.53. Horizcmtal axis. Angle of telescopic fidd3^; 
angi^ height of spectrum about 1.0^ or 0.175 radian. Vertical 
diameter of first fringe in excess dt height of spectrum. 



Fringe centers at 



Top of spectrcun 

Middle of spectrum , 
Bottom of spectrum 
Bottom of spectrum 
Middle of spectrum. 
Top of spectrum — 

B 

M 

T 

B 

M 

T 

B 

M 

T 

B 

M 

T 

B 

M 

T 



CM, 
0.300 



.300 



0.434 



•434 



•434 



•434 



.020 



0.4' 

1.9 
2.6 

2.3 

X.I 

0.0 



h 



40.8* 
40.2 

39.2 
8.1 

7.6 

6.5* 

5.4 

4.3 

f3.3 
2.6 

1.5 
20.0 

9.4 
-3.6 



Clff. 

0.0007 

34 

47 
.0042 

20 

00 



0.1274 

.1259 
.1217 

.0213 

.0200 
.0187 
.0170 
.0141 
.0112 
.0087 
.0068 

.0039 
.00253 

.00115 

—.00044 



A*Xio* 



Cffl. 

-26 
o 

+13 

+22 
00 
20 



+ 15 
00 

-42 

+ 12 
00 

-13 

+29 

00 

-29 
+19 

00 

-29 

+14 
00 

-16 



AiV'Xio* 



cm. 



o 

7 
22 

o 

o 

2 

o 

2 

7 
o 

4 

4 



The mean result of all data is here about M»o.oo2 cm., and this isnot 
influenced in a discernible way, either by the thickness of plate ^ or by the 
rotation an^e of the compensator i. The smallest value M» 0.0012 cm. 
appears incidentally and not when the system of four mirrors is most nearly 
in parallel adjustment. The transverse displacement of ellipses dianges sign 
with the sign of the rotation of i in all cases and is independent of the normal 
position. The longitudinal displacement reverses at the noraoal position. 
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63. Broad slit intaifereiices. Achromatic fringes. — Some alluaon has been 
made above to a type of xnterf eieooes totally different in size from the regular 
fringes and seen in the broadened sUt. These were finally isolated and show 
ezoeedin^^y interesting p roperties. They appear to best advantage, in the 
absence of the spectroscope, in the broad wlute field of a very wide sHt. The 
latter may be removed. They have the appearance when vertical of r^olar 
Young or Presnellian fringes, very sharp and fine, acbromatically blade and 
white at the middle of the grid, colored and fainter outward. They axe 
vertical when the enormously larger spectrum fringes discussed above axe 
centered. like these, they partake of displacement here through the broad 
white slit image, and this <Usplacement is extremely sensitive in relation to 
the displacement of the opaque minor M' (fig. 73) to which it is due. Thus 
a displacement of AAr» ic^ cm. of the latter corresponds to a march of fringes 
through about 0.017 of the telescopic field of 5^; «>., to 0.05^ This comprises 
two fringes or A^asXio"^ cm. per fringe. Now, these fringes are so 
sharp and luminous that it should be possible on proper magnification to 
measure a few hundredths of this with an ocular micrometer. It is from this 
point of view that I r^;ard the new fringes important. They supply the fine 
fiducial mark in displacement interf erometry for which I have long been 
seeking. They appear in a white field, thus requiring no spectrum resolution 
nor monochromatic light. Moreover, the source of light need not be intense. 

To have a distinctive name for these fringes which will be much used in the 
work following, I shall refer to them tmder the term "adiromatic fringes." li 
not too large, the central fringes are straight and almost quite black and white. 

The displacement of fringes with AA/^ at the xmrtor (when nX« 2AN cos 9) 
is so rapid that if they are lost it is difScult to find them, unless the centered 
large spectrum fringes in the spectroscope are first reestablished. The latter 
are easily found. A removal of the prism grating f , figure 73, and a widening 
of the slit show the achromatic fringes. The datum for sensitiveness may 
be found directly as follows: The displacement at the minors corresponds 
to about two residual fringes. Thus a single fringe (distance apart of the 
intensely black lines at the center which can be distinguished and used as 
fiducial lines for this very reason) corresponds to a di^lacement of mirror 
of A^a=5oXio'*, as above. The white pattern, as a rule, appears but once 
and is not usually present rhythmically, as is the phenomenon in the next 
section for homogeneous light. 

As a due to the nature of the residual fringes, one may note in the first 
place that they may be recovered in the principal focal plane, if the two white 
slit images which may have separated be put in coincidence. Without such 
coincidence they are seen sharply in other focal planes. 

Later, on more careful adjustment as to parallelism by the auxiliary normal 
method described below, periodic reappearance of the achromatic fringes 
was in fact obtained. The central set was exceedingly strong and sharp as 
usual. To the right and left of it similar patterns or groups raxndly decreasing 
in strength were discovered. Not more than two patterns on each side of the 
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oentral set could be seen. The white field between the patterns was several 
times the width of the fringed field. Each group as a whole resembles the 
fringes ot the biprism, as usual, and they differ appreciably only in intensity 
and in their focal planes. It is difficult to account for this periodic reappear- 
ance; but it must be due to reflections at the half-silver surfaces. The reflec- 
tions from the uncovered surfaces are indeed just visible, and naturally, since 
they are duplicates, they also carry the fringes. But they are easily differ- 
entiated by the relative faintness of field and have nothing to do with the 
recurrences in question. 

Ordinary daylight is quite adequate to show the residual fringes in the 
complete absence of the collimator. They are superimposed on the field of 
view (landscape, etc.) and hence will subserve other purposes than are here 
gjven. When the adjustment for parallelism is not sharp, the fringes may 
often be found strong in continuously varying focal planes. 



64. Wide slit Homogeneous light Sodium flame. — ^A further due to 
the nature of the residual fringes will be obtained when white light is replaced 
by homogeneous light. A strong, large sodium flame near the mirror M , 
figure 73, suffices. The fringes now appear of the same 
size in yellow fight, naturally spread over a much 
larger area of field. But on moving the mirror M' 
{AN increasing continually) forward very gradually, 
the homogeneous fringes alternately vanish and reap- 
pear, each time, however, enlarged in size (nearly 
doubled but still straight) until at an intermediate 
position of symmetry enormous round ovals cover the 
yellow field. The fringes then diminish symmetrically 
in the same way. The following data for the microm- 
eter position corresponding to [the clearest demarca- 
tions of fringes are illustrative. At least six periods 
(n) are easily detected on each side of the ovals 
(n = o) . Thus (originally small fringes, vertical, increasing in size to huge ovals) 




» =6 5 4 3 2 I 

AiVXio*=o 49 90 127 171 214 



o, etc. 
243 cm., etc. 



These intervals, since it is impossible to establish the maximtim states of 
presence or absence of fringes quite sharply, are practically equidistant, as 
figure 80 indicates. Thus the mean period of reappearance is AAr=o.o42 cm.; 
or a path-difference of 2AN00S ^=0.059 cm.; or a shift of ray parallel to 
itself {2 AN sin 9 = 0.059 cm.) of the same amount. 

The reason for this rhythm can only be the two wave-lengths of the A 
and Dt lines of the sodium flame, originally detected in the colors of thin plates 
byPizeau. Henoeardativdyenormousshift of inicrometer of nearly 0.5 inm. 
is equivalent to the wave-length interval AX=6Xio-* cm., or AK/AN^6X 
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10-^/43 Xio'*"i*4Xxo'^. Treating the case in terms of the intecfefeooes of 
thm {dates and two waire-kngths, X and X+dX, 

nX^ooDstant, or — ———-for eadi period 

\ n n 

whOe 

\* 
nX-— -aAATcos^ or AAT-XVaAXcw^ 

sinoe (^*4S^ i4>pfoiiinately, 

X"6oXio-*ciXL, AX«6Xio-*cm., cos 0"o.7z, AAT- 0.041 cm. 

agreeing as neaily as may be expedted with the experimental datum. The 
apparatus thus serves incidentally for investigating such p roperties of speo^ 
trum Hues as Michdson in particular has detected. Finally^ with the sodium 
arc the data of figure 81 were found, where black dots denote fringes, open dr- 
des a dear ydlow fidd. The mean trend is about AiV«o.o43 cm* per period 
or wave4ength gained. White fringes coincided with n» 3. 

With white Ught the interference grid does not usually reappear rhythmi- 
cally, nor does it correqxxid to the zero period cf figure 80 — ijt.^ to the ovals 
for sodium U^. It was exactly ot the size of the fourth period, in yellow 
light; it always coincides with the central dlipses of the spectroscope as stated, 
but does not reqpnre sharp horizontal and virtual ootncidenoe of the super* 
posed images. The reappearance of the admmatic firinges obviously depends 
on conditions difEerent from the case cl sodium li^^t. 

In a flash of the arc, showiog many sharp spectrum lines in all colors, each 
of the lines gives evidence of the phenomenon — i^., if the residual fringes 
are oblique, each sudi line is stron^y hdical in appearance. 

If a smgle compensator (s .#., a ^^ass plate in one interfering beam) is used 
and the path-difference annulled, the fringes are visiUe again, but very rapidly 
grow smaller with the increase of ^ass-path. If compensators ot neariy like 
tfiJrVnAfig and ^ass are used in both beams, they neariy neutralize each other 
if at the proper angle one to the other. But there is almost always an out- 
standing micrometeric difference in thidmess Gf ordinary g^ass plate is used) 
ci great importance in modifying the reddual phenomenon. The following 
experiments, for instance, were made with a compensator 0.944 cm. thidc 
intherearando.gsScm. thick in the front beain, both (tf the saineg^ass. The 
half-silver mirrors were 0.7 cm. thick. The wide-dit experiments are supposed 
to start after the spectrum dlipses first to be found (fine slit) have been cen- 
tered. The fringes are always dear and very sharp when the white slit images 
accuratdy ooindde. 

With the compensators A, B at the proper an£^ and rotating in the same 
direction (fig. 83), fringes of very slight enlargement were seen with the lines 
nearly vertical. If the compensators A, B were rotated at a proper pace 
in the opposite direction to eadi other, il, B, figure 83, the fringe / and/' 
giew rapidly smaller and turned toward the horizontal. Since the fringes 
are large drdes and the beams here rise and fall, respecttvdy, while a greater 
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glass thickness is introduced, this lesolt is to be expected. It shows the im- 
portanoe of the differential glas&-path. 

The preceding thick half-silver nurrors (0.7 cm.) were now replaced by 
thinner half-silvers, the glass plates being each about 0.3 cm. thick. The 
fringes after being found had not appre- 
ciably changed. Another pair of half- 
silvers of the same thickness was then 

installed with like results. But now, /^\ \ ^ /^> ft^ 

on adding the compensators (0.044 and a^/ 4^ £!/ O/ 

0.958 cm.) as above, a inartod enlarge- 82 ^ ^ ^ r-.^ 
meat of fringes resulted. Small differ- /* /^ ^ ^ ^ 

ential thicknesses must here have been ^^^ 

accidentally compensated. Opposite rotations, as in figure 83, rapidly pro- 
duced very fine, nearly horizontal fringes ff\ Rotation as in figure 82 
left the vertical fringes nearly intact, but on passing from the position AB to 
A'B* very masked enlargement occurred, as follows: 

Mean angle of glass plates. — 45* o^ +45* 

Mean angle subtended by 
one fringe in the teleflcx>pe. 0.0015 rad. 0.008 rad. 0.0005 rad. 

The compensator plates were now exchanged and the fringes found after 
centering. They proved to be very much smaller, the angle subtended in 
the same telescope being only about 0.0002 radian. The preceding accidental 
compensator has therefore been destroyed by ezdiange. 

On passing through the normal position of one plate in figure 82, the fringes 
usually indine toward one side or the other. Thus there can be little doubt 
that the fringes in question are due to slight difference of g^ass-path or ex- 
tremely sharp glass-wedge excess in one or the other component beam. In 
fact, I found eventually that fringes could be enlarged by rotating the proper 
compensator around a vertical axis. Large fringes (up to 0.002 radian in the 
given telescope) are usually colored and curved and not so available as smaller 
fringes highly magnified. It is in this way (double rotation) that it was pos- 
sible to make the white fringes coincide in order with the ovals of the fringes 
for homogeneous light (»~o), the orders met with above being the n»2 and 
ns4. The fringes resemble those of Presnd's biprism; but as they are seen 
with a wide slit or in the absence of a slit only, as they coincide with the cen- 
tered spectrum ellipses of a fine slit and as they are a definite order (second, 
for instance) of the fringes seen with a flame of homogeneous light, they are 
necessarily referable to the colors of thin plates. 

Hence the equation for these fringes may be assumed to be (as may be 
seen from figure 84, where A and B are the compensators) 

»X=(e— eO (moos (f— a)— cos i) 

when e and / are the thicknesses of the two half-silver plates, ju their index of 
refraction, i the angle of incidence, r the angle of refraction of an incident ray, 
and where a is the outstanding angle between the faces of the differential 
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S^ass wedge, ^— / thidc at the ray in question. The pOGsifaility of throwing 
these fringes into any order of size, their small extent, sharpness, and great 
abundance of light constitute their value for measurement. 

Thus it is furthermore obvious that the achromatic fringes must also be 
obtainable in Michdson's interferometer, in any order of size and in a fidd ot 
white light. Tests were made with this object, b^;innix^ with the fine slit 
and the centered ellipses of the spectrum interferences. Removing the spec- 
troscope and enlarging the slit indefinitely, the residual fringes appeared. 
They were never so strong and dear, however, in any order, as was the case 
with the Jamin interferometer, although many trials with difiEeient compen- 
sators were made. They would not be useful for measurement. Removing 
white light and replacing it by sodium light, the white fringes were found to 
be of exceedingly high order, more than 0.7 cm. of miaometer-scrBw being 
needed before the drdes of the yellow field were approached. The latter 
were very vague and usually not seen in the prindpal focal plane of the tele- 
scope. Since the rays retrace their path in the Michdson interferometer, the 
raising and lowering of the spectrum dlipses is not posable; but the residual 
fringes may be put in any order by changing the differential glass-path of the 
rays. They appear but once, not rhythmically like the sodium fringes. 

The equation for this phenomenon would thus be (since the rays retrace 
their paths) 

ffX" 2^/4 cos (r^a) 

where e is the thidmess of the single half-silver and a its effective wedge angle, 
positive or negative. 




85 



To obtain the circular fringes in Mididson*s interferometer with a wide 
slit and homogeneous light, the rays must rigorously retrace their path — 
i.«., all reflection must take place at the same spot on the half-silver plate. 
When this is the case the fringes, even though obtained with common plate- 
glass and a sodium flame, are beautifully circular and sharp. This is due to 
the fact that so small a part of the plate is used. They are stationary and 
exhibit the Fizean periods due to the doublet DiDt, admirably. With white 
light the fringes are faint and usdess. When the rays do not accuratdy 
retrace their paths — ue., when there are two spots of light on the half-silver 
one or more centimeters apart — the fringes are soon linear and very small, 
as above. 

With regard to the last equation, if N is the difference of normal distances 
to the two opaque mirrors (Af , N) of the Mididson interferometer, from the 
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two respective extremities of the normal to the half-silver, at the point where 
the incident ray impinges on it, the equation may be more completely written 

(i) «X«2^/i cos i?—3iV 

if a is temporarily disregarded. N is independent of color X, but otherwise 

represents the difference of air-paths of the two interfering rays. Prom this 

equation 

.. dk^ X^ 

dn 2e(iJLOosR-0i/cosR){dfi/dk))-2N 

so that the center of ellipses is at X in the spectrum when 

(3) N^Nc^eL cos 1? ^ §) 

\ cosR dX/ 

Furthermore, 

/ N dX X 

(4) 



dN N-Nc 

^ 2€ dfA dfJL 

and n= -r- depends essentially on — 

cos R dK dk 

On the other hand, in case of homogeneous light of wave-length X, 

r . di X X 

(5) T- 



dn 2fi cos R. (de/dt) — 20 tan Roost n\{de/e)/di'-2e tan i? cos f 

where de/di may be either positive or negative. 
Centers occur when 

,,. de e tan/? cost de „ 

(6) — = ^— or —^etanR 

dt M cos /c dR 

Thus di/dn is never independent of X and the centers of equation (6) are, as a 
rule, quite different from those of equation (3). If the angle a is admitted, 
equation (6) takes the form 

(7) T ~^ ^^^ ^ (^ — 2a/sin 2R) 

dr 

The occurrence of the residual fringes for the same adjustment of the 
micrometer as the centered spectrum fringes is thus incidental. To obtain 
the latter the two superimposed spectra of a fine slit must coincide horizontally 
and vertically throughout their extent — i.e., the two linear white slit images 
must coincide. If now the slit is indefinitely widened, there are two vertical 
lines in the superposed broad white images which are completely in coinci- 
dence. In case of ordinary plate-glass the remainder of the images will not 
be mutually in coincidence or generally there can not be coincidence in every 
color. The residual or achromatic fringes are found at and near the line of 
coincidence in question. Hence if either opaque mirror is slightly rotated 
on a vertical axis the residual fringes pass from edge to edge of the broad 
white slit images, 5 and 5', figure 85, of slightly unequal width. Thus if the 
mean breadth is S and the difference of breadth A5=S'— 5, the very small 
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aas^ oorreqxxidmg to AS is measured by the motioD of the fringes over the 
idativdy lurg^ axi^ 5. Hence this is a sensitive method for measuring ancles 
which win be utilized bdow. 

Finally, the cause of displacement is to be given. If the fringes were homo- 
geneous in Ught, they would fill the wbde field and simply wander indistin- 
guishably to or from the center of homogeneous drdes when the micrometer 
is moved. But when white U^^t is used the phenomenon is narrowed to a few- 
fringes systematically grouped about two sharply distinguishable achromatic 
vertical fringes in the middle. The displacement of these is thus aocuratdy 
measurable and they may always be farou^t back to the field of the telescope. 
Moreover, the distance apart of two Uadc fringes must correspond to the 
mean wave-length ot Ug^t — i^., if AN is the displacement of the micrometer 
mirror corresponding to a fringe-breadth for the angle of incidence i (here 45^. 

aAiVco6f""X 
or 

AAT—X/a cost — 6oXxo-*/aXo.707-«43Xio-* cm. 

agreeing reasonably dosely with the above roug^ estimate of A^bsXio*^ cm. 
If we take the equation for the residual fringes in the Jamin apparatus as 

iiX«c(m cos /?— cos 

where €^0^/ is the differential thickness of the compensators and the residual 
angle a is n^lected (fig. 84), 

cK_ X 

dn (m cos /{—cos t) {(U/di+t sin R/fA cos R) 

so that for large fringes the compensators must be so chosen that both c and 
d€/di may be small, where dt/di may be either positive or n^;ative. 
The last equation may be written 

di I 



dn fd€/€ anR \ 
\ di ^ficosRj*^ 

and accounts for the rapid decrease of size of fringes with the differential 
thickness of the plate compensators. 



65. Vertical displacement — ^In conclusion, the rise and fall of spectrum 
fringes (i.e., the transverse motion observed and utilized when a compen- 
sator of the form figure 77 rotates on a horizontal axis) must be considered. 
This method was used above for centering , 

the spectrum fringes. Naturally the actual &. . -? ^^^^^_, ^ 

motion of centers is obliquely upward or ^ .^L ■ > , " 1^ . . , « J*' 
downward, unless the increase of ^ass- ^ ^ ^ 

path is compensated by the nucrometer at the opaque mirror. The rays 
leaving the collimator are paralld in a horizontal plane only. They are 
not collimated in a vertical plane. Hence these rays intersect at the 
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conjugate focus of the objective of the coIHmator, usually somewhere 
between the nurrars Af JIf ' and NN' in figure 73. This intersection is nearly 
in a horizontal Hne, owing to the horizontal width of the ooUimated beam. 
Hence as in figure 86 there are two virtual linear sources of light, a and b, nor- 
mal to the plane of the diagram, the rays from which may be treated for 
practical purposes as capable of interfering, since they come originally from 
the identical slit of the collimator. The effect of rotating the compensator 
(fig. 77) oil A horizontal axis is thus to move these linear sources, a and b, 
through each other vertically, and hence their distance apart may be called 
k, where if d is the compensator thickness, i, r angles of incidence and re- 
fraction at the compensator, fi its index of refraction, 

fc»d(9nt— C06ttan2?)»di neariy 



The fringes will thus be larger as & is smaller (fig. 86), in accordance with 
the equation 

h r 

where x is the distance apart for the distance r and $ the angle between two 
fringes observed in the telescope, for instance. 

Experiments were made to test the last equation by attadung an ocular 
nncrometer to the telescope, so that if % is the distance and r the length of 
the telescope, B is given. The distance between fringes in the same part of 
the field was then measured from different angles cl incidence i at the com- 
pensator. The results were, if X»6Xio'^ cm., r*i9.5 cm. (table 34). 

Tablb 34. 



• 


*Xio^ 


(xA)xio» 


X 


(«/r)Xio^ 


3.6* 
6.6* 
8.6'' 


ocm. 
22 
40 

51 


0.0 

2.8 

1.5 
1.3 


(0.2) cm. 
.05 

.03 
.035 


.... 
2.6 
1.5 
1-3 



These results for 6^\/h and 6^x/r may therefore be considered as iden- 
tical, since the fringes vary in size within the field of the telescope. 

Finally, a displacement AN at the opaque mirror will move the virtual 
sources a and b in a horizontal plane, 2 AN cos I in the direction of rays and 
2 AN sin / transverse to that dixection if J is the angle of incidence. Hence 
b is ttsually found at some point c and moves into </ by the rotation cl the 
cosxkpensator in question about a horizontal axis. The fringes do not there- 
fore necessarily pass through infinite size unless c is at 6, which would then 
pass through a. The condition of maximum sensitiveness in transverse 
displacement is therefore a large fringe-angle $, a condition which requires 
use of optic plate. Fringes subtending i^ would admit of ^"■3.5X10'^ cm. 
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per fringef and that is about the mean value obtained in taUe 33 and else- 
where. In the present mode of treatment merely practical conveniences are 
aimed at. A more uniform method will be given in the next chapter. 

<6. Angular displacement of fringes. — ^Having for other purposes installed 
an ocular micrometer in connection with the telescope, it seemed worth \dule 
to make a direct test cl the equations given elsewhere.* These are apart 
from signs 

dk >^_ ftan*/?/dMV . ^m] 



-ID" 



+s:( 



dNp cos i^ ( M 

When 9i^A+B/\\ X-D (sin i-sin $), and when two plates, the halE-saver 
of thickness # and angles of inddenoe i (constant) and of refraction R, and 
a compensator of thickness E and at normal incidence are included, these may 
be changed to 

de X 



dN. (2B/\*)Doo^$\ e 



^G+ 



2B tan*/?\ 3E 






cos /?V^ ' X* M 

Here d$/dN^ is the displacement of the center of ellipses per centimeter of 
displacement of the normal nucrometer at one opaque mirror of the Michel- 
son device, for the wave-length X. 17 is the grating constant and 6 the an^e of 
difEraction. In the apparatus used D^iOyXio-^ cm., 0»2o^4o' at D line, 
f — 30*^, /?-«i9® S' in case <rf g^ass and 17* 52' in case of carbon-bisulphide 
plates; X« 58.93X10-* cm.; B»4.6Xio"** or 2BA**o.o26s, m=i.S3 (glass). 
Under these circumstances the term 

aB tan* R/\*fi » 0.002 1 
and may be n^lected in comparison with 3. Thus the equation takes the 
simpler form 

de ^ X I 

dN^ "* (65 A*) Dco&9 E+e/cos R 

The values of E and e are given in table 35. The data marked dS/dN^ (com- 
puted) in the table were found from the last equation. 

Taelb 35. — ^Reductioii of sensitiveness bv glass thickness. D^'d/cos r. Incidence at 
f-30*, i{-iip*5' (glass), 17* 52' (CSij, compensators normal. Glass: m"'I*53; CSst 
M - 1 .63. Tefesoope 19.5 cm. Iwig. 2B/\^ - 0.0265. X> ■ 167 X io~« cm. B^ — 20* 40'. 



Detail. 


e 


E 


Glass. 
ed/cosR 


CS, 

£/cosl2 


Total 

E'±E 

+e/oosR 


dx 
dNc 


d$ 

dNc 
observed. 


d$ 

dNe 

com- 
puted. 


Glass+CSi... 
Glass+glass 

Glass 

Glass— glass 
Glass— glass 


cm. 

+0.27tO0.27 

0.695 
.695 
.695 
.695 


cm. 
0.60 
.562 
.0 

.247 
.562 


cm. 
.0 

.735 
.735 
•735 
.735 


cm. 
0.63 
.562 
.0 

.247 
.562 


cm. 
0.63 
1.297 

•735 
.488 

.173 


33 

63 

126 

182 
500 


1.70 

3-2 

6.5 

9-3 

25-64 


• ■ • • 

3.7 

6.5 

9.7 

27.6 



^ Carnegie Inst. Wash. Pub. No. 229, 1915, p. 74 et seq., {{ 40, 41. In equations (13) 
and (18) ik/dNc and d$/dNc should be inverted and D cos B in the latter put in the numerator. 
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If % is the displacement in centimeters in the ocular, B^x/ig,s, the denom- 
inator being the length of the telescope. The successive vahies of ji^ in terms 
of iV, the mirror displacement, are given graphically in figure 87 for the dif- 
ferent values (tf E'^^E+e/cos R in question, and from them dO/dNe was 
taken graphically. All the curves are appreciably straight, except the one 
for £'=1.3 cm., which is definitely curved. 




The values of dS/dNc observed and computed obviously agree as dosdy 
as may be expecXed for mean conditions of the spectrum between green and 
red and of the mode of procedtire. The small coefficient for carbon bisul- 
phide is, moreover, in keeping mth its large value ot B or high dispersion. 
In a sensitive displacement interferometer B like £'D should all be small; 
but unfortunately this implies large ellipses. The beautiful small ellipses 
obtained with the carbon-bisulphide plate are of little avail because of their 
sluggish motion. In fact, the small thickness of the carbon bisulphide layer 
and the reduced coefficient observed are quite striking in comparison with 
glass. Moreover, since for an order n 



d$ 



X» 



dn 2 D cos $ {cos R+2B/\* cos /?)~iV 

Uie effect of a large B, though it reduces the general size of ellipses, does so 
but slightly, since the term in B can not be more than a few per cent (3 to 6) 
of the other term in the binomial. 
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THB DISPLACBMBNT niTEBFEROMETRT OF SMALL ANGLES AND OF L0K6 

DISTANCES. COMFLEMENTART FRINGES. 

67. Parallel rays retracing their path.— The following method was devised 
with a view to the tmcrome tri c measurement of angles. It will be used else- 
where in connection with an electrometer for reading microvolts. An inter- 
ference method of a different kind for measuring small angles was developed 
some time since and tised at length in connection with the deviation of the 




electrometer was treated in different 
wayst by the aid of the interferom- 
eter. The present method, however, 
will differ from all of these. In figure 
88, L is a horizontal beam of white 
light from a collimator after passing 
through the auxiliary dear plate P 
(to be used preliminarily for paral- 
lelizing the mirrors of the system 
in a way presently to be shown), 
the beam is reflected at a and b by the half-silver plates Hi and Ht respect- 
ively, to the wide opaque mirror m. The rays now retrace their paths 
or nearly so, to be in turn transmitted at a and b by the half-silvers 
Hi and Ht. These transmitted pencils similarly impinge on the opaque mir- 
ror M and the half-^ver Ht at c and d respectively, and pass thence (the ray 
from c being transmitted) into the telescope at T. The direct-vision grating 
prism g may be swiveled in place or removed at pleasure. 

To bring the system of four mirrors into complete parallelism is here of 
considerable importance if the spectrum fringes or the achromatic phenomenon 
are to be adequately large for measurement. The presence of the common 
mirror m, however, suggests the procedure. When the dear plate P is in 
place, the rays ae and bf on returning are also again reflected at a and 6 toward 
L and may be dearly seen in a tdescope at p. Hence if m is the standard 
plane and nearly vertical, the mirrors Hi and Ht will be paralld when the 
slit images seen at p coindde horizontally and vertically, while Hi, Ht, and m 
will have their common normal plane in the diagram. In the same way the 
mirrors M and Ht may be parallelized with thdr common normal plane in 
the diagram. Again, the return rays oL and bL may be projected on the 
objective of the collimator, or on a small screen near it, by correspondingly 
focusing the collinmtor. The two sharp slit images are put in coinddence 

♦ Carnegie Inst. Wash. Pub. No. 229, § 19 et seq., 1915. t /Wei., § 67 et seq, 
130 



INTERFEROMETRY OF SPECTRA. 131 

horizontally and vertically. This is usually more convenient and as a rule 
adequate. Other methods are given below. 

If the distances ac and hd, ab and cd have previously been made nearly 
equal and the angles approidmatdy 90^, the fringes will usually be found on 
moving the micrometer-screw normal to H«. 

As the mirrors are thick glass plates, it is preferable that the half^vered 
sides of Hi and Ht be toward L and the half -silvered side of Ht toward T. 
In this case each ray passes the plates twice, as indicated in figure 88. T^th 
ordinary plate-glass the fringes when found are still apt to be small. They 
are then to be enlarged and centered, by compensator of dear glass C and C\ 
in the two rays respectively, rotated in opposite directions around a hori- 
zontal axis tmtil the center of ellipses is in the field of the spectroscope. It 
may be necessary to actuate the micrometer-screw at d to complete the ad- 
justment. If m is adjustable on two axes, the compensators C, C are super- 
fluous, as will presently appear. 

When the ellipses are centered, the direct-vision spectroscope g removed, 
and the slit widened or removed, the residual or achromatic fringes appear in 
sight and are ready for use. These are always strong. The spectrum fringes 
are apt to be less so, since the parts of the ray L pass through two half- 
silvered surfaces, J7iHs or J7iHt, in succession. The spectrum fringes are only 
sharp when the sUt is fine. If the white residual fringes are too dazzling, a 
single or two half-silvers may be placed before the objective of the telescope 
with advantage. Two plates with their half-silvered sides in contact and 
held so by a steel dip are excdlent for this purpose, while they axe at the same 
time protected from sulphur corrosion. This, in tact, is the best method of 
preserving silver mirrors (in pairs) when not in use. 

If a is the fraction of light transmitted and i — a reflected, the fraction of 
the original light L readung the telescope T will be 20^(1 — a)^ This is a 
maximum if a^}4. Thus the illtmiination is reduced to }i. 

When the spectra are in ccnnddence and the fringes sharp, the mirror m 
may be rotated around a vertical axis at A into some position, m^ In sudi 
a case the two spectra will move through the fidd of the tdesoope at T, but 
their coinddence will not be destroyed. The D lines, for instance, will con- 
tinue to be superposed throughout. Considerable path-difference is, however, 
introduced in this way, and hence the fringes will mardi through the spec- 
trum at an enormously more rapid rate. The following data may be given, 
where a is the angle of rotation of the mirror m and N the reading of the 
micrometer at Hz (screw in the normal dn) necessary to bring the center of 
dlipses bade to the soditmi lines. In both cases the centers were out of the fidd 
aboveor below, so that horizontal fringes were made the criterion for adjustment. 
This method is somewhat rough, but adequate for the present purposes. 

(i) Fine thia fnng^. Relativdv large glass-path. Distance ab, figure 88, 3iS>-2i cm. 

Thickness of glass plates (half -silvers), e »o.70 cm. 



if'- 



a -0* 


0.05* 


0.20* 


0.30' 


0.40" 


0.50" 


o.6o' 


JVXio»-23 


30 


128 


162 


215 


258 


299 cm 
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This is curve o in figure 89. From it the mean late 

AN 



Aa 



0.47 cm./degree, or ay crnVradian 



may be found. 

(a) Ooarae Urgp fiinget. Smaller differential g^ass-path. 

«- o* O.I* oj* 0.3* 0.4* 0.5* 0.6* 0.7* 0.8* 0.9* 1.0* 

NX 10^ -—25 +a9 84 154 176 217 365 323 365 420 467 cm. 

This is the curve given (with double oidinates for distinction) in curve 6» 
figure 89, and in figure 90. Besidesthis the datum a «—o.6^i^»— 0.320 cnu 
was obtained. In figure 90 the mean rate is 

AN 

-- — "0.465 cm./dMnee, or 26.6 cm./radian 

Aa 

agreeing with the preceding as closely as may be expected. We may thus 
estimate A^ ""27X10'^ of displacement at the micrometer at Ht per micro 
radian of turn a at the mirror m, whidi amounts to a little less than one 
interference ring per micro-radian (about 0.2 second cl arc) of turn. More- 
over, turns of a less than a few degrees are certainly measurable. Through- 
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out all this work the achromatic fringes are also available for precision in N, 
but for this reason are more difficult to manipulate if individual fringes are 
treated. They may, moreover, be much enlarged by rotating the mirror m 
and advancing the micrometer at Ht in small steps in such a way as to pro- 
duce contrary effects and thus keep the achromatic fringes in the field. If 
the fringes leave the principal focus, the micrometer at H« and its adjust- 
ment screws may be actuated together in the same way. This is the most 
available method for eliminating the glass-path, so that enormous spectrum 
ellipses are obtainable. Finally, three groups of achromatic fringes (on 
each side of the strong central group) were noticed, the distance apart of 
groups corresponding to about AAT— 0.0014 cm. 
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It is obvious that 2AN cos i will increase with 2R, the distanoe apart of 
the parallel rays ae and bf, figure 88, as well as with the rotation a. But the 
relations are not obvious, and experiments were therefore made for the rela- 
tion of A^ and a in case of different distances apart {2R— 10, 21, 25, 28 cm.) 
of the rays in question. The results are given in figure 91, where the abbre- 
viation r=AN/Aa. In figure 92 and table 35, furthermore, this value, as 
obtained from figure 91 graphically, is compared with 2R. The results are 
not quite smooth; but as 2!? is the distance apart of two spots of light, it can 
not be specified sharply. Moreover, a variety of other discrepancies of ad- 
justment enter which need not be detailed here. From figure 92 it appears 
that on the average r/2R^o,o24 in terms of degrees or »i.35 in terms of 
radian. Hence we may consider an equation of the form 

2RAa^^cosi 

So computed cost would be 0.73 instead of 0.71, but the difEerence is refer- 
able to the outstanding glass-path and outstanding air-paths which have not 
been included. 

68« Groups of achromatic fringes. — With the good adjustment stated, a 
number of further experimental measurements of the mean position (AN) of 
the fringe patterns on the micrometer at iff were made, with results as fol- 
lows: The size of the individual fringes was about 0.0225/35 =^0.00064 radian 
in the tdescope at T — i.e., about 0.034® of arc. The fringe patterns will be 
designated primary, secondary, etc. The data are lo^AiV cm. 

Tertiary +2.6 2.7 2.7cm. Xio-» 

Secondary 4-1.3 1.2 1.3 1.4 1.4 

Primary dbo.o 0.0 0.0 0.0 0.0 

Secondary —1.3 i.i ... 1.2 1.2 

One group was visible on one side and two on the other and one or more 
frequently escaped capture by the micrometer. The wave-length difference 
of these positions is exceedingly small. Using the above expression, AX^ 
XVaAAT cos e, 

36Xio-*^ 

AX« : =1.9X10"^ cm. nearly 

2Xi.3Xio-«Xo.7i ^ 

But there is no suggestion in this datum. The displacement AN is 
equivalent to a glass thickness e, where AN^eipL—i), roughly. Hence e= 
i.3Xio-*/53=»o.oo25 cm. This precludes the possibility of reflections from 
the two sides of the haH-sUver film, since this is about 1,000 times thinner, 
apart from its index of refraction. 

Some experiments were also made with the primary achromatic fringes 
(treated as a single group and not individually, as the angle of measurement 
of a was not correspondingly delicate) to determine AiV/Aa. Two series 
with different adjustments showed results as given in table 35 {2R^2i cm.). 
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Tablb 36. 



Fringes — 


Series I. 


series II. 1 


a 


iVXio* 


a 


NXl<^ 


Smaller 

Smaner 

Very laige 

Smaller 

Smaller 

Smallest 


—0.2 
— .1 
± .0 
-•■ .1 
-f .2 
+ .3 


112 

47 


56 
III 
170 


—0.2 
— .1 
± .0 


114 
63 



• • ■ 
« * • 

■ • • 



1^ 



93 



^ 



jt' 




These data contain the new result that the achromatic fringes decrease in 
me with great rapidity in both directions of the increments from the cen- 
tral poation (a^o). Two sets were usually present. The rate of growth as 
well as the ratio AN/Aa is xu3t the same on both sides of the position of mazi- 
mtim size (a^o). The mean coefficient may be found graphically as 

AN 

— -«o.s6 coL/degree or 32 cm./radian 

Aa 

which is larger than the preceding estimate for spectrum fringes. 

This experiment bears directly on the nature of the adiromatic fringes. 
It shows, moreover, that the compensators C and C in figure 88 are not 
essential and that ellipses may be centered 
by rotating the mirror m on a horizontal 
and vertical aids. It is, in fact, possible 
to increase the achromatic fringes indefi- 
nitely in size in this way; but with ordinary cA 
glass they eventually become sinuous and "^-^.^L- 
no longer useful. When the sUt is fine J^^ 
and the ocular out of focus, well-marked ^ 

hyperbolic patterns may be recognized; but these become straight on return- 
ing to the wide slit in focus. 

69. Measurement of small aofles without auxiliary mirror.— This method 
makes use of the original apparatus, figure 73, but the two mirrors Af and M^ 
or N and N\ figure 93, are rotated together as a rigid system around a ver- 
tical axis, at A, for instance. In view of the absence of auxiliary reflection* 
the method will be but half as sensitive as the preceding one, so that the 
equation 

RAa^AN cost 

is sufficient to express the results. But on the other hand, if spectrum fringies 
are to be observed, there is greater abundance of light, since the half-^silver 
film is penetrated but once by each component, ac or bd. When the achro* 
matic fringes are used the light is always superabundant and must be reduced 
in intensity. To try this method the mirrors N and N' were mounted on a 
good divided circle so as to rotate together on a rigid arm over a smaU angle ok 
The achromatic fringes displaced in this way were restored by advancing 
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the mirror M' over the distance LN along the normal micrometer-screw 
at n\ The following is an example of the results of corresponding values of 
LN and Aa, when the distance apart of the ra3rs ac and bd was 2i^»7 cm. : 



O.O* O.I* 0.2* 



a =0.0- O.I- 0.2- 0.3* 0.4'* 0.5** 0.6* 0.7 o.9r 0.9' i.o' 

AiVXio^-0.0 8.0 16.6 25.6 34.9 42.7 50.7 61.7 70.5 78.5 90.6 cm. 

These results as a whole are much smoother than above, for incidental rea- 
sons. From a graphic construction the mean rate AiV/Aa= 0.088 cm./degree 
or 5.0 cm./radian may be obtained. Hence, since 2i? = 7 cm. {AN/Aa)/2R 
=0.013 in terms of degrees or 0.72 in terms of radians (table 37). This re- 
sult is roughly half the preceding, if incidental errors be disregarded. From 
the above equation, since 7=45*^ nearly, 

AN 2R 



7.0 



= 5.0 cm./radian 



Aa 2 0061 1.41 
agrees closely with the eacperimental result. 

Table 37. — ^Values of f^AN/Acumcrometex displacement 
per degree of mirror rotation. 



A. Case of auxiliary mirror, fig. 88. 


Series 
No. 


AN 
Aa 


AN 

Aa 


2R 


^/'» 


6,7; 1,2 
8 

9 
10, II 


cm,r 
0.47 

.58 
.68 

.26 


cm./rad. 

27 
33 
39 
15 


cw, 
21 

25 

28 

10 


mean, 
0.024V degree 
1. 35V radian 


B. Case of rotating pairs of mirrors, fig. 93. 


I 


0.088 


5.0 


7 


0.0126^/degree 

.72Vradian 



70. Complementary fringes. — Some additional attention was now given to 
the hyperboUc fringes of a fine slit and white light observed when the ocular 
is drawn outward or to the rear of the position for the principal focus and the 
spectroscope is removed. They appear and widen with the washed image of 
the slit. They are quite strong, sharp throughout, and gorgeously colored, 
the fields and shades, figure 94, a, being nearly complementary in color. The 
spectrum fringes must be centered if the others are to occur. The former, 
figure 94, 6, are ttsually long elUpses or hyperbolic with their major axes horizon- 
tal, while the corresponding new fringes are hyperbolic with the major axes 
vertical. They are extremely sensitive to rotation of the micrometer mirror 
about a horizontal axis, rising or falling, but they soon vanish. When the 
micrometer mirror is rotated around a vertical axis, an operation which sepa- 
rates the white slit images if originally coincident, the new fringes move 
bodily by displacement from left to right, or the reverse, depending on the 
sign of the rotation, while they continually change their color-scheme. When 
the design is thus displaced as a whole the individual fringes move as shown 
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in figure 94, a. As a group the fringes dosdy resemble the lemniscates of a 
binazial crystal in polarized light. The variation ctf the oolor-scheme is probaUly 
the same, sinoe with sodium homogeneous hgjbt the design is in yeUow and 
black. The pattern is not quite dichxx3tc, but appears so, red-^jeen, blue- 
yeUow combinations with an intermediate violet-yellowish succeeding each 
other. In polarized light the figures are sharpened as a whole, but there is 
no discrimination. The pattern gradually vanishes with a wide slit, where- 
upon the achromatic fringes may be seen when the ocular is restored to the 
principal focal plane. 

If the white slit images pass through each other (in consequence of the 
vertical rotation specified) the direction of fringes twice changes sign in rapid 
succession, and this probaUy occurs when the white slit images are coin- 
cident. Barring this inversion, the march is r^ularly proportional to the 
rotation. 

^ With the displacement (A^ of the mirror on the micrometer-screw nor- 
mal to its face, the fringes pass through a continuous succession of cdor- 
sdiemes, but soon vanish, for they coincide in adjustment with the centered 
spectrum fringes. Similarly, if a pair of mirrors {MM' or N N\ fig. 93) 
rotates about a vertical axis as a rigid system, the same continuous change 
of color-scheme and evanescence is apparent. 

These interferences differ, naturally, from the spectrum interferences; 
they also differ from the achromatic interferences, which are much finer 
fringes, partaking of the regular fringe pattern seen with biprisms. They are 
a separate phenomenon, quite sharp and definite, occurring under like con- 
ditions of adjustment, but tmder different conditions of observation (ocular 
out of focus and fine slit). In the principal focus the two sharp, extremdy 
bright slit images are alone present. They are absolutely identical in struct- 
ure, however, and their spectra when superposed would interfere symmetri- 
ally throughout their exigent. Under these circumstances the rays intersect- 
ing in the white slit images also interfere before and behind the principal 
focal plane of the telescopic images specified, and this interference is not 
destroyed when the slit im£^;es are separated (rotation of opaque m ir ror 
about vertical axis), or when the sUt images are passed through each other. 
What is not easily seen, however, is the reason of the occurrence of large, 
sharp, definite hyperbolic forms instead of the usual Young or Fresnel fringes 
of two slits or slit images. 

On the Michdson interferometer these fringes, like the achromatic fringes, 
are extremely faint and can hardly be detected except by putting them in 
slow motion. The spectrum fringes are equally strong in all cases. It appears, 
therefore, that the two half-silvers are favorable to evolving both the hyper- 
bolic and the achromatic sets of fringes. The Michelson design is thus not 
useful here, nor for the measurement of small anises of rotation by the meth- 
ods described, as the mirrors would have to be rotated in opposite directions. 

Further work with the complementary fringes on different interferometers 
of the Jamin type showed that to produce the hyperbolics the fine slit images 
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must coincide horizontally and vertically. They do not in this case probably 
coincide in the fore-and-aft direction, for the plates, etc., are not optically 
flat. When the slit images are separated at the same horizontal level into 
two fine parallel lines, the complementary fringes in fact become Fresnellian 
fringes, fi ne r as the slit images are more s^)arated and as the ocular is more 
rearward or forward. This is predsdy what should occur. We may conclude, 
therefore, that the complementary fringes are Fresnellian interferences of two 
slit images and that the central h3rperbolic forms are due to outstanding front 
aad rear positions of the two slit images, which seem to coincide in the field 
of the telescope. Differentiated from these, the achromatic fringes are refer- 
able to the colors of thin plates. I have, in fact, also succeeded in obtaining 
the complementary fringes in the shape of broad, straight, gorgeously colored 
vertical bars, without suggestion of hyperboHc contour. 




An attempt was made to get quantitative estimates of the passage of fringes 
on rotating the paired mirrors over an angle a. To control the small angles 
the device, figure 95, was improvised and did good service. Here e is the 
tangent screw of a divided cirde 6 inches in diameter. It is surrounded by 
a snug annulus of cork and holds the brass ring /, on whose surface a coarse 
screw-thread has been cut. Near this and with its axis in parallel is a quarter- 
inch screw a and socket (not shown) controlled by the disk b. A strong linen 
thread c is looped once around / in the grooves of the screw and once or twice 
around a, the string being normal to the cylinders and kept taut by two 
small weights, g about a half ounce and h about an ounce. The head b may 
be turned either way and the angle read off in minutes on the head of the 
tangent screw e. 

Hie theoretical value, apart from glass-paths and other correctioiis, should 
be, per fringe vanishing, 

where R is the radius of rotation corresponding to the angb Aa and X the 
mean wave-length of light. In the given adjustment, aJR—io cm. was the 
normal distance apart of the two interfering beams. Hence 

X 6oXio"* 

Aa=-r;=^ =6Xio-* radians or 1.2'' 

2R 10 

per vanishing fringe. As the change of glass-path of one beam would have 
to be deducted from 2R, a somewhat larger value would be anticipated. 
Testing the complementary fringes (white lig^t), the passage dt about 25 
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frixiges completed the phenonrienon, after which it paled to whiteness. These 
as fringes passed witlun Aai-0.75', or per fringe about 0.03' or 1.8" of arc. 
Of course, this is naerdy an estimate from the small angles of turn involved. 

The complementary fringes with sodium light are availaUe indefinitely. 
I counted about 100 fringes for an angle of 2.7' — ».e., 1.6'' per fringe. 

Finally, using the spectrum fringes of the spectroscope, about 120 fringes 
were counted within 3' — ».#., 1.5'' per fringe. All of these values are larger 
than the computed value X/aR without correction, but in view of the large 
number of fringes within exceedingly small angles Aa, sharp agreement is 
not to be expected. 

71. Equations. — ^To completely trace out the air- and glass-paths in the 
present apparatus would lead to complicated equations of no further interest 
here. I have, therefore, contented myself with the preceding exper im e nt al 
result, which is probably more accurate than it appears. To the fiist order 
of small quantities one may assert that the rotation of the mirror m (fig.88) 
over an angle a (here to be called Aa) cuts off the path 2RAa from the b ray 
and adds the same path to the a ray. Hence the total change of path is 4RACL 

Again, though the additional glass-paths at Hi and ifs (being equally 
incremented for both the a and b rays) compensate each other, this is not 
true at Hi and Ht for the b and a rays. Since the b ray at Ht receives no 
increment, the total glass-path increment at Ht is effective. The glass-path 
I at Ht may be written as heretofore, 



2€ 



I sm' Msm*— I 



and hence if Af-> — aAa, since i is decreased by %a at Ht, the glass-path incre- 
mented {dz /dt), A> may be found by differentiation to be 

esin (»— f), 
— 2 Aa 

COSf 

Finally, the compensation at the micrometer-screw at d is 2 AN cos i. Hence 
when the center of ellipses is restored to the fiducial line, 

AN 4R— 2^ sin (J— f)/cosr 
Aa 2 cos f 

Here 2R is the normal distance between the a and b rays, e the thickness of 
the glass-plate Ht, and t , r the angles of incidence and refraction. 

In the apparatus 2% was not measured, but made nearly 90^ by eye 
adjustment. 2R was measured. Hence, in the first set of experiments, 

♦ ■«45*, M«»i.53i ^"ay.s®, 2l?»2i cm., *=o.7ocm. 

and 

A^ 42 — 2X0.70X0.30/0.89 cm. 

f » '^ *=29.s — 7, — 

Aa 2X0.707 radian 

This is larger than the corresponding experimental value 27 cm./radian, but 
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DO more 90 than the estimated data imply. Ii fact, the particular adjust- 
ment for achromatic fringes gave a larger result r— 33 cm./Tadiaii, for nasoas 
not i^ipareiit. One may note that the correction for glass-path is small. 

With F^iard to the application to the electromet«r, we may come to the 
f(dlowing condusion: A good instrument of the quadrant or gimilnr type 
dnuld give about a radian d deflection per volt, or a microradian per micro- 
volt. In the present interferometer the microradian is about equivalent to 
the pess^e of one interference fringe. Hence erne fringe per microvolt is 
about tiie order of sensitiveness obtainalde. 

72. Separated r^d vertical system. — ^The method tised above, oi attach- 
ing the deflectii^ mirrors at 45° to the U-tubes, is faulty in deagn and dif- 
ficult to adjust. It was, thei^c«e, subsequently discarded in favor of the 
r^d deflecting system, figure 96, conasting of a wide mirror at 45°, m, and 




a horizontal mirror m'. Both must be provided with adjusting screws for 
axes respectively parallel to the traces m and m' and normal to the diagram, 
if the fringes when found are to be centered and enlai^ed. It is particularly 
essential that the frameworic supporting m and m' be rigid, otherwise the 
quiver introduced here is superposed on and accentuates the correspondir^ 
tendency of the very mobile Uguid ccJunm. This is contained in the brass 
tube C (with i^ass window at g) which is supported on an independent stand- 
ard, rigidly. There are two o£ these tubes (C, C, fig. 97), side by side, 
parallel, and at the same level, one for each component beam. As the rays 
aek are to retrace their path, the apparatus, figure 88, should be used, with 
the mirror m of that figure tilted up as in figure 96. Hence the two component 
beams ae and bf, figure 88, prolonged as at ek, figure 96, each penetrate a 
cohinm C and are rettuned by the normal miiTor m'. Thus one reflectitm 
of the old method is obviated and adjustment is facilitated, since both beams 
are reflected from tiie common mirrors m and m'. To assist in the preliminary 
adjustment, tiie rigid system m, m' should be capable of revolving roughly 
about a vertical axis. With a wide beam the rays may then be guided by 
the eye to retrace their path. Pine adjustment is made by the triple screws 
on m and m' aheady mentioned. 



140 THB ENTERFEROMBT&Y OF 



The fringes in coincident spectra should first be sought. When found 
they will usually be very small. They may then be centered by rotating 
the mirror m about the horizontal axis, cautiously. They may be enlarged 
by rotating m with the same caution around the aids parallel to its trace in 
the diagram. The latter operation (or both) succeeds best with the achro- 
matic fringes of a wide slit (no spectroscope). The horizontal aods is employed 
for erecting them, the axis parallel to the diagram for enlarging them, use 
being also made of the micrometer-screw at d on Ht, figure 88, if the fringes 
escape. In fact, the achromatic frii^^es are so sharp and luminous that in 
a quivering system the fringes are distinctly seen at the two elongations, 
doubled by the quiver. 

To adequately support the mirrors m and m' reasonably free from vibra- 
tion, a rectangular wooden yoke FF, figure 97, is best, so long as the instal- 
lation is not permanent. This yoke is made ct inch boarding about 18 indies 
high, 15 inches broad, and 3 inches deep. It is bolted below at d to the iron 
carriage 5, and thus capable of rotation around a vertical axis and of slid- 
ing normal to its face on the iron slides B B' (about 1.5 meters long) of the 
base. 5 and BB' are arranged like a lath-bed. 

The mirror m\ which is horizontal, is adjustably attached to the top of 
the frame F F; three adjustment screws (two seen at a, aO and the strong 
spring 5 (pulling upward) control the position of m' with the usual plane dot- 
slot mechanism and axes of rotation parallel to and normal to the plane of 
the frame. 

The board carrying the mirror m may be roughly set at 45^ to the 
vertical by rotation on the strong bolts hV and clamped in position. The 
mirror m is attached to it by three adjustment screws and a rearward-acting 
spring, as shown in the case of m'. The axes of rotation are parallel to the 
two edges of m, and all fine adjustment, together with the final rotation of 
fringes and changes of their size, are made here. 

The columns of the U-tubes C and C must be supported from an inde- 
pendent bracket, suitably braced from the wall or from a separate pier, if 
liquid surfaces are in question. A part of this free support, the table, also 
of wood, i4)pears at Z7, and holes are cut in it sufiBdently large for the passage 
of the two beams of light a, of, which retrace their paths between m and m\ 
passing through C and C. The table D is provided with three leveling screws 
(two shown at c and O on which a plate of thick glass G may be mounted and 
made accurately horizontal by aid of a spirit4evd. The two columns C and 
C\ joined by a flexible rubber pipe and provided at the bottom with glass 
windows, are placed on (7, so that the beams ci light pass through their axes. 
The magnetiang helix of each is shown at and «'. 

It is obvious, therefore, that the two cdumns of liquid in C and C are of 
the same height and their ends parallel, other things being equal. Hence, if 
the apparatus is adjusted for the achromatic fringes in the absence of the 
U-tube C C, it will be nearly in adjustment when the columns are introduced; 
and this proved to be the case. The rigid system is easily adjusted for strong 
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vertical achromatic fringes. The fringes are found with a few turns of the 
micrometer after the liquid w has been poured in. 

The fringes as seen through the liquid cohimns are still strong and dear, 
with scarcely any deterioration; but unfortunatdy in this locality they are 
in incessant and vigorous vibration. It is indeed astonishing that a phenome- 
non so sensitive can survive such relatively rough treatment. 

With this apparatus the endeavor was again made to determine the sus- 
ceptibility of water. Good fringes were first produced, but for all levels of 
the water-surfaces the effect of the presence or absence of a magnetic field 
was quite nil, so far as any appreciable displacement of fringes was concerned. 
They remained in place while the current in the helix was alternately closed 
and opened. The reason for this completely negative result I am unable to 
explain. 

In a repetition of such experiments tubes much wider than 4 cm. should 
be used. At this diameter the liquid surfaces still show appreciable curvature, 
which is an annoyance. 

The yoke, figures 96 and 97, is finally a considerable convenience in the meas- 
urement of vertical angles near the zenith. The rotation of the mirror m' around 
its two axes is here available. Horizontal achromatic fringes in aU these cases 
may often be produced and used to advantage. In such a case the two 
adjustment screws of the mirror m' change their function, and the fringes 
travel up and down the wide slit image with changes of AN. As this image is 
more extended vertically than hcnizontally, the fringes are much longer in 
sight. Fringes are largest when the planes of symmetry of pencils of rays 
accurately retrace their paths. But as large fringes are apt to be irregular, 
a small angle of reflection at the mirror m' is preferable. 

73. The diq>Iacement interferometry of long distances. — In the preceding 
paragraphs I suggested two methods for the measurement of small angles. 
The first (fig. 88) used an auxiliary mirror, and, apart from corrections, the 
angle Aa over which the auxiliary mirror m turns is 

(i) Aa^ANoosi/2R 

where AN is the displacement of one of the plane mirrors parallel to itself 
necessary to restore the achromatic fringes to their former position in the 
field of the telescope, i the angle of incidence (conveniently 45^), 2R the 
normal distance apart (qb or cd) of the (parallel) interfering pencils in the 
fore-and-aft direction of the incident beam. In the second method (fig. 93) 
the auxiliary mirror is dispensed with and the rotation of a rigid system of 
X)aired mirrors is used. The sensitiveness is half the preceding. 

Suppose that the paired mirrors near the telescope (figs. 88, 93) confront 
but a part of the area of the objective and that the telescope can therefore 

kx3k over the mirrors directly into the region * beyond, as shown at K. The 

- ~ 

* A series of small mirrors or reflecting prisms may be employed to the same purpose; 
or the minors may both be half -silvered and transparent. 
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tele8(X)pe ixm oontaaxis two images, the fiist due 

the seoood due to lays (L) rdBected into it by the mirrofs of the interferometer. 
Suppose the object seen lies at infinity like a star, that its two images are made 
to coincide by adjusting the angle a, and that the aduomatic fringes have 
been brou£^t into the field by adjusting the micrometer displacement N. 

Now let the an^ a be changed by Aa until the two images of an object M 
at a measurable distance d coincide. Displace the micrometer minor by APT 
until the achromatic fringes are res t ored to their former position. Let b be 
the effective distance apart (oc or id) of the paired mirrors in the direction 
right and left to the observer or transverse to the impinging rays (L), and 
finally 5 the an0e at the apex of the triang^ of sight on the base b--4^., the 
small angle between the present rays KL. Then 

(a) d«frcotg5«frcotgaAa»fr/2Aa 

(neaily) by the laws of reflection* Hence from eqpiation (i) 

(3) d^bR/ANoosi 

Here abR is the area ot the ray parallelogram of the interferometer (abdc, 
fig. 88). Using the constants of my apparatus, let i»45^ R^io cm., b=2oo 
cm., AN^ io~^ cm., the latter being the smallest division on the micrometer. 
Hence 

d«2ooXio/io"*Xo.7i«a.8Xio^ cm. = 280 kilometers 



or 



about 170 miles, is the limit ol measurement of the apparatus. 
Again, from equation (3) the senativeness i{AN)/dd, since 

(4) M« (cP cos i/bR)i{AN) 

is inversely proportional to the square of the long distance d and the area of 
the ray parallelogram a&K. Thus with the above constants, if d is 3 kilometers, 
5(AJV) « 10-* cm., 

««(<Pcosi76K)»(AA0 

Thus an object at about a mile should be located to about 30 feet. Per fringe 
of mean wave-length X, moreover, since dd^XcP/abR, the placement should be 
about 6 meters at 2 kilometers. I have stated the case, of course, merely for 
the interferometer, not for subsidiary optical appurtenances, nor for measure- 
ment by angular fringe displacement. 

74, Thcofy. — ^To account for these phenomena theoretically the equations 
of displacement interferometry are available; for the center of ellipses of these 
and tiie central member of the achromatic fringes correspond to the same 
position, AAT, of the micrometer mirror. In fact, the fine white slit image 
which produces the spectrum when observed through the spectroscope is the 
central achromatic fringe when the spectroscope is removed. We have, there- 
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f oire, for the centers of ellipses in the spectrum fringes the equation heretofore 
deduced, 

0*— i)cosi? — 



2AN cosine 



co&R 




'where AN is the displacement of the micrometer to restore the center of 
fringes to their original position in wave-length X, when the angle of incidence 
at the mirror is i\ after a glass plate of thickness e and index of refraction m 
is introduced in one component beam, at an angle of incidence corresponding 
to the angle of refraction R in the plate. This is equivalent to an equation 
in terms of the codrdinates iNT, if fi^A+B/\* is assumed, 

2iV cos t »e/A cos R+2eB/\* cos R 

But for the colors of thin plates we may write 

nX = 2e/AC0si? 

where n is the order of the fringe. If the rays, as in the present experiment, 
do not retrace their paths, the factor 2 is omitted, whence 

2N cos i^nK+2eB/>? cos R 

Let N and n vary together, t , R, X, e, B, /i remaining constant. Then 

2C06f'AiV^sX-An 

Now let A^ be the angular breadth of a fringe in the telescope, so that 

n*A^=A(9 

In other words, the displacement HB of the group of fringes is due to the 
displacement of the individual fringes as usual; but as only those achromatic 
fringes which coincide in micrometer value AiV with the centers of the elliptic 
spectrum fringes are visible, the displacement of the group is actually seen 
and thus determinable. It would not be so in case of sudden displacement 
and homogeneous light. 

Finally, the relative sensitiveness of the measurement of the angle Aa, 
directly in terms of AiV and indirectly in terms of the displacement of achro- 
matic fringes, must be presented. The given rough data in table 38 are as 
dose as they could be obtained from the small di^laoements entering. The 
quantities to be compared are: AiV, the displacement of the micrometer; Aa, 
the corresponding rotation of the auxiliary mirror in the first method ; A^, 
the angle subtended by a single fringe in the telescope, and A9, the corre- 
sponding angle of the displacement of the fringes in the telescope. A^ was 
constant throughout and measured about 3 mm. in the ocular of a telescope 
33 cm. long. 

Tablb 38. — Values of A/V, 6B, A^, Aot. AH angles in radians, AiV in cm. 



A«Xio» 


A#>Xio« 


ANXio* 


AaXlO* 


AB/AN 


AB/Aa 


ArANXKf 


AipAaXl(f 


9000 
9000 


500 
1500 


730 
250 


52 

18 


12.3 
36.0 


170 
500 


0.365 
.375 


OJ026 
.027 
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Here Aa is oomputed from equation (i), where i^4S^ and aR^^io cm., 
about. The fringes of width loo'' and 300" were both brilliant and capable 

Oft "Wpl" tn^k^ntjji^ im^/n . 

Thus it appeaiB that the fringes travel faster in p roportion to their width, 
or if A^ increases n times, Ai^ (for the same teksoopic excursion Ad) will 
decrease n times. Again, the fringes travd as a body over hundreds of times 
the anc^ described by the auxiliary minor (Aa), when both are observed in 
the telescope. In the table AS/Aa is 170 to 500 and could be increased 
indefinitely for larger fringes. The rotation Aa seen in the telescope would 
bebutaAa. This is the gist of the present method of measuring small angles — 
$>., th$fringi index mooes ikrouffi ike telescopic field many kundred times faster 
ikon the imagg of ih$ sUt which measuus the diange of Aa directly. 

Finally, for the same A9 or displacement of the fringe group, AoeA^ is a 
constant, say C, or 

A$^CAft> • Aa^C'Aip * AN 
where 

9000 ^, 9000 

^■i;:^-34o.ooo C.^;^-24.Soo 

It is not necessary to obtain sharper data, because these constants can be 
found theoretically. It win presently be shown that 

where R is the radius of rotation measuring a. Thus 

AB_ AnAitp a Ay cost 
AiV" AiV " X 

If the Atp in the table be used, and X-^teXio** cm., f ""45^ the results are 

Af«» 500X10-* 1500X10-* 
AB/AN « 1 1 '8 3 5*3 (computed) 

A$/AN^i2 36 (observed) 

results which agree with the values of the table as dosely as these subtle 
measurements permit. 

A few words may be added relative to the we of fringes so far as the glass- 
paths are concerned, the air-path conditions having been stated. For this 
purpose the equation of the phenomenon may be written 

n\» 2efi cos R-'iN 00s i 

where N is the coordinate of the mirror at the micrometer. When the center 

of ellipses (or of achromatic fringes) is at wave-length X, N^N^, the value 

given for centers above. If n, i, R above vary, while e, n,\ N are fixed, since 

&ni^fiWiR^ 

Ji X 

dn 2Nsini-'2e tan R cost 



-J 
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SO that the size A^ is inflitenoed inversely as the effective thickness e {i.e,, the 
difference of thidmess) of plates and depends on the position N of the microm- 
eter, K N^Ne'^e (m cos R+2B/\* cos R)/cos i 

di X 



Ltp^y 



dn 2$(ji cos R tan i— cos i tan R+2B tan i/>? cos 1?) 

^ XcosJg 

"2^ tan t ( Oi«- i)/m+2BA*) 

Since i'^AS^t R^2i^g\ X=6oXio"* cm. 

6oXio-* 

*^~2^(i.SSXo.89— 0.513X0.71+0.03) 

The parenthesis is 1.05. Hence 

^«-^ nearly 
aA^ 

which would make the effective glass thickness ^so.o6 cm. and o.oa cm. for 
A^^SXio"^ radian and 15X10"* radian, as above. Moreover, the rays If, 
figure 93, entering the telescope from the foreground directly and the rays L 
reflected into it by the plates of the interferometer, will not be parallel when 
the fringes are of mairimtim size unless the plates M and N are equally thick. 
Finally, the size of fringes in general (apart from wedge-shape of plates) will 
be inversely as the effective differential thickness e of the plates used. 

K we collect the above equations* we may write roughly (since ^■■-r- 
nearly), 

AH 4K. . OA / Ail 2C0Si. ,,^ cos*.*, . 6Jg bR 
A^=^A^a-2l2AaA A»=-^ A^AAT— ^AAT d-^^^"^ 

so that the measurement of the long distance d depends ultimately on the 
area of the ray parallelogram 2hR, the differential thickness of the corre- 
sponding half-divers, and the (relatively to Aa) enormous displacement A9 of 
the achromatic fringes. 

Finally, if optic plate-glass were used for the half-dlvered mirrors, the 
parallelism ol rays KL would coincide with the occurrence of centered or 
circular achromatic fringes; while the whole preliminary adjustment of mirrors 
for x)arallelism would consist in bringing the image from LMATT, figure 93, 
and from LM'NT, successively into ccnnddence with the direct image from K, 
in case of a very distant source of light. 

The remarkable sensitiveness which accrues to the method, if the angular 
displacement of fringes is measured in the ocular of a long telescope, comes 

* The text unduly accentuates the glass-paths, whereas the air-{>aths are more impor- 
tant. I shall give a rigorous deduction of all the path-differences in my next Report to 
the Institution, where they will be sustained in detail by experiments. 
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out dearly if the last equation Ux dis used. In case of correqxnidmg incre- 
ments dd and 3(A9), this equation is equivalent to 

But if L is the length of the telescope and dw the micrometric displacement of 
fringes in the ocular corresponding to U, 



whence 



tm-f 



bRL 



Thus if 0, the difference in thickness of the corresponding half-silver mirroTB, 
and in be each even as large as o.i mm,, and d a kilometer, 

d—io^cm., #*io~*cm., 6»aooan., i?»xocm., L^s^ cm., in"io'*cnL 

,^ io»Xio-*Xio-« 

y. "Biocm. 

aooXioXso 

With these very moderate estimates a distance of z Idlooieter should be 
measurable to lo cm., so far as the glass-paths of the interferometer axe 
concerned. 
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